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PREFACE. 


NOTHING  can  be  an  adequate  apology  for  obtruding  upon 
the  world  a new  Elementary  Work,  in  a branch  of  Science 
already  well  underftood,  except  the  plea  of  utility.  It  is 
wholly  upon  this  ground,  that  I venture  to  fubmit  the  following 
Treatife  to  the  public  infpetffion. 

The  difficulty  which  I met  with,  in  providing  my  Claffes*  with 
a Text-book  in  Natural  Philofophy,  neither,  on  the  one  hand,  ma- 
terially deficient  in  Mathematical  Demonftration,  nor,  on  the  other, 
too  copious,  or  too  abftrufe,  for  the  purpofe  of  elementary  inftrutffion, 
firft  fuggefted  the  idea  of  this  work.  And  the  apprehenfion,  that 
others  may  have  met  with  the  fame  difficulty,  induces  me  to  make  it 
public,  in  hopes  that  it  may  be  of  fome  ufe  to  thofe  who  wilh  to 
ftudy,  or  to  teach,  this  Science  fyftematically. 

To  that  clafs  of  readers  who  are  fatisfied  with  general  views, 
this  work  will  be  of  little  fervice.  Sketches  of  philofophy,  fuf- 
ficiently  comprehenlive  to  anfwer  their  purpofe,  will  eafily  be 
found.  But  the  knowledge  which  is  gathered  up  in  this  curfory 
manner,  muff:  unavoidably  be  fuperficial,  and  will,  in  many  par- 


* In  the  Warrington  Academy. 
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titulars,  be  confufed  and  inaccurate.  What  Cicero  fays  of  Philofophy 
in  general,  is  particularly  true  of  Natural  Philofophy  : Difficile  ejl 
enim  in  philofophia  pauca  effie  ei  not  a,  cui  non  Jint  aut  pleraque , aut 
omnia.*  It  may  be  laid  down  as  an  univerfal  maxim,  that  there 
is  no  eafy  method  of  attaining  excellence.  The  fmall  portion  of 
learning,  or  fcience,  which  is  to  be  acquired  by  the  help  of  facili- 
tating expedients,  has  been  juftly  compared ‘f*  to  a temporary  edifice 
built  for  a day.  It  is  as  unreafonable,  to  hope  to  acquire  knowledge 
without  undergoing  the  labour  by  which  it  is  ufually  gained,  as  it 
would  be  to  expedt,  that  an  acorn  will  become  an  oak  without 
pafling  through  the  ordinary  procefs  of  vegetation. 

All  the  knowledge  of  Natural  Philofophy  which  can  be  acquired 

by  curfory  reading,  without  the  afliftance  of  mathematical  learning, 

muft  confifl  in  an  acquaintance  with  leading  fadts  and  general  con- 

elutions.  To  underftand  the  manner  in  which  the  laws  of  nature 

have  been  inferred  from  thefe  fadts,  and  to  be  able,  with  certainty 

and  precifion,  to  apply  thefe  laws  to  the  explanation  of  particular 

phenomena,  necefiarily  requires  a previous  knowledge  of  the  elements 

of  Geometry,  Trigonometry,  the  Conic  Sedtions,  and  Algebra.  A 

mechanic  who  fhould  fet  about  making  a machine  without  the  re- 

quifite  tools,  would  not  adt  more  abfurdly,  than  a ftudent  who  fhould 

attempt  to  underftand  the  fcience  of  Natural  Philofophy  without 

thefe  helps.  A Preceptor  who  profeftes  to  teach  this  fcience  in 

the  eafy  and  amufing  method  of  experiment  alone,  is  an  architedt 

without  his  rule,  plumb-line,  and  compafles. 

♦ 

Fadts  are,  it  is  true,  the  materials  of  fcience;  and  much  praife 
is  unqueftionably  due  to  thofe  who  have  increafed  the  public  ftore, 
by  new  experiments  accurately  made  and  faithfully  related.  But  it 
is  not  in  the  mere  knowledge,  nor  even  in  the  difeovery  of  fadts, 

* Tufcul.  Qaieft.  II.  i.  f Knox  on  Liberal  Education,  §.  g. 
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that  philofophy  confifts.  One  who  proceeds  thus  far,  is  an  experi- 
mentalift ; but  he  alone,  who,  by  examining  the  nature  and  obferving 
the  relation  of  fadts,  arrives  at  general  truths,  is  a philofopher.  A 
moderate  Share  of  induftry  may  fuffice  for  the  former  : patient  at- 
tention, deep  reflection,  and  acute  penetration,  are  neceffary  in  the 
latter.  It  is  therefore  no  wonder,  that  amongfl:  many  experimentalifts 
there  Should  be  few  philolophers. 

The  hardy  perfeverance,  and  the  vigorous  exertions,  which  are 
neceffary  to  form  this  character,  are  fo  contrary  to  that  effeminacy 
and  frivolity  which  diflinguifh  the  prefent  age,  that,  if  it  were  not 
for  the  provifion  which  is  made  in  our  Universities,  and  other  Semi- 
naries, for  the  propagation  of  found  learning  of  every  kind,  there 
would  be  fome  reafon  to  apprehend,  that  all  the  more  abftrufe  and 
difficult  branches  of  Science  would  be  excluded  from  the  modern 
fyftem  of  education,  and  confequently  would  fall  into  difefteem 
and  neglect. 

It  is  by  no  means  the  intention  of  this  Treatife  to  encourage  the 
indolent  Spirit  of  the  times,  by  opening  a bye-path  to  the  Temple  of 
Philofophy.  The  known  and  beaten  road  is  the  fafeft  and  the  beft. 

It  has  been  with  the  view  of  affifting  the  ftudent  in  his  progrefs, 
that  I have  attempted  to  arrange  the  leading  truths  of  Natural  Phi- 
lofophy in  a perfpicuous  method,  and  to  demonftrate  them  with 
concifenefs ; adding  a brief  defcription  of  Experiments,  adapted  to 
illuftrate  and  confirm  the  Propofitions  to  which  they  are  refpedtively 
Subjoined. 

Being  more  defhous  to  be  ufeful  than  to  appear  original,  I have 
freely  Selected  from  a variety  of  Authors  fuch  materials  as  Suited  my 
defign.  Thofe  who  are  converfant  with  this  clafs  of  writers  will 
perceive  that,  amongfl:  many  others,  I have  made  ufe  of  the  works 
of  Newton,  Keil,  Wbijioh , Gravefande>  Cotes , Smith , Heljham , 

Rowning ; 
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Rowning,  and  laftly,  Rutherforth,  whofe  arrangement  I have  in 
part  adopted. 

I have  not  included  in  my  plan  that  branch  of  Philofophy  which 
is  properly  Chemical,  becaufe  its  objeCt  is  entirely  diftinCt  from  that 
of  the  Mechanic  Philofophy ; the  province  of  the  latter  being  to 
inveftigate  the  general  laws  of  nature,  and  explain  their  operation 
in  producing  particular  phenomena  ; that  of  the  former,  to  difcover 
the  fpecific  differences  of  bodies  : and  becaufe  the  philofophy  of 
chemiftry,  notwithftanding  the  great  advances  which  have  lately  been 
made  in  it,  is  as  yet  too  imperfectly  underftood,  to  admit  of  being 
digefted  into  a fyftem. 

With  refpeCt  to  any  inaccuracies  or  mi  flakes  which  may  have 
efcaped  my  attention,  I mu  ft  rely  on  that  candour,  which  thofe  who 
are  beft  acquainted  with  the  extent  and  difficulty  of  this  undertaking 
will  be  moft  inclined  to  exercife. 
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Definition  L XVjLATTER  is  an  extended  and  folid  fubftance* 


Scholium.  Extenfion  and  folidity  are  difcovered  to  be  properties  of  matter  by  the 
fenfes.  Both  by  the  fight  and  touch  we  perceive  material  fubrtances  to  have  length, 
breadth  and  thicknefs,  that  is,  to  be  extended  : and  from  the  refinance  which  they  make 
to  the  touch,  wre  acquire  the  idea,  and  infer  the  property,  of  folidity.  It  is  unneceflary 
here  to  inquire  whether  folidity  neceffarily  fuppofes  impenetrability.  Natural  Philofophy, 
being  employed  in  invefligating  the  laws  of  nature  by  experiment  and  obfervation,  and 
in  explaining  the  phenomena  of  nature  by  thefe  laws,  has  no  concern  with  metaphyfica! 
fpeculations,  which  are  generally  little  more  than  unfuccefsful  efforts,  to  extend  the 
boundaries  of  human  knowledge  beyond  the  reach  of  the  human  faculties. 

t 

Def.  IL  A body  is  any  portion  of  matter. 

Corollary.  All  bodies  have  fome  figure;  for,  being  portions  of  matter,  they  are 
finite,  and  therefore  bounded  by  lines  either  flraight  or  curved. 
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Plate  i. 
Fig.  i. 


Plate  i. 
Fig.  2. 


OF  MATTE  R.  Book  I. 

PROPOSITION  I. 

Matter  is  infinitely  divifible,  or  is  capable  of  being  divided  beyond 
any  fuppofed  divifion. 

1.  Any  particle  of  matter,  placed  upon  a plane  furface,  has  an  upper  and  a lower  fide, 
or  a part  which  touches  and  another  which  does  not  touch  the  plane,  and  is  therefore 
divifible. 

2.  Let  CO,  MD,  be  two  parallel  right  lines,  to  which  let  AB  be  drawn  perpendicular. 
In  the  line  MD,  on  one  fide  of  the  perpendicular  AB,  take,  at  equal  difcances,  the  points 
E,  F,  G,  H.  On  the  other  fide  of  AB,  in  the  line  CO,  take  any  point  C,  and  join 
CE,  CF,  &c.  Each  of  the  lines  CE,  CF,  &c.  will  cut  off  a portion  from  AB  : but 
whatever  number  of  lines  be  drawn  in  the  fame  manner  from  C to  MD  produced,  there 
will  ftill  remain  a portion  of  AB  not  cut  off,  becaufe  no  line  can  be  drawn  from  the  point 
C to  the  line  MD,  which  fhall  coincide  with  CO  : the  line  AB  is  therefore  infinitely 
divifible. 

3.  Let  the  right  lines  AC  and  GH  be  drawn  perpendicular  to  the  right  line  BF.  In 
AC,  produced  at  pleafure,  take  any  points  C,  C,  &c.  from  which  as  centers,  with  the 
dlflances  CA,  CA,  &c.  defcribe  arcs  of  circles  KAL,  NAO,  &c.  touching  BF  in  the 
point  A,  and  cutting  HG.  The  farther  the  central  point  is  taken  from  A,  the  greater 
will  be  the  circles,  and  the  nearer  will  the  arcs  approach  to  the  line  BF  ; but  the  arcs, 
touching  BF  in.  A,  cannot  touch  it  in  any  other  point.  The  line  HG  is  therefore 
infinitely  divifible. 

Schol.  Bodies  admit  of  adfual  divifion  to  a furprifing  degree  of  mfnutenefs. 
A grain  of  gold  may  be  beaten  into  a leaf  containing  50  fquare  inches,  each  of  which  may 
be  divided  into  4000  vifible  parts,  that  is,  the  whole  grain  may  be  divided  into  2,000,000 
vifible  parts.  A grain  of  copper  diffolved,  is,  according  to  Mr.  Boyle,  divided  into 
i05?57°5000  parts,  diftinguifhable  by  the  fight.  Mufk,  and  other  odoriferous  bodies,  will 
fill  a large  fpace  with  effluvia,  without  any  fenfible  diminution  of  their  weight.  A candle 
of  the  final  left  fize  may  be  feen  two  miles,  that  is,  difperfes  light  through  a fphere 
whofe  diameter  is  four  miles,  without  any  fenfible  diminution. 

Experiment  i.  A fmall  quantity  of  folution  of  copper  will  tinge  a large  veffel 
of  water.  ' , 

2.  A Imall  piece  of  mufk  will  fpread  its  effluvia  through  a large  room. 

Def.  III.  That  force  by  which  the  parts  of  the  fame  body,  or 
of  different  bodies,  on  their  contadt,  or  near  approach,  are  united  to 
or  tend  towards  each  other,  is  called  the  aitraffion  of  cohef on. 
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P R O P.  II. 

i .  The  attraction  of  cohefion  appears  in  folid  bodies. 

Exp.  i.  Obferve  the  different  degrees  of  cohefion  in  different  kinds  of  wood,  fufpending 
weights,  from  pieces  of  equal  diameter,  placed  vertically  or  horizontally,  till  they  break. 

2.  Meafure  the  different  degrees  of  cohefion  in  filk,  thread,  horfe  hair,  &c.  by 
weights  fufpended  from  cords  of  each,  placed  vertically  or  horizontally. 

The  refult  of  fundry  experiments  to  fliew  the  cohefive  power  of  different  folids  may  be 
feen  in  the  following  table,  in  which  each  body  is  taken  one  tenth  of  an  inch  in  diameter. 


m 

fb 

Raw  Lint 

3 7- 

\Afh 

50,  &C. 

Horfe  Hair 

45- 

Zinc  mixed 

18. 

Raw  Hemp 

46. 

Lead 

Raw  Silk 

Tin 

404. 

Fir 

23* 

Copper 

299. 

Elm 

35- 

Brafs 

360. 

Alder 

40. 

Silver 

37°* 

Oak 

48. 

Iron 

450. 

Beech 

50. 

Gold 

500. 

P R 

0 

P III. 

2.  The  attraction  of  cohefion  tales  place  between  particles  of  the 
fame  fluid. 


; 


Exp.  i A drop  of  water,  at  the  end  of 


a fmall  cylinder  of  wood,  will  hang  in  a 


fpherical  form.  The  drop  is  fpherical,  becaie,  each  particle  exerts  an  equal  power  in 
every  direction,  drawing  other  particles  towrds  it  on  every  fide  as  far  as  its  power 
extends.  ^ 

2.  Two  globules  of  mercury,  on  meeting,  inite. 

PROP.  IV. 

3.  The  attra&ion  of  cohefion  taks  place  between  two  folid  bodies 
of  the  fame  kind  ; and  the  more  erfedt  the  contact,  the  greater  is 
the  attracting  force. 

t.xp.  i.  Two  plates  of  glafs  laid  together,  lough  perfectly  dry,  will  cohere. 

2.  Two  lead  balls,  having  each  a flat  fuice  fcraped  fmooth,  on  being  forcibly  put 
together,  will  cohere. 
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3.  Two  polifhed  plates  of  brafs,  fmeared  with  oil,  will  cohere  ftrongly. 

4.  Two  plates  of  lead  with  equal  plane  furfaces,  heated  in  boiling  water,  and  imme- 
diately put  together  with  tallow  upon  their  furfaces,  will  cohere  fo  forcibly,  as  to  require  a 
great  weight  to  feparate  them. 

prop.  v. 

■9 

The  attraction  of  cohefion  takes  place  between  folids  and  fluids. 

Exp.  1.  A plate  of  glafs,  or  metal,  will  retain  drops  of  water,  or  mercury,  when 
inverted. 

2.  If  a plate  of  glafs  be  in  part  i mine ’fed  in  a vefiel  of  water,  the  water  which  lies 
contiguous  to  the  glafs  will  rife  above  tie  level. 

3.  Water  rifes  above  its  level  between  two  parallel  plates  of  glafs  at  a fmall  diftance 
from  each  other,  and  in  a glafs  tube  having  a fine  bore,  called  a capillary  tube. 

4.  The  fluid  will  rife  between  parallel  plates,  and  in  capillary  tubes,  in  vacuo . Hence 
it  appears,  that  the  afcent  of  fluids  in  capillary  tubes  is  not  owing  to  the  prefTure  of 
the  air. 

5.  Human  blood  will  rife  to  a great  heigit  in  a tube  having  an  exceedingly  fine  bore. 

6.  Water  will  afcend  in  the  cavities  of  fonge,  and  other  porous  bodies. 

7.  If  a drop  of  oil  be  poured  upon  a pi te  of  glafs  laid  horizontally,  and  another  plate 
of  glafs  be  fo  placed  as  to  meet  the  -fir ft  plte  at  one  edge,  and  be  at  fuch  a diftance  from 
it  at  the  other,  as  juft  to  touch  the  dropof  oil  ^ this  drop,  becaufe  its  touching  furface 
is  continually  inlarging,  will  move  with  increafing  velocity,  towards  that  edge.  If  the 
planes  he  lifted  up  on  the  fide  where  the}  meet,  the  motion  will  be  retarded,  flopped, 
or  reverfed,  according  to  the  degree  of  eievtion. 

8.  The  fame  phenomenon  takes  place  iia  tube  of  unequal  bore. 

9.  Two  glafs  bubbles,  floating  near  call  other,  on  water,  rufh  together. 

10.  A glafs  bubble  floating  on  waterin  a glafs  veffel,  moves  towards  the  fide  of  the 
vefiel. 

Schol.  Thefe  appearances  are  not  owig  to  any  attraction  between  the  bubbles,  or 
between  the  bubble  and  the  vefiel,  but  f the  attraction  between  water  and  glafs : for 
no  fuch  attraction  takes  place  between  thoubble  and  a glafs  tube  out  of  the  water. 

it.  Two  circular  pieces  of  cork  pla;d  upon  water,  and  brought  near  each  other, 
will  be  attracted. 

12.  A piece  of  wood  having  a fmoot  and  plane  furface,  fufpended  from  a beam  and 
balanced,  on  touching  a furface  of  W2r,  will  be  attraaed  ; and  it  will  require  an 
additional  weight  in  the  oppofitc  fcale  to  parate  them. 
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PROP.  VI. 

The  heights  to  which  a fluid  rifes  between  parallel  plates  of  glafs 
are  inverfely  as  the  diftances  of  the  plates. 

The  abfolute  attractive  force  of  the  plates,  will  always  remain  the  fame,  whatever  be 
the  diftance  of  the  plates.  The  fame  weight  of  fluid  muft,  therefore,  at  different  diftances 
of  the  plates,  be  fupported.  But  the  quantity  of  fluid  fupported  can  only  continue  the 
fame,  when  the  height  of  the  column  fupported  is  reciprocally  as  its  bale  ; that  is, 
when  as  miich  as  the  height  is  increafed  the  bafe  is  diminifhed,  and  the  reverfe.  Now, 
the  length  of  the  bafe  remaining  unvaried,  the  bafe  can  only  be  made  greater  or  lefs,  by 
increafing  or  diminifhing  the  diftance  between  the  plates.  Therefore,  the  force,  and  the 
quantity  of  fluid  fupported,  remaining  the  fame,  the  height  will  be  greater  as  the  diftanGe 
of  the  plates  is  lefs,  and  the  reverfe. 

Let  H , B , D,  exprefs  the  height,  bafe  and  diftance,  when  the  plates  are  at  any  given 
diftance,  and  h , b,  d>  exprefs  the  fame  when  they  are  brought  nearer  : from  what  has 
been  fhewn,  H : b : b : B ; but  b : B : : d \ D ; therefore  H : h \\  d \ Z>. 

Exp.  Let  two  parallel  plates  of  glafs  be  immerfed,  at  different  diftances  from  each 
©ther,  in  a veflfel  of  coloured  water* 

PROP.  VII. 

r ... 

The  fufpenfion  of  the  fluid,  in  capillary  tubes,  is  owing  to  the 
attraction  of  the  ring  of  glafs  contiguous  to  the  upper  furface  of 
the  fluid. 

Every  ring  of  glafs  below  the  furface  attracts  the  water  above  it  as  much  downwards, 
as  it  attra&s  the  water  below  it  upwards,  and  confequently  can  contribute  nothin®- 
towards  the  fupport  of  the  column  : and  the  action  of  the  loweft  ring  upon  all  the 
fluid  in  the  tube,  within  its  furface  of  attraction,  muft  either  concur  with  the  force 
of  gravity  to  bring  the  fluid  downwards,  or,  acting  upon  it  at  right  angles,  can  have  no 
effect  in  fufpending  it  within  the  tube.  The  fluid  therefore  can  only  be  fupported  by 
the  ring  of  glafs  contiguous  to  its  upper  furface,  which,  attracting  upwards,  oppofes  the 
action  of  gravitation  by  which  the  fluid  endeavours  to  defcend,  — This  reafoning  may  be 
applied  to  the  fluid  raifed  between  parallel  plates  of  glafs. 

Exp. 
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Exp.  Let  a capillary  tube  be  compofed  of  two  parts,  the  bore  of  one  of  which  is  wider 
than  that  of  the  other:  immerfe  its  wider  orifice  in  water,  till  it  is  filled  to  any  height 
lefs  than  the  length  of  the  wider  part;  the  fluid  will  only  rife  to  the  height  to  which 
it  would  rife  if  the  tube  were  throughout  of  the  fame  bore  with  the  wider  part  : but 
immerfe  the  tube  till  the  fluid  enters  the  fmaller  part,  and  the  whole  column  will  be 
fufpended,  provided  its  length  do  not  exceed  that  of  the  column  which  a tube  of  the 
fmaller  bore  is  capable  of  fupporting. 

Hence  it  is  manifefl,  that  the  water  is  fuftained  by  the  attraction  of  the  narrower 

part  of  the  tube,  for  the  wider  part  could  not  fuftain  fo  long  a column  : it  is  alfo  manifeft, 

* % 

that  it  is  fuftained  by  the  ring  contiguous  to  the  upper  furface;  for  if  it  were  fuf- 
tained by  the  ring  at  the  lower  furface,  no  reafon  could  be  afligned  why  this  ring  fhould 
now  fupport  the  greater  column  in  both  parts  of  the  tube,  when  it  was  before  only 
able  to  fuftain  a column  which  filled  a part  of  the  wider  tube. 

Next,  let  the  tube  be  inverted,  and  the  water  be  raifed  into  the  lower  extremity  of 
the  wider  part;  *when  the  fufpended  column  is  of  greater  length  than  that  which  a tube 
of  the  fame  bore  with  the  wider  part  is  capable  of  fuftaining,  it  will  immediately  fink  : 
whence  it  is  manifeft,  that  the  fufpenfion  of  the  column  in  this  cafe  depends  upon  the 
attraction  of  the  wider  part  of  the  tube ; for  the  narrower  part  could  fuftain  a larger 
column  : and  alfo,  that  it  is  fuftained  by  the  ring  contiguous  to  the  upper  furface ; 
for  if  it  were  fuftained  by  the  ring  at  the  lower  furface,  it  has  been  feen  that  this  ring 
could  fupport  a much  longer  column. 

Schol.  The  reafon  why  the  narrower  or  wider  ring  fuftains  a column  of  the  fame 
length  in  the  unequal  tube  above  defcribed,  as  in  a tube  throughout  of  the  fame  diameter 
as  the  upper  ring,  is,  that  the  moving  forces  of  the  columns  are  in  both  cafes  the  fame; 
as  will  be  more  fully  {hewn  hereafter. 
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PROP.  VIII. 


In  capillary  tubes,  the  heights  to  which  the  fluid  rifes  are  inverfely 
as  the  diameter  of  the  bores. 

The  fluid  being  fufpended  (Prop.  VII.)  by  the  ring  of  glafs  contiguous  to  the  upper 
turface,  and  the  diftance  to  which  the  attracting  force  of  glafs  reaches  being  unvaried  ; 
the  attracting  force  which  fuftains  the  fluid  will  be  as  the  number  of  attracting  particles, 

that 
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that  is,  as  the  circumference,  or  diameter  of  the  ring,  or  of  the  tube.  Let  Q,  g,  then, 
reprefent  the  quantities  of  fluid  to  be  raifed  in  two  tubes  of  different  bores ; D,  d,  the 
diameters  of  their  bores;  and  H,  h9  the  heights  to  which  fluids  rife  in  the  tubes;  Becaufe 
Qj  reprefent  two  cylinders  of  the  fluid,  from  the  properties  of  the  circle  and  cylinder 
(El.  Xli.  2,  ii,  and  14.)  Q_  • £ • * DDK  : ddh ; and  from  the  nature  of  this  attraction, 
which  is  as  the  diameters  of  the  tubes,  Q_:  q : : D : d\  therefore  DDH  : ddh  : : D : d 
and  (El.  VI.  16.)  DDHiniiD^,  that  is,  DHzrr/£;  confequently  D : d \ h : FI. 

Exp.  Let  two  tubes  of  different  bores  be  immerfed  in  a vefl’el  of  coloured  water; 
it  will  be  found,  that  the  water  will  rife  as  much  higher  in  the  fmalier  tube,  as  the 
diameter  of  its  bore  is  lefs  than  that  of  the  larger  tube. 


P R OP.  IX. 

Between  two  glafs  plates,  meeting  on  one  tide,  and  kept  open 
at  a fmall  diftance  on  the  other,  water  will  rife  unequally  ; and  its 
upper  furface  will  form  a curve,  in  which  the  heights  of  the 
feveral  points  above  the  furface  of  the  fluid,  will  be  to  one  another 
reciprocally  as  their  perpendicular  di fiances  from  the  line  in  which 
the  plates  meet. 

Let  AE  be  the  furface  of  the  fluid;  AF  the  line  in  which  the  plates  meet;  PIL  the 
curve  formed  by  the  furface  of  the  raifed  fluid  ; GB,  IC,  KD,  LE,  perpendiculars  to 
AE,  exprefling  the  heights  of  the  refpedtive  points  G,  I,  K,  L,  in  the  curve,  above  the 
furface  of  the  fluid,  and  AB,  AC,  AD,  AE,  perpendiculars  to  AF,  exprefling  the 
diftances  of  the  fame  points  from  the  line  in  which  the  plates  meet  : thefe  heights  and 
diftances  are  reciprocally  proportional.  For,  let  the  lines  GB,  IC,  KD,  LE,  reprefent 
pillars  of  fluid  of  an  equal  but  exceedingly  fmall  breadth  ■;  thofe  portions  of  the  glafs  plates 
which  bv  their  attraction  fupport  thefe  pillars,  being  equal,  will  fuflain  equal  quantities  of 
fluid;  that  is,  the  pillars  will  be  equal.  But  the  pillars  may  be  confidered  as  ftmilar  pa- 
rallelipipeds,  which  (El.  XL  34.)  are  equal  when  their  bafes  ana  altitudes  are  reciprocally 
proportional.  And  the  bafes,  being  equal  in  breadth,  are  as  their  lengths,  that  is,  as  the 
intervals  between  the  plates  : and  flnee  the  intervals  continually  increafe  as  the  diftance 
from  the  line  in  which  the  plates  meet  increafes,  thefe  intervals,  at  the  points  B,  C,  D,  E, 
are  as  their  diftances  AB,  AC,  AD,  AE,  from  the  line  AF  Since  then  the  heights  of  the 
pillars  are  reciprocally  as  the  intervals,  the  heights  GB,  IC,  &c.  are  reciprocally  as  the 
diftances  AB,  AC,  &c. 

Exp.  Let  coloured  water  rife  between  two  glafs  plates  (their  inner  furfaces  being  flrft: 
moiflened)  meeting  on  one  fide  according  to  the  propofttion. 
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PROP.  X, 

*> 

Some  bodies  appear  to  poffefs  a power  the  reverfe  of  the  attraction 
of  cohelion,  called  repullion. 

Exp.  i.  If  a piece  of  iron  be  laid  upon  mercury*  the  furface  of  the  mercury  near  the 
iron  will  be  depreffed. 

2.  A fine  needle  laid  upon  water  will  fwim. 

3.  Two  circular  plates  of  tinfoil  being  placed  upon  water,  and  prefied  down  by  a fmall 
additional  weight  upon  their  furface,  repelling  the  water,  will  have  a cavity  round  them  : 
but  when  they  are  brought  near  each  other,  they  will  rufh  together ; the  re-aCtion  of  the 
water  on  the  outer-fide  of  the  plates  being  greater  than  the^action  on  the  inner-fide,  where 
the  two  cavities  produced  by  repulfion  are  united. 

4.  Mercury  poured  into  a recurved  glafs  tube,  having  the  bore  on  one  fide  exceedingly 
fine,  and  on  the  other  large,  will  not  rife  fo  high  in  the  narrow,  as  in  the  wide  bore  : 
water  will  rife  higher. 

5.  Melted  glafs  dropped  into  water  formyglobules  with  a ftem  (called  Prince  Rupert's 
drops)  which  on  breaking  the  ftem  will  burft  with  great  violence  and  fall  into  powder. 


PROP.  Xt. 

All  bodies  on  or  near  the  furface  of  the  earth  tend  towards  its 
center,  by  the  attraction  of  gravitation. 

A ftone,  or  other  heavy  body,  let  fall,  will  move  towards  the  earth  till  it  meet  with 
fome  other  body  to  obftruCt  its  courfe.  And  bodies  move  in  lines  perpendicular  to  the 
furface,  and  confequently  in  oppofite  directions  on  oppofite  fides  of  the  globe  ; that  is, 
from  the  nature  of  a fphere,  in  lines  which  meet  at  the  center.  Some  bodies  afcend, 
becaufe  they  meet  with  refiftance,  or  are  acted  upon  by  a force  greater  than  the  attraction 
of  gravitation,  and  in  a contrary  direction.  Vapours,  fmoke,  &c.  do  not  defcend,  becaufe 
they  are  fupported  by  the  air. 

Exp.  1.  Smoke  or  fleam  will  defcend  in  an  exhaufted  receiver. 

2.  Any  boiling  fluid  being  placed  in  a fcale  and  balanced,  the  balance  will  be  deftroyed 
by  evaporation. 


Schol. 
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Schol.  When  we  fpeak  of  attracting  powers,  we  do  not  attempt  to  explain  their 
nature,  or  aftign  their  caufes.  Having  derived  general  principles,  or  laws  of  nature,  from 
phenomena,  we  only  give  a name  to  thefe  principles,  in  order  to  explain  other  appearances 
by  them. 

PRO  P.  XII. 

Matter  is  capable  of  receiving  motion  from  external  impulfe  or 
force. 

This  is  proved  by  univerfal  experience. 
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The  DOCTRINE  of  MOTION. 


C H A P.  I. 

Of  the  General  Laws  of  Motion . 

PROPOSITION  L 

EVERY  body  will  perfevere  in  its  Rate  of  reft*  or  of  motion 
f in  a right  line*  until  it  is  compelled  by  fome  force  to  change 
its  ftate. 

Any  body  at  reft  on  the  furface  of  the  earth  will  always  continue  fo,  if  no  external 
force  be  impreffed  upon- it  to  give  it  motion,  and  if  the  obftacle  which  hinders  the 
attraction  of  gravitation  from  carrying  it  towards  the  center  be  not  removed.  A body 
being  put  into  motion  by  fome  external  impulfe,  if  all  external  obffcructions  were  removed, 
and  the  attraction  of  gravitation  fufpended,  would  move  on  for  ever  in  a right  line ; for 
there  would  be  no  caufe  to  diminifh  the  motion,  or  to  alter  its  direction.  This  cannot 
be  fully  eftablifhed  by  experiment,  becaufe  it  is  impoffible  intirely  to  remove  all  obftruc- 
lions  : but,  fince  the  lefs  obftruction  remains  the  longer  motion  continues,  it  may  be 
reafonably  inferred,  that  if  all  obtacles  could  be  removed,  motion  once  communicated  to 
any  body  would  never  ceafe, 
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Exp.  i.  A ball  at  reft  requires  Tome  degree  of  force  to  put  it  into  motion;  and 
when  in  motion,  it  will  continue  to  move  longer  on  a fmooth  furface  than  on  a rough  one. 

2.  If  a ftone  be  whirled  round  in  a ftring,  on  being  fet  at  liberty  it  will  continue  to 
move  with  the  force  which  it  has  acquired. 

'3.  If  a veflel  containing  a quantity  of  water  be  moved  along  upon  an  horizontal  plane, 
the  water  refilling  the  motion  of  the  veflel,  will  at  firft  rife  up  in  the  direilion  contrary  to 
that  in  which  the  moving  force  ails  : when  the  motion  of  the  veftel  is  communicated  to 
the  water  it  will  perfevere  in  this  ftate ; and  if  the  veflel  be  fuddenly  flopped,  refilling  the 
change  from  motion  to  reft,  it  will  rife  up  on  the  oppofite  fide.  In  like  manner,  if  a 
horfe  which  was  Handing  Hill,  fuddenly  Harts  forwards,  the  rider  will  be  in  danger  of 

being  thrown  backwards,  if  the  horfe  Hops  fuddenly,  the  rider  will  be  thrown  forwards. 

.* 

PROP.  II. 

The  change  of  motion  produced  in  any  body  is  proportional  to 
the  force  impreffed,  and  in  the  direction  of  that  force. 

If  a given  force  will  produce  a given  motion,  a double  force  will  produce  the  double 
of  that  motion.  If  a new  force  be  impreffed  upon  a body  in  motion,  in  the  direilion  in 
which  it  moves,  its  motion  will  be  increafed  proportionally  to  the  new  force  impreffed  : 
if  this  force  ails  in  a direction  contrary  to  that  in  which  the  body  moves,  it  will  lofe  a 
proportional  part  of  its  motion  : if  the  direction  of  this  force  be  oblique  to  the  direction 
of  the  moving  body,  it  will  give  it  a new  direilion. 

Exp.  Let  one  clay  ball,  fufpended  by  firings,  ftrike  another  clay  ball  fufpended  in  the 
fame  manner,  at  reft  or  in  motion,  it  will  communicate  a degree  of  motion  greater  or  lefs 
in  proportion  to  the  force  of  the  finking  body  : in  the  oppofite  direilion  motion  will  be 
deftroyed  in  the  fame  proportion. 


PROP.  III. 

To  every  adion  of  one  body  upon  another,  there  is  an  equal 
and  contrary  re-adion  : or,  the  mutual  addons  of  bodies  on  each 
other  are  equal  and  in  contrary  diredions. 

\ 

Whatever  quantity  of  motion  any  body  communicates  to  another,  or  whatever  degree 
of  refiftance  it  takes  away  from  it,  the  ailing  body  receives  the  fame  quantity  of  motion, 
or  lofes  the  fame  degree  of  refiftance,  in  the  contrary  direilion  : the  refiftance  of  the  body 
a&ed  upon  producing  the  fame  effeil  upon  the  ailing  body,  as  would  have  been  produced 
by  an  aiiive  force  equal  to,  and  in  the  direition  of,  that  refiftance. 


Cor. 
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Cor.  Hence  it  appears,  that  one  body  adting  upon  another  lofes  as  much  motion 
as  it  communicates ; and  that  the  fum  of  the  motions  of  any  two  bodies  in  the  fame 
line  of  diredtion  cannot  be  changed  by  their  mutual  adtion. 

Exp.  Let  a clay  ball  in  motion,  ftrike  another  equal  to  it  at  reft  : the  ftriking  body 
will  lofe  half  its  quantity  of  motion,  which  will  be  communicated  to  the  other  body. 

Schol.  Although  thefe  laws  of  nature  may  be  illuftrated  by  experiments,  their 
beft  confirmation  arifes  from  hence,  that  all  the  particular  conclufions  drawn  from  them 
agree  with  univerfal  experience. 

♦ 

CHAP.  II. 

. r 

Of  the  Comparifon  of  uniform  Motions . 

PROP.  IV. 

The  quantities  of  matter  in  bodies  are  in  the  compound  ratio 
of  their  magnitudes  and  denfities. 

If  the  magnitudes  of  two  bodies  be  given,  the  quantities  of  matter  will  be  as  the 
denfities  : if  their  denfities  be  given,  the  matter  will  be  as  the  magnitudes  : therefore  the 
matter  is  univerfally  in  the  compound  ratio  of  the  magnitudes  and  denfities.  For  ex- 
ample, If  A and  E be  two  balls  equal  in  magnitude,  the  quantity  of  matter  in  A will  be 
to  that  in  B,  as  the  denfity  of  A is  to  that  of  B : if  both  be  of  the  fame  denfity,  their 
quantities  of  matter  will  be  as  their  magnitudes. 

PROP.  V. 

* 

The  velocities  with  which  bodies  move,  are  diredlly  as  the 
fpaces  they  defcribe,  and  inverfely  as  the  times  in  which  they  defcribe 
thefe  fpaces. 

It  is  manifeft,  that  the  degree  of  velocity  increafes  as  the  fpace  a body  pafles  over  in  a given 
time  increafes,  and  as  the  time  in  which  it  pafles  over  a given  fpace  decreafes  ; and  the  re- 
verfe.  For  example.  If  one  ball  A move  over  fix  feet,  and  another  ball  B over  three  feet  in 
the  fame  time,  A has  double  the  velocity  of  B : but  if  the  ball  A pafles  over  fix  feet  in 

two 
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two  feconds  of  time,  and  the  ball  B paffes  over  fix  feet  in  one  fecond,  the  velocity  of  B 
is  double  of  that  of  A. 

-PRO  P.  VI. 

The  fpaces  which  bodies  defcribe  are  in  the  compound  ratio  of 
their  times  and  velocities. 

It  is  evident,  that  the  longer  time  any  body  continues  to  move,  and  the  greater 
velocity  it  moves  with,  the  greater  fpace  it  will  pafs  through  ; and  the  reverfe. 
If,  for  example,  the  body  A moves  for  one  fecond,  and  the  body^  B^goves  for  two 
feconds,  both  moving  with  the  fame  velocity,  A will  move  through  wSBtK. s much  fpace 
as  B : if  A moves  with  two  degrees  of  velocity,  and  B with  one  degree  of  velocity, 
A will  in  the  fame  time  pafs  over  twice  as  much  fpace  as  B. 

* i 

PROP.  VII. 

The  times  in  which  bodies  move  are  diredlly  as  the  fpaces,  and 
inverfely  as  the  velocities. 

The  greater  fpace  any  body  pafies  through,  and  the  lefs  degree  of  velocity  it  moves 
with,  the  greater  mu  ft  be  the  portion  of  time  taken  up  in  the  motion  ; and  the  reverfe. 
For  example.  If  the  ball  A moves  with  the  fame  velocity  with  the  ball  B,  but  paftes 
over  double  the  fpace,  A will  move  twice  as  long  as  B : if  A moves  over  the  fame  fpace 
with  B,  and  with  half  the  velocity,  it  muft,  in  this  cafe  alfo,  move  twice  as  long  as  B. 

P ROP.  VIII. 

The  force  required  to  move  a body  at  reft  is  as  the  quantity  of 
matter  to  be  moved. 

Each  particle  of  matter  in  any  body  refilling  motion,  a force  muft  be  exerted  upon 
each  particle  to  overcome  this  refiftance  • if  therefore  two  bodies  containing  different 
quantities  of  matter  are  to  be  moved,  the  greater  body  will  require  the  greater  force. 

Def.  I.  The  momentum  of  any  body  is  its  quantity  of  motion. 
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PROP.  IX. 

In  moving  bodies,  if  the  quantities  of  matter  be  equal,  the  momenta 
will  be  as  the  velocities. 

It  is  manifeft,  that  if  the  body  A be  equal  to  the  body  B,  but  A has  twice  the  velocity 
of  B,  A has  twice  as  much  motion  as  B. 

PROP.  X. 

The  velocities  of  two  bodies  being  equal,  their  momenta  will  be 
as  their  quantities  of  matter. 

The  bodies  A and  B moving  with  equal  velocities,  fince  every  portion  of  matter  in  A 
has  as  much  motion  as  an  equal  portion  of  B,  it  is  evident,  that  if  A has  twice  the 
quantity  of  matter  in  B,  it  muft  have  twice  as  much  motion. 

PROP.  XL 

The  momenta  of  moving  bodies  are  in  the  compound  ratio  of  their 
quantities  of  matter  and  velocities. 

The  greater  quantity  of  matter  there  is  in  any  body,  and  the  greater  velocity  it 
moves  with,  the  greater  will  evidently  be  its  quantity  of  motion  ; and  the  reverfe. 
If,  for  example,  the  body  A be  double  of  the  body  B,  and  moves  with  twice  its  velocity, 
the  momentum  of  A will  be  quadruple  of  that  of  B : for  it  will  have  twice  the  momentum 
of  B from  its  double  velocity,  and  alfo  twice  the  momentum  of  B from  its  double 
quantity  of  matter. 

Cor*  Hence,  if  in  two  bodies  the  produdf  of  the  quantities  of  matter  and  velocities 
are  equal,  their  momenta  are  equal. 

PROP.  XII. 

The  velocities  of  moving  bodies  are  as  their  momenta  diredtly, 
and  their  quantities  of  matter  inverfely. 

The  greater  momentum  any  body  has,  and  the  lefs  quantity  of  matter  it  contains,  the 
greater  mull:  be  its  velocity.  For  example,  If  the  body  A is  half  of  B,  and  their  momenta 
are  equal,  A will  move  with  twice  the  velocity  of  B;  and  if  A and  B are  equal,  and 
the  momentum  of  A is  double  of  that  of  B,  its  velocity  will  alfo  be  double. 
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The  force,  or  power  of  overcoming  refiftance,  in  any  moving 
body,  is  as  its  momentum. 

Since  a body  having  a certain  degree  of  motion  is  able  to  overcome  a certain  degree  of 
refiftance,  it  is  manifeft,  that  with  an  increafed  momentum,  it  will  be  able  to  overcome 
a greater  refiftance. 

Cor.  Hence  the  momentum  of  any  body  is  meafured  by  its  power  of  overcoming 
refiftance. 

Schol.  i.  Let  j^,  q , denote  the  quantities  of  matter  in  any  two  bodies,  D,  </,  their 
denfities,  and  B , their  bulk  or  magnitude,  P,  v,  their  velocities,  V,  the  times  of 
their  motion,  5,  j,  the  fpaces  over  which  they  pafs,  P,  p9  the  moving  powers,  My  m* 
their  momenta , and  P,  f>  their  force  : the  preceding  propofitions  may  be  thus  expreft'ed  : 
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Schol.  2.  The  principal  analogies  of  velocities,  fpaces,  times,  momenta,  quantities 
of  matter,  and  forces  are  exprefted  in  the  following  table  : 
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Schol.  3.  It  has  been  maintained  by  feveral  philofophers,  that  the  momentum  of 
any  moving  body,  is  not  Pimply  as  its  quantity  of  matter  multiplied  into  its  velocity, 
but  as  its  quantity  of  matter  multiplied  into  the  fquare  of  its  velocity.  But  it  is  a 
fufhcient  refutation  of  this  dodtrine,  to  obferve,  that  fince  the  force  required  to  deftroy 
any  motion  mud:  be  the  proper  meafure  of  the  quantity  of  that  motion  ; and  fince  it 
is  found  from  experience,  that  the  motion  of  any  body  will  be  deftroyed,  if  a body 
having  the  fame  quantity  of  matter  and  the  fame  velocity  a dt  upon  it  in  the  oppofite 
direction ; the  force  deftroyed,  that  is  the  momentum,  muft  have  been  as  the  quantity  of 
matter  multiplied  into  the  velocity  of  the  body. 


CHAP.  III. 

Of  the  Compoftion  and  Refolution  of  Forces . 

PROP.  XIV. 

A BODY  ailed  upon  by  two  forces  united,  will  defcribe  the 
diagonal  of  a parallelogram,  in  the  fame  time  in  which  it 
would  have  defcribed  its  fides  by  the  feparate  ailion  of  thefe  forces. 

If,  in  a given  time,  a body,  by  the  fingle  force  M imprefted  upon  it  at  the  point  A, 

would  be  carried  from  A to  B ; and  by  another  fingle  force  N imprefted  upon  it  at  the 

fame  point,  would  be  carried  from  A to  C;  complete  the  parallelogram  ABDC  ; and 

with  both  forces  united,  the  body  will  be  carried  in  the  fame  time  through  the  diagonal  of 

the  parallelogram  from  A to  D.  For  fince  the  force  N adh  in  the  direction  of  the 
* 

right  line  AC  parallel  to  BD,  this  force  (by  Prop.  II.)  has  no  effect  upon  the  velocity 
with  which  the  body  approaches  towards  the  line  BD  by  the  adtion  of  the  force  M. 
The  body  will  therefore  arrive  at  the  line  BD  in  the  fame  time,  whether  the  force  N is 
imprefted  upon  it  or  not ; and  at  the  end  of  that  time  will  be  found  fomewhere  in  the 
line  BD.  For  the  fame  reafon,  at  the  end  of  the  fame  time  it  will  be  found  fomewhere 
in  the  line  CD  •>  therefore  it  muft  be  found  at  the  point  D,  the  interfedtion  of  thefe 
two  lines.  And  (by  Prop.  I.)  it  will  move  in  a'right  line  from  A to  D. 

Exp.  Two  equal  lead  weights  fufpended  at  the  end  of  a triangular  frame  of  wood 
to  give  them  a fteady  motion,  and  let  fall  at  the  fame  inftant  from  equal  heights,  ftriking 
a ball  fufpended  by  a cord  at  the  point  in  which  their  lines  of  direction  meet,  will  carry 
it  forwards  in  the  diagonal  of  the  parallelogram  of  thofe  lines  produced. 

Cor.  i.  Hence,  the  velocity  produced  by  the  joint  action  of  two  forces  is  to  that 
with  which  the  body  moves  by  the  adtion  of  each  force  ftngly,  as  the  diagonal  of 

D the 
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the  parallelogram  to  either  fide;  for  the  diagonal  is  defcribed  in  the  fame  time  with 
either  fide. 

Cor.  2.  If  two  Tides  of  a triangle  reprefent  the  directions  and  quantities  of  two  forces, 
the  third  fide  will  reprefent  the  direction  and  quantity  of  a force  equivalent  to  both 
acting  jointly  : for  the  third  fide  may  be  confidered  as  the  diagonal  of  a parallelogram. 

Cor.  3.  A body  may  be  moved  through  the  fame  line  by  different  pairs  of  forces. 
In  plate  1.  fig.  4.  AD  is  the  diagonal  both  to  the  parallelogram  ABCD,  and  to  the 
parallelogram  AEDF ; and  confequently  expreffes  a force  equal  to  AB,  AC,  and  to 
AF,  AE. 

PROP.  XY. 

The  velocity  produced  by  two  joint  forces,  when  they  adt  in  the 
fame  direction,  will  be  as  the  fum  of  the  forces,  and  when  they 
adt  in  oppofite  directions,  will  be  as  their  difference  ; and  the 
velocity  will  be  the  greater  the  nearer  they  approach  to  the  fame 

direction,  and  the  reverfe. 

* 

In  the  parallelograms  ABCD,  in  which  AB,  AC,  exprefs  the  direction  and  quan- 
tity of  two  joint  forces,  the  fide  AB  being  placed  at  different  angles  with  AC,  it  is 
manifeft  that  as  AB  approaches  towards  AC,  the  diagonal  increafes,  till  at  length  it 
becomes  equal  to  AC,  CD,  that  is,  to  AC,  AB,  and.  the  velocity  is  as  the  fum  of  the 
forces,  Tince  they  a£t  in  the  fame  direction. 

In  the  parallelograms  ABCD,  as  AB  recedes  from  CD,  the  diagonal  decreafes,  till  at 
length  it  vanifhes  with  the  angle,  and  the  two  Tides  AB,  AC,  conftitute  one  right  line, 
the  parts  of  which,  AB,  AC,  reprefenting  forces  aCting  in  oppofite  directions,  if  the 
forces  be  equal,  they  will  deftroy  each  other  5 if  unequal,  the  velocity  will  be  as  their 
difference. 


PROP.  XVI. 

Any  Angle  force  or  motion  may  be  refolved  into  two  forces  or 
motions ; and  the  directions  of  thefe  may  be  infinitely  varied  : alfo 
any  two  forces  may  be  compounded  into  fingle  forces. 

A body  moving  in  the  line  AD,  may  be  confidered  as  receiving  its  direction  and 
velocity  from  two  forces  aCting  jointly  in  the  directions  AB,  AC,  or  from  two  other  forces 
expreffed  by  AF,  AE  : for  (Prop,  XIV.  Cor.  3.)  each  pair  would  produce  the  fame  effeCt. 

In 
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In  like  manner  the  diredlion  and  quantities  of  the  forces  will  be  diverfified  with  every" 
change  of  the  fides  of  the  parallelogram,  the  diagonal  remaining  the  fame. 

It  is  alfo  manifeft,  that  any  two  joint  forces  may  be  compounded  into  one,  being 
expreffed  by  the  fides  of  a parallelogram,  or  its  diagonal. 

PROP.  XVII. 

If  a body  is  adted  upon  by  three  forces/which  are  proportional 
to,  and  in  the  diredtion  of,  the  three  fides  of  a triangle,  the  body 
will  be  kept  at  reft. 

Let  a body  placed  at  D be  adted  upon  by  three  forces  AD,  GD,  FD,  proportional  to, 
and  in  the  diredtion  of  the  three  fides  of  the  triangle  GED  : complete  the  parallelogram 
GEFD  ; and  make  AD  equal  to,  and  in  the  diredtion  of  the  diagonal  ED. 

If  the  body  at  D be  adted  upon  by  the  forces  AD,  ED,  equal  and  in  oppofite  diredtions, 
it  will  be  kept  at  reft.  But  the  force  ED  (Prop.  XVI.)  is  equivalent  to  the  two  forces 
DG,  DF,  that  is,  DG,  GE  ; therefore  the  body  adted  upon  by  the  three  forces  AD, 
DG,  DF,  that  is,  by  three  forces  proportional  to,  and  in  the  diredtion  of  the  fides  of  the 
triangle  GED,  will  be  at  reft. 

Exp.  Let  three  weights  in  the  proportions  of  3,  4,  5,  be  fufpended  from  cords 
which  pafs  over  pulleys  and  meet  in  a point;  if  the  diredtions  of  the  cords  be  parallel 
to  the  fides  of  a triangle,  (drawn  in  a plane  parallel  to  the  plane  of  the  cords)  whofe 
fides  are  to  each  other  as.  the  weights,  a ball  at  the  point  in  which  the  cords  meet  will 
be  kept  at  reft. 

Cor.  The  body  will  be  at  reft  if  the  three  forces  are  proportional  to  the  three 
fides  of  a triangle  drawn  perpendicular  to  the  diredtion  of  the  forces ; for  fuch  a triangle 
is  fimilar  to  the  former. 

PROP.  XVIIL 

The  force  of  oblique  percuflion  is  to  that  of  diredt  or  perpendicular 
adtion,  as  the  fine  of  the  angle  of  incidence  to  radius. 

Let  a body  ftrike  upon  the  plane  AD,  at  the  point  D,  in  the  direftion  BD  : the  line 
BD  expreffmg  the  force  of  diredt  impulfe  may  be  refolved  into  two  others,  BC,  BA,  the 
one  parallel,  the  other  perpendicular  to  the  plane  : of  thefe,  the  force  BC,  parallel  to 
the  plane,  cannot  affect  it  : the  whole  force  upon  the  plane  may  therefore  be  expreffed 
by  BA.  But  BA  is  to  BD  as  the  fine  of  the  angle  of  incidence  BDA  is  to  radius. 

Schol.  If  the  furface  to  be  ffruck  be  a curve,  let  AD  be  made  tangent  to  the  curve 
at  D,  and  the  proof  will  be  the  fame. 
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PROP.  XIX. 

The  force  of  oblique  adlion  produced  by  percuffion  is  to  that  of 
diredt  action,  as  the  cofine  of  the  angle  comprehended  between 
the  diredtion  of  the  force  and  that  in  which  the  body  is  to  be 
moved,  to  radius. 

Plate  i.  Let  FD  reprefent  a force  ading  upon  a body  at  D,  and  impelling  it  towards  E;  but 
9'  let  DM  be  the  only  way  in  which  it  is  poftible  for  the  body  to  move.  The  force  FD 
may  be  refolved  into  two  forces  FG,  FH  or  GD;  of  which  only  the  force  GD  impels 
it  towards  M.  And,  FD  being  radius,  GD  is  the  cofine  of  the  angle  FDG,  or  MDE, 
comprehended  between  the  diredion  of  the  force,  and  that  in  which  the  body  is  to  be  moved. 


C H A P.  IV. 

Of  Motion  as  communicated  by  Percuffion  inNon-Elafic , and  Elaflic  Bodies . 

Def.  II.  Bodies  are  non-elaftic,  which,  when  one  ftrikes  another, 
do  not  rebound,  but  move  together  after  the  ftroke. 

Cor.  Hence  their  velocities  after  the  ftroke  are  equal. 

Def.  III.  Bodies  are  elaflic,  which  have  a certain  fpring,  by 
which  their  parts,  upon  being  prefled  inwards  by  percuffion,  return 
to  their  former  flate,  throwing  off  the  flriking  body  with  fome  degree 
of  force  : when  the  elaflicity  is  perfedt,  the  body  reflores  itfelf  with 
a force  equal  to  that  with  which  it  is  compreffed. 

Exp.  The  exiftence  of  this  property  is  vifible  in  a ball  of  wool,  cotton,  or  fpunge 
comprefied. 

PROP.  XX. 

When  one  non-elaftic  body  in  motion,  ftrikes  upon  another  at 
reft,  or  moving  with  lefs  velocity  in  the  fame  direction,  the 
fum  of  their  momenta  remains  the  fame  after  the  ftroke  as  before. 

For 
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For  (Prop.  III.  Cor.)  as  much  motion  as  the  linking  body  communicates,  lb  much  it 
lofes;  whence,  if  the  motions  of  the  bodies  are  in  the  fame  diredlion,  whatever  is  added 
to  the  motion  of  the  preceding  body  will  be  fubdudted  from  that  which  follows,  and  the 
lum  will  remain  the  fame. 


PROP.  XXL 

When  two  non-elaftic  bodies,  moving  in  an  oppofite  direction 
ftrike  upon  each  other,  the  fum  of  their  momenta  after  the  ftroke, 
will  be  equal  to  the  difference  of  their  momenta  before  the  ftroke. 

For  (from  Prop.  III.  Cor.)  that  body  which  had  the  leaft  motion  will  deflroy  a quan- 
tity equal  to  its  own  in  the  other;  after  which,  they  will  move  together  with  the 
remainder,  that  is,  the  difference. 

Exp.  Let  two  cylinders  filled  with  clay,  A,  B,  be  of  equal  weight,  and  fufpended  by 
cords  from  equal  heights  ; let  two  other  cylinders  of  the  fame  kind,  C,  D,  but  in  weight 
as  2 to  i,  be  fufpended  from  the  fame  height.  The  heights  from  which  they  are  let 
fall,  in  the  arc  formed  by  the  motion  of  the  cylinder  (from  the  nature  of  the  pendulum, 
afterwards  to  be  explained)  will  be  the  meafure  of  their  velocity ; and  (by  Prop.  XI.) 
their  momenta  will  be  as  their  velocities  multiplied  into  their  quantities  of  matter;  whence 
the  cafes  of  the  two  preceding  propofitions  may  be  eftablifhed  by  the  following  experiments. 

N.  B.  Quantity  of  matter  is  expreffed  by  <?,  velocity  by  v,  and  momentum  by  m. 

/ 

No.  i.  Prop,  XX.  Cafe  i.  Let  the  cylinder  A fall  from  the  height  of  18  inches, 

upon  the  cylinder  B at  reft.  The  momentum  of  A before  the  ftroke  (by  Prop.  XI.) 

is  18;  for  the  quantity  of  matter  is  i,  and  the  velocity  18;  whence  q I X ^ 18  = w 18. 
After  the  ftroke,  the  quantity  of  matter  being  (Def.  II.)  2,  and  the  velocity  of  each 
cylinder  9,  the  momentum  will  be  18:  q 2 X v 9 ~ m 18. 

No.  2.  Cafe  2.  Let  A fall  from  18  inches,  and  B from  9,  in  the  fame  direction; 
their  momenta  before  the  ftroke  are  18  9 r=  27  ; after  the  ftroke,  the  quantity  of 
matter  will  be  2,  and  the  velocity  134- ; whence  v 12^  X q 2 ~ m 27. 

No.  3.  Prop.  XXL  Cafe  1.  Let  the  equal  cylinders  A and  B fall  in  oppofite  directions, 

from  the  height  of  12  inches;  the  momenta  being  equal  and  oppofite,  the  motion  of 
both  will  be  deftroyed. 

No.  4.  Cafe  2.  Let  A fall  from  the  height  of  12  inches,  and  meet  B falling  in  the 
oppofite  direction  from  6 inches;  their  velocity  after  the  ftroke  being  3,  and  quantity 
of  matter  2,  the  momentum  will  be  6 ; q 2 X v 3 = m 6. 
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No.  5.  Prop.  XX.  Cafe  3.  Let  the  cylinder  C,  double  of  the  cylinder  D,  fall  from 
12  inches  on  D at  reft.  Before  the  ftroke,  the  quantity  of  matter  in  C is  2,  and  its 

velocity  is  12;  whence  its  momentum  is  24;  q 2 X v 12  = in  24.  After  the  ftroke, 

the  velocity  will  be  8,  and  quantity  of  matter  3 ; whence  ^3  x o 8 ~ m 24. 

No.  6.  Cafe  4.  Let  C fall  from  12  inches,  and  D from  6 inches  in  the  fame 
dire&ion.  Before  the  ftroke,  the  velocity  of  C is  12,  and  quantity  of  matter  2;  whence 
its  momentum  is  24  ; q 2 X v 12  = m 24 ; and  the  velocity  of  D is  6,  and  its  quantity 
of  matter  1 ; whence  q 1 X v 6 = m 6 ; therefore  the  whole  momentum  is  30.  After  the 
ftroke,  the  velocity  of  the  whole  is  io,  and  the  quantity  of  matter  3 ; whence 
^ 3 X -y  10  r « 30. 

No.  7.  Prop.  XXI.  Cafe  3.  Let  C fall  from  6 inches,  and  D from  12,  in  oppofite 
directions,  the  quantity  of  matter  in  C being  2,  and  its  velocity  6 ; and  the  quantity  of 
matter  in  D being  1,  and  its  velocity  12,  their  momenta  will  be  equal,  and  being  oppofite, 
will  deftroy  each  other.  C q 2 X v 6 ==  m 12  ; D q 1 X v 1$  — m 12. 

No.  8.  Cafe  4.  Let  C fall  from  3 inches,  and  D from  12,  in  oppofite  dire&ions  : 

before  the  ftroke  the  momentum  of  C is  6 ; q 2 X v 3 zz  m 6,  and  the  momentum  of  D is 
123  q 1 X v 12  = m 12;  whence  the  difference  of  their  momenta  is  6.  After  the  ftroke, 
the  velocity  is  2,  and  quantity  of  matter  3 ; whence  the  momentum  is  6;  q 3X^2  = 
m 6. 

P R O P.  - XXII. 

When  one  elaftic  body  ftrikes  upon  another  of  the  fame  kind, 
the  one  lofes,  and  the  other  gains,  twice  as  much  momentum,  as  if 
the  bodies  had  been  void  of  elafticity* 

a 

For,  fince  (by  Def.  III.)  perfectly  elaftic  bodies,  on  percuffion,  reftore  themfelves  with 
a force  equal  to  that  with  which  they  are  compreffed,  whatever  momentum  is  gained 
by  one  body,  or  loft  by  the  other,  on  percuffion,  from  the  law  of  re-a£tion,  the  fame 
muff  be  gained,  or  loft,  from  the  power  of  elafticity. 

Cor.  1.  Hence  the  momentum  of  elaftic  bodies  after  percuffion  may  be  found,  by 
doubling  the  momentum  which  would  have  remained,  had  the  bodies  been  non-elaftic. 

2.  If  one  of  the  bodies,  confidered  as  non-elaftic  would  lofe  more  than  half  its  momen- 
tum, as  elaftic  it  lofes  more  than  all,  that  is,  acquires  a negative  momentum  in  a 
contrary  direction. 

Exp.  The  following  experiments  may  be  made  with  ivory  balls  fufpended  from  firings  : 
they  correfpond  with  the  preceding  experiments  on  non-elaftic  bodies. 


Let 
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Let  A and  B be  equal  balls  ; and  let  C be  a ball  double  of  the  ball  D. 

No.  i.  A,  falling  from  18  inches  on  B at  reft,  has  18  degrees  of  momentum  before 

the  ftroke : therefore,  after  the  ftroke,  fuppofing  the  balls  non-elaftic,  the  fame  momentum 

belonging  to  the  two  equal  balls  together,  each  has  9 degrees  of  momentum,  and  A has 
loft  and  B gained  9.  This  being  doubled,  A,  as  elaftic,  will  lofe  18,  and  B will  gain 
18  degrees  of  momentum  : whence  A will  be  at  reft,  and  B will  move  with  18  degrees 
of  momentum. 

No.  2.  A,  falling  from  18  inches,  and  B from  9 in  the  fame  direction  ; as  non-elaftic, 
after  the  ftroke,  each  has  13^  momentum,  or  A has  loft  4^,  and  B gained  4-f.  As  elaftic, 
after  the  ftroke,  A lofes  9,  B gains  9 ; therefore  A rifes  to  9 inches,  B to  18. 

No.  3.  A and  B,  falling  in  oppofite  directions  from  12  inches,  as  non-elaftic,  would 
lofe  all  their  momentum  : as  elaftic,  each  lofes  24  degrees  of  momentum  ; that  is,  gains  12 
in  the  contrary  direction. 

No.  4.  A,  falling  from  12  inches,  and  B in  the  oppofite  direction  from  6,  as  non- 
elaftic,  the  momentum  of  each,  after  the  ftroke,  will  be  in  the  direction  of  A ; whence 
A lofes  9,  and  B lofes  9,  moving  3 degrees  in  the  contrary  direction.  As  elaftic, 

A lofes  18,  or  has  6 in  the  contrary  direction,  and  B lofes  18,  or  gains  12  in  the  con- 

trary direction. 

No.  5.  C,  double  of  D,  falling  from  12  inches  on  D at  reft,  the  momentum  of  C 
before  the  ftroke  being  24,  and  of  D nothing ; as  non-elaftic,  C after  the  ftroke,  having 
its  momentum  16,  and  moving  with  the  velocity  8,  will  have  loft  4 degrees  of  velocity, 
and  8 of  momentum  : and  D will  have  gained  8 of  each.  As  elaftic,  therefore,  C will 
lofe  8 degrees  of  velocity,  or  (Prop.  XI.)  16  of  momentum,  and  D will  gain  16  of  each  ; 
that  is,  C will  move  with  4 degrees  of  velocity,  and  D with  16. 

No.  6.  C falling  from  12  inches,  and  D from  6 in  the  fame  direction,  before  the 
ftroke,  the  velocity  of  C is  12,  and  its  momentum  24;  and  the  momentum  of  D 6. 
After  the  ftroke,  as  non-elaftic,  the  momentum  of  C is  20,  becaufe  q 2 Xv  10  r=  m 20 
and  the  momentum  of  D is  10,  becaufe  q 1 Xv  io  = m 10;  therefore  C has  loft  4 degrees 
of  momentum,  or  2 degrees  of  velocity,  and  D gained  4 of  each.  If,  therefore,  the  gain 
or  lofs  be  doubled  on  account  of  the  elafticity  of  C and  D,  C will  lofe  8 degrees  of 
momentum,  or  4 of  velocity,  and  D will  gain  8 of  each ; that  is,  C will  move  with 
8 degrees  of  velocity,  and  D with  14. 

No.  7.  C falling  from  6 inches,  and  D from  12  in  oppofite  directions,  their  momenta 
being  equal,  would  deftroy  each  other  without  elafticity  : therefore,  being  elaftic,  each 
will  acquire  the  momentum  of  12  in  oppofite  directions;  that  is,  D will  return  to  12, 
and  C to  6. 

No.  8.  C falling  from  3 inches,  and  D from  12  in  oppofite  directions;  fince  the 
momentum  of  C before  the  ftroke  is  6,  and  of  D 12,  as  non-elaftic’ bodies  they  would, 

after 
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after  the  ftroke,  move  in  the  direction  of  D,  with  the  velocity  2 ; whence  C would  move 
in  the  direction  contrary  to  its  fil'd  motion  with  4 degrees  of  momentum,  and  lofe  10  ; 
and  D would  lofe  10  : therefore,  being  elaftic,  C will  lofe  20  degrees  of  momentum,  and 
alfo  D 20  ; whence  C will  move  in  the  contrary  direction  with  14  degrees  oi  momentum  ; 
that  is,  will  return  to  7 ; and  D will  return  to  8. 

Cor.  1.  If  the  fum  of  two  confpiring  momenta,  or  the  difference  of  two  contrary 
momenta,  be  divided  by  the  fum  of  the  quantities  of  matter  in  both  the  moving  bodies, 
the  quotient  will  give  the  common  velocity  after  the  ftroke. 

Schol.  Let  A and  B be  two  fpherica!  bodies,  moving  with  their  centers  in  the  fame  line; 
and  let  their  velocities  be  a and  b.  The  momentum  of  A before  the  ftroke  is  Aa , and 
that  of  B is  Bb  ; the  fum, or  their  difference  is  Aa  + Bb,  or  Aa  — Bb.  Therefore  (by  Prop. 
XX.  and  XXL)  the  momentum  after  the  droke  is  exprefied  by  Aa  + Bb9  and,  their  common 

. Aa  -+-  Bb 
velocity  by 


A+B 

ABa  -j-  BBa 
of  B is  — — ~ — — 

A+B  * 


TT  r « r n -I  • AAa+ABb 

Hence  the  momentum  of  A after  the  droke  is  — and  that 

A+B  * 


Next,  fuppofe  the  bodies  perfectly  eladic.  Subtradl  the  momentum  of  A confidered 

AAa  + ABb 


as  non-eladic,  after  the  droke, 


from  its  momentum  before  the  droke,  Aa  \ 


A+B  5 

ABa  T ABb 

and  the  remainder,  — ? exPre^s  the  momentum  in  that  cafe  loft  by  A,  and 

ABa  -f-  ABb 


gained  by  B.  Subtract  this  remainder, 


A+B 


■,  from  the  momentum  of  A,  as  non- 


AAa  + ABb 

eladic,  after  the  droke,  Tf-p — > an^  ac^  the  fame  remainder  to  the  momentum  of  B 

Yl  + JD 

r ABa  + BBb  AAa+2  ABb-ABa 

after  the  dro.ke, — : the  difference,  — ■ — — -,  will  exprefs  the  mo- 


A+B 


mentum  of  A after  the  ftroke,  and  the  fum 


A+B 
2 ABa  -f  BBb  + ABb 
~A+B 


r r»  r in,  r n Aa  + 2Bb—~Ba 

turn  of  B after  the  ftroke,  fuppofing  them  perfeaiy  elaftic.  And  — = 


, will  exprefs  the  momen- 

, and 


2 Aa  + Bb  + Ab 


A+B 


~j+B 5 exPre^s  their  refpedfivc  velocities. 


Cor.  2.  If  there  be  any  number  of  elaftic,  equal,  and  fpherical  bodies  whofe  centers 
are  placed  in  the  fame  line,  and  the  firft  body  ftrikes  upon  the  fecond  in  the  diredlion  of 

that  line,  all  the  bodies  will  be  at  reft  except  the  laft,  which  will  move  off  with  the  velocity 

of  the  firft. 

Exp.  Several  equal  ivory  balls  being  fo  fufpended  as  to  have  their  centers  in  a right 

line,  if  the  firft  be  let  fall  upon  the  fecond,  the  laft  will  fly  off,  to  the  height  from  which 

the  firft  fell.  7 5 


Cor.  3. 
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Cor.  3.  When  the  ftriking  ball  is  lefs  than  the  quiefcent,  there  will  be  an  increafe 
of  momentum. 

Exp.  Let  the  ball  D fall  from  12  inches  upon  C?  double  of  D,  at  reft.  If  they  were 
non-elaftic,  they  would  proceed  together,  and,  their  velocity  being  the  fame,  C,  after  the 
ftroke,  would  have  double  the  momentum  of  D ; that  is,  C would  have  8 degrees  and 
D 4 ; whence  D would  have  communicated  more  than  half  its  momentum  to  C.  The 
effedl  being  doubled  by  the  elafticity  of  the  bodies,  D communicates  to  C 16  degrees  of 
momentum,  and  lofes  as  much  itfelf,  or  returns  with  4 degrees  of  momentum  in  the 
contrary  direction ; while  C moves  forwards  with  4 degrees  more  momentum  than  D had 
at  the  firft.  Thus  the  whole  fum  of  momentum  is  increafed  from  12  to  20  degrees: 
but  as  much  as  the  momentum  is  increafed  in  the  diredlion  in  which  D firft  moved,  fo 
much  is  given  to  D in  the  contrary  direction.  In  this  manner  may  momentum  be  con- 
tinually increafed  by  a feries  of  bodies. 

Cor.  4.  If  a non-elaftic  body  ftrikes  upon  an  immoveable  obftacle,  it  will  lofe 
all  its  motion ; an  elaftic  body  will  return  with  a force  equal  to  the  ftroke. 

Exp.  Let  a lead  ball,  and  an  ivor^  ball,  jftrike  upon  any  fixed  plane. 
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CHAP.  V. 

Of  Motion  as  produced  by  the  Attraction  of  Gravitation . 

SECT.  I. 

Of  the  Laws  of  Gravitation  in  Bodies  falling  without  Obf  ruCtion . 

PROP.  XXIII. 

The  motion  of  a body  falling  freely  by  the  attraction  of  gravitation 
is  uniformly  accelerated,  or  its  velocity  increafes  equally  in  equal 
times. 

A new  impreffion  being  made  upon  the  falling  body,  at  every  inftant,  by  the  continued 
action  of  the  attraflion  of  gravity,  and  the  effedt  of  the  former  (by  Prop.  I.)  ftill  remaining, 
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the  velocity  mull  continually  increafe.  Suppofe  a fingle  impulfe  of  gravitation,  in  one 
inftant,  to  give  it  one  degree  of  velocity;  if  after  this  the  force  of  gravitation  were  entirely 
fufpended,  the  body  would  continue  to  move  with  that  degree  of  velocity,  without  being 
accelerated  or  retarded.  But,  becaufe  the  attraction  of  gravitation  continues,  it  produces 
as  great  a velocity  in  the  fecond  inftant  as  in  the  firft  ; which  being  added  to  the  firft, 
makes  the  velocity  in  the  fecond  inftant  double  of  what  it  was  in  the  firft.  In  like 
manner,  in  the  third  inftant,  it  will  be  tripled  ; quadrupled  in  the  fourth  ; and  in 
every  inftant,  one  degree  of  velocity  will  be  added  to  that  which  the  body  had  before  ; 
that  is,  the  motion  will  be  uniformly  accelerated. 

Cor.  The  velocities  of  falling  bodies,  are  as  the  times  in  which  they  are  acquired, 

Exp.  Obferve  the  continual  acceleration  of  a falling  ball. 


PROP.  XXIV. 

The  force  of  the  attraction  of  gravitation  aCting  upon  any  body 
is  as  its  quantity  of  matter. 

For,  each  particle  of  matter  in  any  body  being  acted  upon  by  gravitation,  the  greater 
number  of  particles  are  contained  in  any  body,  the  greater  force  muft  be  exerted  upon 
it;  that  is,  the  force  increafes  as  the  quantity  of  matter  increafes. 

Exp.  Let  two  unequal  balls,  fufpended  by  threads  of  the  fame  length,  be  let  fall  at 
the  fame  time  from  points  equally  diftant  from  the  loweft  points  of  the  arcs  in  which  they 
move  : the  vibrations  of  each  will  be  performed  in  equal  times,  and  confequently  their 
velocities  will  be  equal  ; whence  the  momenta  (Prop.  XL)  will  be  as  the  quantities 
of  matter:  but  (by  Prop.  XIII.)  the  force  producing  motion,  is  as  the  quantity  of  motion, 
or  momentum,  produced:  therefore  the  force  of  gravitation  is  as  the  quantity  of  matter; 
that  is,  as  much  greater  force  is  exerted  upon  the  larger  body  than  upon  the  lefs,  as  its 
quantity  of  matter  is  greater  than  that  of  the  lefs. 

Cor.  The  weight  of  any  body  is  as  its  quantity  of  matter;  for  weight  is  the  degree 
of  force  with  which  any  body  is  aCted  upon  by  gravitation. 

PROP.  XXV. 

The  velocities  of  bodies  falling  from  the  fame  height  without 
refiftance,  are  equal. 

If  two  bodies  of  different  quantities  of  matter  fall  from  the  fame  height,  the  attract- 
ing force  which  aCts  upon  the  greater  body,  will  (Prop.  XXIV.)  exceed  that  which  aCts 

upon 
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upon  the  lefs,  as  much  as  the  greater  body  exceeds  the  lefs  in  quantity  of  matter; 
whence  they  muft  move  with  equal  velocities. 

Exp.  A guinea,  and  a feather,  or  other  light  body,  in  the  exhaufted  receiver  of  an 
air  pump,  will  fall  through  the  fame  fpace  in  the  fame  time. 

PROP.  XXVI. 

The  fpaces  defcribed  by  falling  bodies  are  as  the  fquares  of  the 
times  from  the  beginning  of  the  fall,  and  alfo  as  the  fquares  of  the 
laft  acquired  velocities. 

In  the  triangle  ABC,  let  AB  exprefs  the  time  in  which  a body  is  falling,  and  BC 
the  velocity  which  it  has  acquired  at  the  end  of  the  fall ; let  AF,  AD,  be  parts  of  the 
time  AB  ; and  through  F,  D,  draw  FG,  DE,  parallel  to  BC. 

Becaufe  the  triangles  ABC,  ADE,  are  fimilar,  AB  is  to  AD  as  BC  to  DE ; but  AB 
and  ADexprefs  times  of  defcent,  and  BC  expreffes  the  velocity  acquired  in  the  time  AB  ; 
therefore,  fince  (Prop.  XXIII,  Cor.)  the  velocities  are  as  the  times,  DE  expreffes  the  velo- 
city acquired  in  the  time  AD.  In  like  manner,  GF,  any  other  right  line  parallel 
to  BC,  expreffes  the  velocity  acquired  in  the  time  AF.  Therefore  the  fum  of  the  lines 
which  may  be  fuppofed  drawn  parallel  to  CB  in  the  triangle  ADE  ; that  is,  the  whole 
triangle  ADE,  will  reprefent  the  fum  of  the  feveral  velocities  with  which  the  falling 
body  moves  in  the  time  AD.  For  the  fame  reafon,  the  triangle  ABC  will  reprefent  the 
fum  of  the  velocities  with  which  the  falling  body  moves  in  the  time  AB.  Since  there- 
fore it  is  manifeff,  that  the  fpace  which  a body  paffes  through  in  any  moment  of  time 
is  as  the  velocity  with  which  it  moves  at  that  moment ; and  confequently,  that  the 
fpaces  through  which  it  paffes  in  any  times  whatfoever,  are  as  the  fums  of  the  velocities 
with  which  it  moves  in  the  feveral  moments  of  thofe  times ; the  fpaces  paffed  through  in 
the  times  AD,  AB,  are  to  each  other  as  the  triangles  ADE,  ABC.  But  the  triangle 
ADE  (El.  VI.  i^.)  is  to  the  triangle  ABC  in  the  duplicate  'ratio  of  the  homologous 
Tides  AD,  AB,  and  alfo  of  DE,  BC  ; that  is,  the  fpaces  are  as  the  fquares  of  the  times, 
and  alfo  as  the  fquares  of  the  laft  acquired  velocities. 

Exp.  Let  there  be  two  pendulums,  one  of  which  vibrates  twice  as  faff  as  the  other,  a ball 
let  fall  from  fuch  a height  above  the  ball  of  the  fhorter  pendulum  as  to  reach  it  in  one 
vibration,  muft  fall  from  four  times  this  height,  to  reach  the  longer  pendulum  in  one  of 
its  vibrations. 

Cor.  1.  The  times  in  which  bodies  fall  from  unequal  heights,  and  their  laft  acquired 
velocities,  are  as  the  fquare  roots,  or  in  the  fubduplicate  ratio  of  their  heights.  If  the 
height  or  fpace  be  called  S,  the  velocity  V,  and  the  time  T ; fince  TT  is  as  S,  T will 
be  as  1/  S ; and  fince  VV  is  as  S,  V will  be  as  v'  S. 
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Cor.  2.  If  the  time  of  the  fall  of  a body  be  divided  into  equal  parts,  the  fpaces  through 
which  it  falls  in  each  of  thefe  parts,  taken  feparately,  will  be  as  the  odd  numbers  r,  3,  5, 
&c.  The  fpaces  being  as  the  fquares  of  the  times  or  velocities,  if  the  times  be  as  the 
numbers  1,  2,  3,  4,  the  fpaces  will  be  as  r,  4,  9,  16;  whence,  in  the  firft  time  the  fpace 
will  be  as  1,  in  the  fecond  time,  the  fpace  paffed  over  will  be  as  3,  in  the  third, 
as  5,  &c. 

1 

PROP.  XXVII. 

The  fpace  which  a body  pafles  over  in  any  given'  time  from  the 
beginning  of  the  fall,  is  half  that  which  it  Would  pafs  over  in  the 
fame  time,  moving  with  the  laft  acquired  velocity. 

For  the  triangle  ABC  (by  Prop.  XXVI.)  exprefies  the  fpace  paiTed  over  in  the  time 
AB,  when  the  motion  is  uniformly  accelerated ; the  laft  acquired  velocity  is  exprefted 
by  BC ; and  the  redtangle  of  AB,  BC,  rightly  exprefies  the  fpace  palled  through  in  the 
time  AB  with  the  equable  velocity  BC  : fince  therefore  the  triangle  ABC  is  half  of  the 
rectangle  AB,  BC,  the  propofition  is  manifeft. 

PROP.  XXVI II. 

The  motion  of  a body  thrown  upwards  is  uniformly  retarded  by 
gravitation  : the  time  of  its  rife  will  be  equal  to  that  in  which  a 
body  falling  freely  acquires  the  fame  degree  of  velocity  with  which 
it  is  thrown  up ; and  the  height  to  which  it  rifes  will  be  as  the 
fquare  of  the  time,  or  firft  velocity. 

The  fame  force  which  accelerates  a falling  body,  adling  in  an  oppofite  direction  upon 
one  thrown  upwards,  mu  ft  retard  it  : and,  fince  the  adtion  of  gravitation  is  uniform, 
in  whatever  time  it  generates  any  velocity  in  a falling  body,  it  muft  in  the  fame  time 
deftroy  the  fame  velocity  in  a riling  body  : through  whatever  fpace  the  falling  body  muft 
pafs  to  acquire  any  velocity,  the  rifing  body  muft  pafs  through  the  fame,  to  lofe  it : 
and  whatever  ratio  the  fpaces  bear  to  the  velocities  and  times  in  one  cafe,  muft  take 

place  in  the  other  : the  effedl  of  gravitation  in  rifing  bodies  being  in  all  refpedfs  the  reverfe 
of  its  effedt  upon  falling  bodies. 
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-SECT.  II. 

/ 

Of  the  Laws  of  Gravitation  in  Bodies  falling  down  inclined  Planes . 


Def.  IV.  An  inclined  plane,  is  a plane  which  makes  an  acute 
or  obtufe  angle  with  the  plane  of  the  horizon. 

PROP.  XXIX. 

The  motion  of  a body  defcending  down  an  inclined  plane,  is 
uniformly  accelerated. 

In  every  part  of  the  fame  plane,  the  accelerating  force  has  the  fame  ratio  to  the  force 
of  gravitation  acting  freely  in  a perpendicular  direction,  and  is  therefore  (El.  V.  g.) 
equally  exerted  in  every  inllant  of  the  defcent  5 whence,  (as  was  fhewn  concerning  bodies 
falling  freely.  Prop.  XXIII.)  the  motion  rnuft  be  uniformly  accelerated. 

Cor.  Hence,  whatever  has  been  demonflrated  concerning  the  perpendicular  defcent 
of  bodies,  is  equally  applicable  to  their  defcent  down  inclined  planes,  the  motion  in  both 
cafes  being  uniformly  accelerated  by  the  fame  power  of  gravitation. 

Exp.  1.  Obferve  the  acceleration  of  motion  down  an  inclined  plane. 

Exp.  2.  Meafure  the  fpaces  pafied  over  by  a body  down  an  inclined  plane  by  the  vibra- 
tion of  pendulums,  as  in  Prop.  XXVI.  Exp. 

PROP.  XXX. 

The  force  with  which  a body  defcends  by  the  attraction  of 
gravitation  down  an  inclined  plane,  is  to  that  with  which  it  would 
defcend  freely,  as  the  elevation  of  the  plane  to  its  length. 

Let  AB  be  the  length’ of  an  inclined  plane,  and  AC  its  elevation,  or  perpendicular 
height.  If  the  force  of  gravitation  with  which  any  body  defcends  perpendicularly  be 
exprelfed  by  AC,  and  this  force  be  refolved  into  two  forces,  AD,  DC,  by  drawing  CD 
perpendicular  to  AB  ; becaufe  the  force  CD  is  deftroyed  by  the  re-adtion  of  the  plane, 
the  body  defcends  down  the  inclined  plane  only  with  the  force  AD.  And  (El.  VI.  8. 
Cor.)  AD  is  to  AC,  as  AC  is  to  A*B  ; that  is,  the  force  of  gravitation  down  the  inclined 
plane  is  to  the  lame  force  adling  freely,  as  the  elevation  of  the  plane  to  its  length. 
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Cor.  Hence,  the  force  neceflary  to  fuftain  a body  on  an  inclined  plane,  is  to  the 
abfolute  weight  of  a body,  or  its  unobftrudted  force,  as  the  elevation  of  the  plane  to  its 
length  : for  the  force  requifite  to  fuftain  a body,  mu  ft  be  equal  to  that  with  which  it 
endeavours  to  defcend  ; which  has  been  fhewn  to  be  to  that  with  which  it  would  defcend 
freely,  as  the  elevation  of  the  plane  to  its  length. 

Exp.  A weight  of  4 ounces  laid  upon  a wheel  carriage,  fo  balanced  as  juft  to  move  freely 
on  an  inclined  plane,  the  length  of  which  is  to  its  elevation  as  2 to  1,  will  be  balanced 
by  a weight  of  two  ounces,  fufpended  freely  from  a cord,  palling  over  a pulley  parallel 
to  the  plane. 


PROP.  XXXI. 

The  fpace  defcribed  in  any  given  time  by  a body  defcending  down 
an  inclined  plane,  is  to  the  fpace  through  which  it  would  fall  per- 
pendicularly in  the  fame  time,  as  the  elevation  of  the  plane  to  its 
length. 

Let  AC  reprefent  the  force  with  which  a body  would  fall  perpendicularly:  CD  being 
drawn  from  C perpendicular  to  AB  ; AD,  as  was  fhewn  (Prop.  XXX.)  will  repre- 
fent the  force  with  which  the  body  defcends  down  the  inclined  plane  AB.  And, 
fince  the  fpaces  through  which  a body  falls  in  any  given  time  muft  be  as  the  forces 
which  move  them,  the  fpace  through  which  the  body  will  fall  down  the  inclined 
plane  AB,  is  to  that  through  which  it  will  fall  perpendicularly  in  the  fame  time,  as 
the  force  AD,  to  the  force  AC.  But  AD  is  to  AC  (El.  VI.  8.  Cor.)  as  AC  the  elevation 
to  AB  the  length  of  the  plane ; therefore  the  fp'ace  through  which  the  body  will  fall 
in  a given  time  down  the  inclined  plane  AB,  will  be  to  the  fpace  through  which  it 
would  fall  perpendicularly  in  the  fame  time,  as  the  elevation  of  the  plane  to  its  length. 

Cor.  A body  would  fall  down  the  inclined  plane  from  A to  D,  in  the  fame  time 
in  which  it  would  fall  perpendicularly  from  A to  C.  For,  the  fpaces  palled  through 
in  any  given  time  are  as  AC  to  AB,  that  is,  (El.  VI.  8.  Cor.)  as  AD  to  AC  : con- 
fequently,  if  AC  is  the  fpace  palled  through  in  any  given  time  by  the  body  falling  freely, 
AD  will  be  the  fpace  paffed  through  in  the  fame  time,  down  the  inclined  plane  AB. 

PROP.  XXXII. 

The  velocity  acquired  in  any  given  time  by  a body  defcending 
down  an  inclined  plane,  is  to  the  velocity  acquired  in  the  fame  time 
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by  a body  falling  freely,  as  the  elevation  of  the  plane  to  the 
length. 

In  an  uniformly  accelerated  motion,  the  velocities  produced  in  equal  times  are  as  the 
forces  which  produce  them  : but  (by  Prop.  XXX.)  the  force  with  which  a body  defcends 
down  an  inclined  plane,  is  to  that  of  its  perpendicular  defcent,  as  the  height  of  the  plane 
to  its  length  : therefore  the  velocities  produced  in  equal  times  are  in  the  fame  ratio. 

PROP.  XXXIII. 

The  time  in  which  a body  moves  down  an  inclined  plane,  is  to 
that  in  which  it  would  fall  perpendicularly  from  the  fame  height,  as 
the  length  of  the  plane  to  its  elevation. 

The  fquare  of  the  time  in  which  AB  is  palled  over,  is  to  the  fquare  of  the  time  in  p]ate  T, 
which  AD  is  palled  over  (compare  Prop.  XXVI.  with  Prop.  XXIX.  Cor.)  as  AB  to  AD,  r,&*  1I% 
that  is,  fine©  AB,  AC,  AD  (El.  VI.  8.  Cor.)  are  continued  proportionals,  as  the  fquare 
of  AB  to  the  fquare  of  AC.  Therefore  the  times  themfelves  are  as  the  lines  AB,  AC, 
that  is,  as  the  length  of  the  plane  to  its  elevation. 

Cor.  Hence  if  feveral  inclined  planes  have  equal  altitudes,  the  times  in  v/hich  thofe  piate  i. 

planes  are  deferibed  by  bodies  falling  down  them,  are  as  the  lengths  of  the  planes.  For  1 1S‘  I2, 

the  time  of  the  defcent  down  AC  is  to  the  time  of  the  fall  down  AB,  as  AC  to  AB  ; and 
the  time  of  the  fall  down  AB  is  to  the  time  of  the  defcent  down  AG,  as  AB  to  AG  ; 
therefore  (El.  V.  n.)  the  time  of  the  defcent  from  A to  C is  to  the  time  of  defcent 
from  A to  G,  as  AC  to  AG,  that  is,  the  times  are  as  the  lengths  of  the  planes. 

PROP.  XXXIV. 

A body  acquires  the  fame  velocity  in  falling  down  an  inclined 
plane,  which  it  would  acquire  by  falling  freely  through  the  perpen- 
dicular elevation  of  the  plane. 

The  fquare  of  the  velocity  which  a body  acquires  by  falling  to  D,  is  (by  Prop.  XXVII.  piats  t. 
compared  with  Prop.  XXIX.  Cor.)  to  the  fquare  of  the  velocity  it  acquires  by  falling  to  B,  F‘s*  Ji' 
as  the  Ipace  AD  is  to  the  fpace  AB,  that  is,  (El.  VI.  8.  Cor.)  as  the  fquare  of  AD  is  to 

the  fquare  of  AC  ; and  confequently  the  velocity  at  D is  to  the  velocity  at  B,  as  AD  is  to 

AC.  But,  becaufe  AD  and  AC  (Prop.  XXXI.  Cor.)  are  palled  over  in  the  fame  time,  the 
velocity  acquired  at  D is  (by  Prop.  XXXII.)  to  that  which  is  acquired  at  C,  as  AD  to  AC. 

Since 
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Since  then  the  velocity  at  D has  the  fame  ratio  to  the  velocities  at  B,  and  at  C,  namely, 
the  ratio  of  AD  to  AC,  the  velocities  at  B and  C (El.  V.  g.)  are  equal. 

Cor.  Hence  the  velocities  acquired  by  bodies  falling  down  inclined  planes  are  equal 
in  equal  times,  where  the  heights  of  the  planes  are  equal.  The  velocities  acquired 
in  falling  from  A to  C,  and  from  A to  G,  are  each  equal  to  the  velocity  acquired  in 
falling  from  A to  B,  and  therefore  equal  to  one  another. 

PROP.  XXXV. 

A body  falls  perpendicularly  through  the  diameter,  and  obliquely 
through  any  chord  of  a circle,  in  the  fame  time. 

In  the  circle  ADB,  let  AB  be  a diameter,  and  AD  any  chord ; draw  BC  a tangent 
to  the  circle  at  B ; produce  AD  to  C,  and  join  DB.  Becaufe  ADB  (Eh  III.  31.)  is  a 
right  angle,  a body  (by  Prop.  XXXI.  Cor.)  will  fall  Bom  A to  D on  the  inclined 
plane  in  the  fame  time  in  which  it  will  fall  from  A to  B perpendicularly.  In  like  manner 
let  the  chord  AE  be  produced  to  G ; and  becaufe  AEB  is  a right  angle,  a body  will 
fall  from  A to  E in  the  inclined  plane  in  the  fame  time  in  which  it  would  fall  from  A to  B. 

Cor.  Hence  all  the  chords  of  a circle  are  defcribed  in  equal  times. 

PROP.  XXXVI. 

If  a body  defcends  along  feveral  contiguous  planes,  the  velocity 
which  it  acquires  by  the  whole  defcent,  is  the  fame  which  it  would 
acquire,  if  it  fell  from  the  fame  perpendicular  height  along  one 
continued  plane  j and  this  velocity  will  be  the  fame  with  that  which 
would  be  acquired  by  the  perpendicular  fall  from  the  elevation  of 
the  planes. 

Let  AB,  BC,  CD,  be  feveral  contiguous  planes ; through  the  points  A and  D,  draw 
HE,  DF,  parallel  to  the  horizon,  and  produce  the  contiguous  planes  CB,  CD,  to  G 
and  E.  By  Prop.  XXXIV.  Cor.  the  fame  velocity  is  acquired  at  the  point  B,  whether 
the  body  defcends  from  A to  B,  or  from  G to  B.  Therefore,  the  line  BC  being  the  fame 
in  both  cafes,  the  velocity  acquired  at  C muft  be  the  fame,  whether  the  body  defcends 
through  AB,  BC,  or  along  GC.  In  like  manner,  it  will  have  the  fame  velocity  at  D, 
whether  it  falls  through  AB,  BC,  CD,  or  along  ED,  that  is  (by  Prop.  XXXIV.)  its 
velocity  will  be  equal  to  the  velocity  acquired  by  the  perpendicular  fall  from  H to  D. 
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Cor.  Hence  if  a body  defcends  along  any  arc  of  a circle,  or  any  other  curve,  the 
velocity  acquired  at  the  end  of  the  defcent  is  equal  to  the  velocity  acquired  by  falling 
down  the  perpendicular  height  of  the  arc;  for  fuch  a curve  may  be  confidered  as  con- 
fining of  indefinitely  fmall  right  lines,  reprefenting  contiguous  inclined  planes. 


PROP.  XXXVII. 

If  two  bodies  fall  down  two  or  more  planes  equally  inclined,  and 
proportional,  the  times  of  falling  down  thefe  planes  will  be  as  the 
fquare  roots  of  their  lengths. 

Let  the  inclined  planes  be  AB,  BC,  DE,  EF  : let  AG,  DH,  be  lines  drawn  parallel 
to  the  horizon  ; let  AB,  DE,  be  equally  inclined  to  the  plane  of  the  horizon,  and  alfo 
BC,  EF ; let  AB  be  to  DE  as  AG  to  DFI,  and  as  BC  to  EF,  and  draw  GB,  HE. 

Becaufe  ABG,  DEH,  are  fimilar  triangles,  AB  is  to  DE  (El.  VI.  4.)  as  BG  to  EH, 
and  /AB  to  /DE  as  /BG  to  /EH  : alfo  AB  is  to  DE  as  BG  + BC  is  to  HE-f  EF, 

and  /AB  to  /DE  as  /BG  -f  BC,  or  /GC,  is  to  /HE-fEF,  or  /HF. 

And  fince  (by  conftruFtion)  AB  is  to  DE  as  BC  to  EF,  AB  Is  to  DE,  as 

AB  + BC  is  to  DE-f-DF,  and  /AB  to  /D E,  as  /ABq-BC  to  /DE-fEF.  But 
AB,  DE,  being  planes  equally  inclined,  the  accelerating  force  of  gravitation  will  be  the 
fame  upon  each,  and  the  bodies  defcending  upon  them  maybe  confidered  as  falling  down  dif- 
ferent parts  of  the  fame  plane.  Hence  (Prop.  XXVI.  Cor.  1.  and  XXIX.  Cor.)  the  time  of 
defcent  along  AB  is  to  that  along  DE,  as  /ABto/DE;  and  the  time  of  defcent  along 
GC  is  to  that  along  HF,  as  /GC  is  /HF,  that  is,  as  -/AB  to  -/DE.  Again,  the 
time  of  defcent  along  GB  is  to  that  along  HE,  as  -/BG  is  /EH,  that  is,  as  /AB 
to  /DE.  Since,  therefore,  the  time  of  defcent  along  the  whole  plane  GC  is  to  that  along 
the  whole  plane  HF,  as  /AB  to  /DE,  and  that  of  the  part  GB  is  alfo  to  that  of  the 

part  HE,  as  /AB  to  /DE,  the  time  of  defcent  along  the  remainder  BG  is  to'that 

along  the  remainder  EF  (El.  V.  19.)  as  /AB  to  /DE.  Confeqiiently,  the  time  of 
defcent  down  AB-f-BC  is  to  that  down  DE-fEF,  as  /AB  to  /DE,  that  is,  as 
/ A B -f  BC  to  /DE  q-EF. 

Cor.  Hence  if  bodies  defcend  through  arcs  of  circles,  the  times  of  defcribing  fimilar 
arcs  will  be  as  the  fquare  roots  of  the  arcs.  For  fuch  fimilar  arcs  may  be  confidered  as 
compofed  of  an  equal  number  of  proportional  fides,  or  planes,  having  the  fame  inclination 
to  each  other,  and  their  elevations  equal ; whence  by  this  propofition,  the  times  of  defcent 
will  be  as  the  fquare  roots  of  the  lengths,  of  the  arcs. 
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If  a body  be  thrown  up  along  an  inclined  plane  or  the  arc  of  a 
curve,  it  will,  in  the  fame  time  rife,  to  the  fame  height,  from  which 
with  equal  force  it  would  have  defcended ; and  any  velocity  will 
be  loft  in  the  fame  time  in  which  it  would,  in  defcending,  have 

been  acquired. 


For  the  fame  force  of  gravitation  has  in  every  refpedl  the  fame  efficacy  to  retard  the 
motion  of  bodies  afccnding,  as  to  accelerate  them  defcending  on  an  inclined  plane  or 
curve. 


SECT,  III. 

Of  the  Pendulum  and  Cycloid . 

Def.  V.  A pendulum  is  a heavy  body  hanging  by  a cord  or 
wire,  and  moveable  with  it  upon  a center. 

PROP.  XXXIX. 

The  vibrations  of  a pendulum  are  produced  by  the  force  of 
gravitation. 

Let  the  ball  A,  fufpended  from  the  center  B by  the  chord  BA,  be  drawn  up  to  C 
and  let  fall  from  thence  : it  will  defcend  by  the  force  of  gravitation  to  A,  from  whence 
(being  prevented  from  falling  farther  by  the  chord)  it  will  proceed  (by  Prop.  XXXVI. 
Cor.)  with  a velocity  equal  to  that  v/hich  it  would  have  acquired  in  falling  perpendicularly 
from  E to  A,  which  wili  carry  it  on  the  oppofite  fide  to  the  height  from  which  it  fell. 
Being  brought  back  again  towards  A by  the  force  of  gravitation,  it  will  acquire  a new 
velocity  v/hich  will  carry  it  towards  C : and  in  this  manner  it  will  vibrate  by  the  force 
of  gravitation,  till  the  refiflance  of  the  air,  and  the  fridlion  of  the  firing,  flop  its  motion. 

Exp,  Let  a pendulum  vibrate  freely. 

PROP. 
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PROP.  XL. 

The  fame  pendulum,  vibrating  in  fmall  unequal  arcs,  performs  its 
vibrations  nearly  in  equal  times. 

In  the  circle  CGA  3 the  fmall  arcs  CA,  EA,  will  differ  little  from  their  refpedlive 
chords  in  length  or  declivity.  But  (by  Prop.  XXXVI.  Cor.)  the  times  in  which  the 
chords  are  palfed  over  are  equal;  therefore  the  times  of  defcribing  the  arcs  CA,  EA,  and 
alfo  (by  Prop.  XXXVIII.)  of  defcribing  their  doubles  CAD,  EAF,  will  be  nearly  equal. 

Exp.  Two  equal  pendulums  vibrating  in  fmall,  but  unequal  arcs,  will,  for  a long 
time,  keep  pace  in  their  vibrations. 


PROP.  XLI. 

If  a pendulum  vibrates  through  fmall  arcs  of  circles  of  different 
lengths,  the  velocity  it  acquires  at  the  lowed:  point,  is  as  the  chord 
of  the  arc  which  it  defcribes  in  its  defcent. 

Let  BA  be  the  pendulum,  and  CAD,  EAF,  the  arcs  through  which  it  vibrates  ; and 
draw  the  horizontal  lines  EK,  CPI.  The  velocity  acquired  in  falling  from  H to  A,  is 
(by  Prop.  XXVI  > Cor.)  to  that  acquired  by  falling  from  G to  A,  as  >v/HA  to  \ZGA, 
that  is,  (by  EL  VI.  8.  Cor.)  as  CA  to  GA.  For  the  fame  reafon,  the  velocity  acquired 
in  falling  from  G to  A,  is  to  that  acquired  in  falling  from  K to  A,  as  GA  to  EA. 
Confequently,  ex  (equally  the  velocity  acquired  in  falling  from  H to  A,  is  to  that  acquired  by 
falling  from  K to  A,  as  CA  to  EA.  But  (by  Prop.  XXXVI.  Cor.)  the  velocity  acquired 
in  falling  from  H to  A is  equal  to  that  from  C to  A ; and  the  velocity  acquired  in  falling 
from  K to  A is  equal  to  that  from  E to  A.  Therefore  the  velocity  acquired  in  defcending 
through  the  arc  CA,  is  to  that  through  EA,  as  the  chord  CA  to  the  chord  EA  : and  the 
fame  may  be  fliewn  concerning  the  remaining  half  of  the  vibrations,  AF,  AD. 

Cor.  Hence  the  lengths  of  the  chords  of  arcs  through  which  pendulums  move,  are 
meafures  of  velocity. 

PROP.  XLII. 

The  time  of  the  defcent  and  afeent  of  a pendulum,  fuppofing  it  to 
vibrate  in  the  chord  of  a circle,  is  equal  to  the  time  in  which  a 
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body  falling  freely  would  defcend  through  eight  times  the  length  of 
the  pendulum. 

For  the  time  of  the  defcent  of  a body  upon  the  chord,  is  (by  Prop.  XXXVI.)  equal 
to  that  of  the  fall  through  the  diameter  of  the  circle,  which  is  twice  the  length  of  the 
pendulum:  but  in  double  that  time,  that  is,  in  the  defcent  and  afcent,  or  whole  vibration, 
thebody  would  fall  (by  Prop.  XXVII.)  through  four  times  the  fpace,  that  is,  through 
eight  times  the  length  of  the  pendulum. 

PROP.  XLIII. 

The  times  in  which  pendulums  of  different  lengths  perform  their 
vibrations,  are  as  the  fquare  roots  of  their  lengths. 

Plate  i.  Let  the  two  pendulums,  AB,  CD,  be  of  different  lengths.  The  time  in  which  the  firfl, 
AB,  vibrates  through  a chord,  is  equal  to  that  in  which  a body  (Prop.  XXXV.)  would 
fall  freely  through  twice  AB,  the  diameter  of  the  circle  of  which  AB  is  radius  : in  like 
manner,  the  time  in  which  CD  vibrates,  is  equal  to  that  in  which  a body  would  fall 
through  twice  CD.  But  the  times  in  which  a body  would  fall  through  thefe  different  fpaces 
are  (Prop.  XXVI.  Cor.  i.)  as  the  fquare  roots  of  the  fpaces,  that  is,  as  the  fquare  roots  of 
AB  and  CD,  the  lengths  of  the  pendulums : therefore  the  vibrations  are  in  the  fame  ratio. 

Fig.  19,  Cor.  The  times  in  which  pendulums  of  unqeual  lengths  vibrate,  are  as  the  fquare 
roots  of  the  fimilar  arcs  through  which  they  move.  If  BA,  BC,  be  pendulums  of  different 
lengths  vibrating  in  the  fimilar  arcs  FG,  DE.  Since  the  times  of  vibration  are  as  the  fquare 
roots  of  the  lengths  BA,  BC,  and  that  fimilar  arcs  are  as  the  diameters,  the  times  of 
vibration,  are  as  the  fquare  roots  of  the  arcs,  FA,  DC,  or  of  their  doubles,  FG,  DE. 

Exp.  Two  pendulums,  the  lengths  of  which  are  as  1 to  4,  will  perform  their  vibrations 
in  times  as  1 to  2,  that  is,  the  fhorter  pendulum  will  make  two  vibrations,  whilft  the 
longer  makes  one. 


PROP.  XLIV. 


The  fquares  of  the  times  in  which  a pendulum  of  a given 
length  performs  its  vibrations,  are  inverfely  as  the  accelerating  forces, 
or  gravities. 


By  Prop.  XXVII.  where  the  accelerating  force  is  given,  the  fpace  defcribed  is  as  the 
fquare  of  the  time  in  which  it  is  defcribed.  And  fince,  in  any  given  moving  body,  the 
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velocity  mull  be  as  the  accelerating  force,  where  the  fquare  of  the  time,  or  the  time  itfelf, 
is  given  (by  Prop.  II.)  the  fpace  defcribed  will  be  as  the  accelerating  force.  Confe- 
quently,  where  neither  the  accelerating  force,  nor  the  fquare  of  the  time,  is  given,  the 
fpace  dcfcribed  will  be  in  the  ratio  compounded  of  both.  If  then  the  fpace  defcribed  be 
called  S,  the  accelerating  force  A,  and  the  fquare  of  the  time  T2,  S will  be  as  T2A, 
T2A  ' S 

whence  — -r — , or  T2  is  as-r~.  But,  when  the  fpaces  are  equal,  S is  a given  quantity: 

A A 

whence  (fince  fra&ions  whofe  numerators  are  given,  are  inverfely  as  their  denominators) 
S S 

~ is  inverfely  as  A.  But  T2  is  as  -r~»  therefore  where  S is  given  T2  is  inverfely  as  A; 

that  is,  where  the  fpaces  defcribed  are  equal,  the  fquares  of  the  times  in  which  they  are 
defcribed  are  inverfely  as  the  accelerating  forces.  And  if  the  fquares  of  the  times  of 
falling  bodies  are  inverfely  as  their  accelerating  forces,  the  fquares  of  the  times  in  which 
pendulums  vibrate,  are  in  the  fame  ratio,  on  account  of  the  conftant  equality  between  the 
time  of  vibration  and  that  of  the  defcent  through  eight  times  the  length  of  the  pendulum, 
by  Prop.  XLII. 

Cor.  Hence,  if  the  fame  pendulum,  at  different  parts  of  the  earth,  performs  its 
vibrations  in  different  times,  the  forces  of  gravitation  will,  in  thofe  places,  be  inverfely 
as  the  fquares  of  thofe  times. 

LEMMA  I. 

If  from  X as  the  center , with  any  diftance  XA,  a quadrant  of  a circle 
ADB  be  defcribed , and  in  the  right  line  AX  a body  defends  with  fuch 
force , that  its  velocity  in  any  points  M,  N,  &c.  jhall  be  always  as  MD, 
NP,  &c.  the  fnes  of  the  arcs  AD,  AP  : the  time  in  which  the  body 
will  defend  from  A to  X,  will  be  equal  to  the  time  in  which  it  would 
deferibe  the  whole  arc  ADB  with  the  uniform  velocity , expreJJ'ed  by  XB, 
acquired  by  the  falling  body  when  it  arrives  at  X : alfo , the  time  of  the 
fall  through  any  fpace  AM,  will  be  to  the  time  of  the  fall  through  any 
other  fpace  AO,  as  the  arc  AD  to  the  arc  AQi  and  the  force  with 
which  the  body  is  accelerated  in  any  place  M,  will  be  as  MX  the  difance 
of  that  place  from  the  center « 

■\ " ♦ 

Let  DP  be  a part  of  the  circumference  taken  indefinitely  fmall,  and  therefore  not 
afiignably  differing  from  a right  line;  join  DX;  and  draw  DL  perpendicular  to  NP. 
Becaufe  the  triangles  MDX,  LDP,  are  fimilar  (having  each  a right  angle,  and  the  angles 
MDX,  LDP,  whofe  common  complement  is  LDX,  equal)  MD  will  be  to  DX  as  LD 
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or  MN  to  DP.  But,  by  the  hypothecs,  MD  is  as  the  velocity  of  the  defcending  body 
at  the  point  M,  that  is,  as  the  velocity  with  which  the  indefinitely  fmall  line  MN  is 
defcribed  ; and  XD  is  as  the  velocity  laid  acquired  by  the  falling  body  at  X,  that  is,  as  the 
uniform  velocity  with  which  the  arc  DP  is  defcribed.  The  velocity  therefore  of  the 
body  defcending  through  the  indefinitely  fmall  line  MN,  will  be  to  the  velocity  of  the 
body  moving  along  the  arc  DP,  as  MN  to  DP.  Wherefore,  fince  the  velocities  are 
proportional  to  the  fpaces  pafied  over,  the  times  wherein  thofe  fpaces,  MN,  DP,  are 
defcribed  will  be  equal.  After  the  fame  manner  it  may  be  proved,  that  any  other 
indefinitely  fmall  portion  of  the  circumference,  PQ_,  may  be  defcribed  with  the  velocity 
XB,  in  the  fame  time  in  which  the  correfponding  line  NO  will  be  defcribed  with  the 
correfponding  velocity  NP : and  confequently,  by  compofition,  the  falling  body  will 
defeend  through  all  the  indefinitely  fmall  portions  of  the  perpendicular  AX,  that  is,  through 
the  whole  line,  in  the  time  in  which  all  the  correfponding  parts  of  the  circumference, 
that  is,  the  whole  quadrant  ADB,  is  defcribed  with  an  uniform  velocity  as  XB. 

Moreover,  the  time  in  which  the  falling  body  defeends  from  A to  M,  is  equal  to  the 
time  in  which  the  arc  AD  is  pafied  over;  and  the  time  in  which  it  defeends  from  A to  O 
is  equal  to  the  time  in  which  the  arc  AQJs  defcribed  : but  the  time  in  which  the  arc  AD  is 
pafied  over,  is  to  that  in  which  the  arc  AQ_is  pafied  over  (fince  they  are  both  defcribed 
with  the  fame  velocity)  as  the  arc  AD  to  the  arc  AQj  therefore  the  time  of  defeent  from 
A to  M,  will  be  to  the  time  of  defeent  from  A to  O,  as  the  arc  AD  to  the  arc  AQj  and 
confequently,  by  divifion,  the  time  of  defeent  through  AM  will  be  to  the  time  of  defeent 
through  MO,  as  the  arc  AD  to  the  arc  DQ, 

Laftly,  let  the  arcs  DP,  PQ_,  be  equal ; join  XP,  and  from  P let  fall  PS  perpendicular 
to  OQy.  the  time  of  defeent  through  MN  will  be  equal  to  that  through  NO  : and,  fince 
the  triangles  LDP,  MDX,  are  fimilar,  and  alfo  SPQ_,  NPX  ; LP  will  be  to  DP  or  PQ_, 
as  MX  to  XD  or  XP;  alfo  PQ_  is  to  SQ_  as  XP  to  XN  ; and  confequently,  (El. -V.il.) 
LP  will  be  to  SQ_  as  XM  to  XN.  But  LP  is  as  the  increment  of  the  velocity  acquired 
while  the  body  is  palling  over  MN,  and  SQ_  is  as  the  increment  of  the  velocity  acquired 
in  palling  over  in  an  equal  time  the  indefinitely  fmall  line  NO  ; and  the  forces  with  which 
the  body  is  accelerated  at  M and  N,  are  as  the  increments  of  the  velocities  generated  in 
equal  times:  the  accelerating  forces  at  M and  N will  therefore  be  as  the  lines  LP,  SQ_; 
that  is,  the  force  with  which  the  body  is  impelled  at  M is  to  that  at  N,  as  the  diftance 
XM  to  the  diftance  XN,  or,  the  accelerating  forces,  are  as  their  diftances  from  the  center. 

Cor.  Hence,  converfely,  if  a body,  defcending  from  A to  X is  impelled  by  a force 
which  is  as  its  diftance  from  the  center  X,  and  that  force  at  the  beginning  of  the  motion 
isexprefled  by  the  right  line  CE  (the  arc  AE  being  taken  indefinitely  fmall)  the  velocities 
of  the  fame  body  in  any  places  M,  O,  will  be  exprefled  by  the  fines  MD,  OQj  and  the 
times  by  the  arcs  AD,  AQj  and  the  increments  of  the  velocities,  or,  if  the  arcs  increafe 
equally,  the  accelerating  forces,  will  be  exprefied  by  the  increments  of  the  fines. 

L E M, 
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LEM.  II. 

If  a body,  moving  along  the  line  AX,  be  impelled  by  forces  proportional 
to  its  diftance  from  the  point  X ; from  whatever  height  it  falls y it  will 
arrive  at  the  point  X in  the  fame  time  ; and  this  time  will  be  to  the 
time  in  which  it  would  move  over  the  whole  line  AX  with  the  velocity 
which  it  acquires  by  falling  from  A to  X,  as  half  the  circumference  of 
a circle  to  its  diameter . 

Let  two  bodies  be  let  fall  from  the  points  A and  P at  the  fame  time  ; and  let  them  be 
impelled  by  forces  proportional  to  their  diftances  from  the  point  X ; thefe  bodies  will  come 
to  X at  the  fame  time.  From  X as  a center,  with  the  radii  XA  and  XP,  delcribe  the  two 
quadrants  AB  and  PQj  and  let  the  force  by  which  the  body  A is  impelled,  or,  which  is 
the  fame  thing,  its  velocity  at  the  beginning  of  motion,  be  reprefented  by  RS,  the  fine  of 
the  indefinitely  fmall  arc  AS  : it  is  manifeft  (from  the  Cor.  of  the  preceding  Lemma)  that 
its  velocity,  after  the  fall  to  X will  be  propody  exprefted  by  XB.  But,  by  hypothefis, 
the  force  by  which  the  body  at  A is  accelerated,  is  to  that  by  which  the  body  at  P is 
accelerated,  as  AX  is  to  PX,  that  is  (fince  the  arcs  AS  and  PN  are  fimilar)  as  RS  to  MN. 
As  therefore  RS  expreftes  the  firft  velocity  of  the  body  moving  from  A,  MN  will  expre-fs 
the  firft  velocity  of  the  body  moving  from  P : and  confequently  (by  the  Cor.  to  the  la  ft 
Lemma)  XQ^will  exprefs  the  velocity  of  the  body  moving  from  P,  when  it  arrives  at  X. 
Farther,  the  time  of  the  fall  from  A to  X (by  Lemma  I.)  is  equal  to  the  time  in  which 
the  arc  AB  would  be  defcribed  with  a velocity  as  XB  : and  the  time  of  the  fall  from  P 
to  X is  equal  to  the  time  in  which  the  arc  PQywould  be  defcribed  with  a velocity  as  XQ. 
But  (becaufe  the  line  XQMs  to  the  line  XB  as  the  arc  PQ^  to  the  arc  AB,  and  that  the 
fpaces  pafied  over  are  proportional  to  the  times)  the  time  in  which  the  arc  AB  is  defcribed 
with  the  velocity  XB  is  equal  to  the  time  in  which  the  arc  PQ_  is  defcribed  with  the 
velocity  XQ.  Wherefore  the  time  of  the  fall  from  A to  X will  be  equal  to  the  time  of 
the  fall  from  P to  X. 

Again,  fince  (by  Lem.  I.)  the  time  in  which  a body  would  fall  from  A to  X is  equal  to 
the  time  in  which  it  would  move  over  the  arc  AB,  with  its  laft  acquired  velocity  at  X ; 
and  fince  it  is  evident,  that  the  time  in  which  a body  would  move  over  the  arc  AB  with 
the  velocity  at  X is  to  the  time  in  which  it  would  move  over  AX  with  the  fame  velocity, 
as  AB  is  to  AX  ; the  time  in  which  a body  would  fall  from  A to  X is  to  the  time  in 
which  it  would  move  over  AX  with  the  laid  acquired  velocity,  as  AB  to  AX.  But  AB 
is  to  AX,  as  twice  AB  to  twice  AX,  that  is,  as  half  the  circumference  of  a circle  is  to  its 
diameter.  T herefore  the  time  in  which  a body  would  fall  from  A to  X,  is  to  the  time 
in  which  it  would  move  over  AX  with  its  laft  acquired  velocitv,  as  half  the  circumference 
of  a circle  is  to  its  diameter. 

Def. 


Plate  a. 
Fig.  2. 


4 


4° 


Book  II. 


Plate  2. 
Fig.  3. 


OF  MECHANICS. 

Def.  VI.  If  a circle,  as  FCH,  be  rolled  along  the  line  AB,  till 
it  has  turned  once  round  ; the  point  C in  its  circumference,  which 
at  firfh  touched  the  line  at  A,  will  defcribe  the  curve  line  ACXB, 
which  curve  is  called  a Cycloid . The  right  line  AB  is  its  bafe : the 
middle  point  X is  its  vertex : a perpendicular,  as  XD,  let  fall  from 

1 

thence  to  the  bafe,  is  its  axis : and  the  circle  FCH,  or  any  other 
as  XGD,  equal  thereto,  is  called  the  generating  circle . 

L E M.  III. 

v on  XD,  the  axis  of  the  cycloid , as  a diameter , the  generating  circle 
XGD  be  defcribe d ; and  if  from  a point  in  the  cycloid?  as  C,  the  line 
CIK  be  drawn  parallel  to  the  bafe , the  portion  of  it  CG,  will  be  equal 
to  the  arc  GX. 

Becaufe  the  generating  circles  FCH,  DGX,  are  equal,  (the  diameter  HF  being  drawn) 

KG  is  equal  to  Cl  ; whence,  adding  GI  to  both,  KI  will  be  equal  to  CG  : and  KI, 
by  the  conftrudfion,  is  equal  to  DF  ; therefore  CG  is  equal  to  FD.  By  the  defcription  of 
the  cycloid,  the  arc  CF  is  equal  to  the  line  AF  : and  by  the  conftrudtion  the  arc  CF  is 
equal  to  DG  : therefore  AF  is  equal  to  DG  : but,  by  the  defcription  of  the  cycloid, 

AFD  is  equal  to  DGX  ; confequently,  FD  is  equal  to  GX  : and  CG  was  proved  to  be 
equal  to  FD  : therefore  CG  is  equal  to  GX. 

LEM.  IV.  / 

A tangent  to  the  cycloid  at  the  point  C is  parallel  to  GX  a chord  of 
the  circle  DGX. 

Draw  ck , parallel  to  the  bafe  and  indefinitely  near  to  CK  meeting  the  cycloid  in  r,  the 
axis  in  k , and  the  circle  in  g.  Let  C u and  Gn , parallel  to  the  axis,  meet  ck  in  u and  n , 
and  from  T,  the  center  of  the  circle  XGDM,  draw  the  radius  TG.  Since  eg  is  equal 
(Lem.  III.)  tog-X,  gk  being  added  to  both,  ck  will  be  equal  to  Xg+gk : therefore  cu  the 
excefs  of  ck  above  CK  is  equal  to  Gg+gn , the  excefs  of  Xg-\-gk  above  XG-fGK.  And, 
if  we  fuppofe  ck  to  approach  towards  CK,  as  Gg  and  gn  vanifh,  the  triangles  Ggn  and 
GTK  become  fimilar;  for  the  angle  Ggn  is  then  equal  to  the  angle  TGK,  fince  both  have 
the  fame  angle  «GT,  or  its  alternate  GTK,  as  their  complement.  Whence  Gg  is  to 
gn  as  TG  to  TK,  and  (El.  V.  18.)  Gg-\-gn  to  gn , as  TG  +TK  or  DK  to  TK  ; but 
Gn  is  to  gn  as  GK  to  TK ; therefore  Gg-\-gn  is  to  Gn  as  DK  is  to  6k,  that  is  (El.  VI.  8.) 
as  GK  to  XK.  And  confequently  cu  (fhown  to  be  equal  to.  G^+^/z)  is  to  Gn,  or  C u9 
as  GK  to  XK  : and  if  the  chord  C c be  drawn,  the  triangles  Cue,  XKG,  will  be  fimilar  : 
fot  that  the  chord  C c (as  the  points  C and  c coincide)  becomes  parallel  to  XG  ; therefore 
the  tangent  of  the  cycloid  at  C is  parallel  to  KG. 
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OF  THE  CYCLOID. 

LEM.  V.  ' . 

If  from  a point  of  the  cycloid,  as  L,  the  line  LMK  be  drawn  parallel 
to  the  bafe  AB,  the  arc  XL  of  the  cycloid,  will  be  double  of  XM  the 
chord  of  the  circle  correfponding  thereto . 

Draw  the  line  Sk  parallel  and  indefinitely  near  to  LK  crofiing  the  circle  in  R,  and  the 
chord  XM  produced,  in  P : join  the  points  X and  R;  on  MP  let  fall  the  perpendicular 
RO  ; and  draw  MN,  XN,  tangents  to  the  circle  at  M and  X.  Then  will  the  lines  XN 
and  kS,  being  each  perpendicular  to  the  diameter  DX,  be  parallel ; and  the  triangles 
MNX,  MPR,  having  their  angles  at  M vertical,  and  at  P and  X alternate,  will  be 
fimilar.  But  the  tangents  NX  and  NM  are  equal  (El.  III.  36.)  whence  the  lines  PR 
and  RM  are  alfo  equal  : the  triangle  RMP  is  therefor®  ifofceles  ; and  RO  being  per- 
pendicular to  its  bafe  MP,  MO  (El.  I.  26.)  is  equal  to  OP;  whence  MP  is  equal  to 
twice  MO.  The  indefinitely  fmall  arc  LS  of  the  cycloid  will  not  affignably  differ  from 
a portion  of  a tangent  drawn  through  the  point  L.  LS  may  therefore  (Lem.  IV.)  be  faid 
to  be  parallel  to  MP,  and  confequently  (from  the  parallelifm  of  ML  and  PS)  equal  to  it  : 
it  is  therefore  equal  alfo  to  twice  MO.  But  LS  is  the  difference  between  the  cycloidal 
arcs  XL  and  XS  ; and  MO  is  the  difference  between  the  chords  XM  and  XR  : for  fince 
XO  and  XR  are  indefinitely  near  to  each  other,  RO  which  is  perpendicular  to  one  of 
them,  may  be  confidered  as  perpendicular  to  both  : the  indefinitely  fmall  difference 
therefore  between  any  two  arcs  of  the  cycloid  is  twice  that  which  is  between  the  two 
correfponding  chords  of  the  circle;  and  the  fame  is  true  when  the  magnitude  of  the 
difference  is  aflignable,  becaufe  fuch  difference  is  compounded  of  indefinitely  fmall  parts. 
Now,  any  arc  whatfoever  may  be  confidered  as  a difference  between  two  arcs,  and  confe- 
quently any  arc,  as  XL,  is  double  of  the  correfponding  chord  XM. 

Cor.  Since  when  the  arc  XL  becomes  XB,  the  correfponding  chord  XM  becomes  XD 
the  diameter  of  the  circle  DMX  ; it  is  obvious,  that  the  femicycloid  BX,  or  AX,  is  equal 
to  twice  DX  the  diameter  of  the  generating  circle  DMX. 

LEM.  VL 

If  a body  defends  in  a cycloid,  the  force  of  gravity,  fo  far  as  it  adis 
upon  the  body  in  caufing  it  to  defcend  along  the  cycloid,  will  be  proportional 
to  the  difiance  of  the  body  from  the  loweft  point  of  the  cycloid . 

Let  the  cycloid  be  AXB,  whofe  bafe  is  AB,  and  its  axis  DX;  on  which  laft,  as  a 
diameter,  defcribe  the  generating  circle  DQX  : draw  the  chords  OX  and  QX ; through 
the  points  O and  Q_,  and  parallel  to  the  axis  AB,  draw  the  lines  LS  and  MR  ; draw  alfo 
the  tangents  LV  and  MY.  Then  becaufe  (by  Lem.  IV.)  the  tangent  LV  is  parallel  to 
OX,  and  the  tangent  MY  parallel  to  QX,  it  is  obvious  that  gravity  exerts  the  fame 
power  upon  a body  defcending  in  the  cycloid  at  L (becaufe  it  then  defcends  in  the  tangent 
LV)  as  it  would  do  upon  the  fame  body  defcending  along  the  chord  OX : and  for  the  like 
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reafon,  it  exerts  the  fame  force  upon  it  v/hen  it  comes  to  M,  that  it  would  do  if  it  were 
defeending  along  QX  : but  (from  Prop.  XXXV.)  the  power  or  force  of  gravity  upon 
bodies  defeending  along  the  chords  OX  and  QX,  are  as  the  lengths  of  thofe  chords ; that  is, 
by  Lem.  V.  (halves  being  proportional  to  their  wholes)  as  the  length  of  the  cycloidal  arcs 
LX  and  MX.  The  force  therefore  of  gravity  upon  a body  defeending  in  the  cycloid  at 
the  point  L is  to  its  force  upon  the  fame  when  at  M (as  may  be  faid  of  any  other  cor- 
refponding  points)  as  the  fpace  or  didance  it  has  to  move  over  in  the  former  cafe,  before  it 
reaches  the  lowed:  point  X,  to  that  which  it  has  to  pafs  over  in  the  latter,  before  it  arrives 
at  the  fame  point. 

PROP.  XLV. 

If  a pendulum  be  made  to  vibrate  in  a cycloid,  all  its  vibrations, 
however  unequal  in  length,  will  be  performed  in  equal  times. 

The  force  of  gravity  (by  Lem.  VI.)  fo  far  as  it  caufes  a body  to  defeend  in  a cycloid, 
is  proportional  to  the  diftance  of  that  body  from  the  lowed  point  : imagine  then  that 
body  to  be  a pendulum  vibrating  in  the  cycloid,  and  from  whatever  point  it  fets  out,  it 
will  (by  Lem.  II.  ) come  to  the  lowed  point,  in  the  fame  time  : and  confequently,  fince  the 
fame  may  be  eafily  inferred  in  its  afeending  from  that  point,  all  its  vibrations,  be  they 
large  or  fmall,  will  be  performed  in  the  fame  time. 

PROP.  XLVI. 

To  make  a pendulum  vibrate  in  a given  cycloid. 

Let  AXB  be  the  given  cycloid;  its  bafe  AB,  its  axis  DX,  and  its  generating  circle 
DQX,  as  before  : produce  XD  to  C,  till  DC  is  equal  to  DX  : through  C draw  the  line 
EF  parallel  to  AB,  and  take  CE  and  CF,  each  equal  to  AD  or  DB  ; and  on  the  line  CE 
as  a bafe,  and  with  the  generating  circle  AGE  equal  to  DQX,  deferibe  the  femicycloid 
CTA,  whofe  vertex  will  therefore  touch  the  bafe  of  the  given  cycloid  in  A.  And  on  the 
line  CF  alfo  as  a bafe,  deferibe  an  equal  femicycloid  CB.  Let  the  femicycloids  CA,  CB, 
reprefent  thin  plates  of  metal  bent  to  their  figure,  and  on  the  point  C,  hang  the  pendulum 
CTP  by  a flexible  line  equal  in  length  to  the  line  CX.  The  upper  part  of  its  dring  (as 
CT,  in  its  prefent  fituation  in  the  figure)  as  it  vibrates,  will  then  apply  itfelf  to  the 
cycloidal  cheeks  CA  and  CB,  and  a ball  at  P will  ofcillate  in  the  given  cycloid  AXB. 

Draw  T G and  PH  each  parallel  to  the  bafe  AB,  and  draw  AG,  and  DH.  Then  (Lem.V. 
Cor.)  AC  is  equal  to  twice  AE  ; and  by  condru&ion,  twice  DC,  that  is,  twice  AE,  is 
equal  to  CX  ; therefore  AC  is  equal  to  CX.  Alfo,  by  condrudlion,  CTP  is  equal  to  CX, 
that  is,  to  ATC  : whence,  taking  away  CT,  A F is  equal  to  TP.  By  Lem.  IV.  GA  is 
parallel  to  TP  ; and,  by  condrudtion,  AK  is  parallel  to  GT  ; therefore  GA  is  equal  to 
TK,  and  GT  to  AK  ; but  (Lem.V.)  GA  is  half  TA ; therefore  TK  is  equal  to  half 
TA  : fince  therefore  it  has  been  proved  that  TA  is  equal  to  TP,  TK  is  equal  to  half 
TP,  that  is,  to  KP.  Hence  it  is  manifed,  that  the  parallel  lines  GT,  PH,  are  equally 
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diftant  from  AD,  the  arc  GA  equal  to  the  arc  DH,  the  chords  GA  and  DH  parallel,  and 
GE  equal  to  HX.  And,  becaufe  GA  has  been  fhewn  to  be  parallel  to  TK,  and  alfo  to 
DH,  KP  and  DH  are  parallel  ; whence  KD  is  equal  to  PH.  But  (Lem.  III.)  GT, 
that  is,  AK  is  equal  to  the  arc  AG  : and  by  (he  defeription  of  the  femicycloid  CT A, 
AKD  is  equal  to  AGE  ; therefore  KD  is  equal  to  EG,  that  is,  PH  is  equal  to  HX. 
And  (by  Lem.  III.)  if  PH  be  equal  to  HX,  P is  a point  in  the  cycloid  AXB.  The  ball 
of  the  pendulum  therefore  being  at  that  point,  is  in  the  given  cycloid. 

Schol.  It  is  eafy  to  conceive,  that  in  a pendulum  there  muft  be  fome  one  point, 
on  each  fide  of  which  the  momenta  of  the  feveral  parts  of  the  pendulum  will  be  equal, 
or  in  which  the  whole  gravity  of  the  pendulum  might  be  collected  without  altering  the 
time  of  its  vibrations.  This  point,  which  is  called  the  center  of  of  dilation , is  different 
from  the  center  of  gravity  : for  if  a plane,  perpendicular  to  the  firing  of  the  pen- 
dulum AB  be  conceived  to  pafs  through  the  center  of  the  ball  B,  bifedling  it;  the  velo- 
city of  the  lower  half,  and  confequently  its  momentum,  will,  in  vibration,  be  greater  than 
that  of  the  upper  half : confequently  the  center  of  ofcillation  muft  be  farther  from  A 
than  the  center  of  gravity  is  ; and  a plane  palling  through  the  center  of  ofcillation  will 
divide  the  ball  into  two  unequal  parts,  fo  that  the  greater  quantity  of  matter  above  it, 
fhall  compenfate  for  the  greater  velocity  below  it,  and  the  momenta  on  each  fide  be  equal. 
If  the  pendulum  be  an  inflexible  rod  every  where  of  equal  fize,  it  is  found,  that  the  diftance 
of  the  center  of  ofcillation  from  the  point  of  fufpenfion  is  two  thirds  of  the  length  of 
the  rod. 

If,  whilft  a pendulum  is  in  motion,  it  meets  with  an  obftacle  at  its  center  of  ofcillation 
fufficient  to  flop  it,  the  whole  motion  of  the  pendulum  will  ceafe  at  once,  without  any 
jarring:  for  the  obftacle  refills  equal  momenta  above  and  below  this  point;  which  is 
therefore  alfo  called  the  center  of  percujfion . 

Exp*  Let  an  iron  rod,  equal  in  fize  throughout,  moving  as  a pendulum,  be  Hopped 
by  an  obftacle  meeting  it  J of  its  length  from  the  point  of  fufpenfion. 
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Of  the  Center  of  Gravity . 
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P R O P.  XLVII. 

In  every  body  there  is  a center  of  gravity  , or  a point  about  which 
all  its  parts  balance  each  other. 

prate  2.  Let  AB  be  an  inflexible  rod,  throughout  uniform  and  of  the  fame  denfity  : let  it  be 
fupported  at  the  point  C,  equally  diftant  from  its  extreme  points  A and  B,  by  the  prop 
C.  Let  A and  B be  indefinitely  finall  and  equal  portions  of  the  rod  AB.  Thefe  portions, 
A and  B,  tend  towards  the  center  of  the  earth  with  equal  forces  of  gravitation.  They 
Fig.  6.  would  likewife,  without  obftruCHon,  move  with  equal  velocities  : for,  if  the  rod  AB 
be  moved  on  its  prop  till  it  comes  into  the  pofition  DE,  the  velocities  of  the  parts 
A,  B,  or  F,  will  be  as  the  fpaces  over  which  they  pafs  in  the  fame  time  ; that  is, 
as  the  arcs  EB,  AD,  or  FG  ; which  arcs  are  as  their  refpeCtive  circumferences,  or 
as  their  diameters  or  radii:  whence  the  velocity  of  the  part  B is  to  the  velocity 
of  the  part  A,  or  F,  as  BC  is  to  AC,  or  FC.  And  the  quantities  of  matter  in 

A and  B are  by  fuppofition  equal.  Therefore,  if  the  parts  A and  B were  in  motion, 

they  would  have  equal  momenta  ; that  is,  the  efforts  which  A and  B make  to  defcend 
towards  the  earth,  are  equal.  But  thefe  efforts  counteract  each  other  : for,  whilft  the 
portion  A endeavours  with  a certain  force  to  draw  down  one  arm  of  the  rod,  the  other 
portion  B endeavours  with  the  fame  force  to  draw  down  the  other  arm,  that  is,  fince  the 
rod  is  inflexible,  to  raife  the  portion  A.  Therefore  the  portion  A is  aCted  upon  by  two 
equal  forces  in  contrary  directions,  and  confequently  muff  be  at  reft.  For  the  fame 

reafon,  the  portion  B will  be  at  reft.  And  the  fame  may  be  fliewn  concerning  any  other 

equal  portions,  at  equal  diftances  from  C,  in  the  rod  AB.  Therefore  the  rod  will  be 

at  reft  ; that  is,  the  parts  on  each  fide  of  the  point  will  balance  each  other,  and  C will 
be  the  center  of  gravity. 

it  the  rod  were  placed  oblique  to  the  prop  C,  indefinitely  finall  and  equal  parts  being 
taxen,  as  before,  at  equal  diftances  from  C,  and  refolving  each  oblique  force  into  an 
.Morizontal  and  perpendicular  force  (as  in  Prop.  XVI.)  it  might  be  fhewn,  by  a fimilar 
manner  of  reaioning,  that  they  would  tend  towards  the  earth  with  equal  forces,  and 
comequentiy,  that  an  equilibrium  would  be  produced. 

'viid  i i,  inftead  of  equal  portions  of  the  rod,  portions  of  matter  were  placed  at  different 
oiftanceD,  which  fhould  be  to  each  other  inverfely  as  thofe  diftances,  as  at  F and  B,  the 
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equilibrium  would  ftill  be  preferved  : for  the  forces  with  which  fuch  portions  of  matter, 
fo  fttuated,  would  endeavour  to  defcend,  would  be  equal,  when  the  quantities  of  matter, 
multiplied  into  the  velocities  with  which  they  are  endeavouring  to  move,  that  is,  into  their 
diftances  (Prop.  XI.  Cor.)  are  equal;  as  will  be  more  fully  {hewn,  in  treating  of  the 
Mechanical  Powers. 

, Since,  therefore,  all  the  parts  of  any  irregular  body  may  be  referred  to  fome  one  of  the 
above  cafes,  it  is  manifeft,  that  there  is  in  every  body  a certain  point-,  the  parts  on  each 
fide  of  which,  balance  each  other. 

PROP.  XLVIIL 

If  the  center  of  gravity  in  any  body  be  fupported,  the  whole  body 
is  fupported;  if  this  center  be  not  fupported,  the  body  will  fall. 

For,  when  the  center  of  gravity  is  fupported,  the  body  refts  on  a prop  on  which  the 
parts  on  each  fide,  a&ing  with  equal  force  againft  each  other,  will  (Prop.  XLVII.)  be 
in  equilibrio,  and  neither  fide  will  move  ; but  when  this  center  is  not  fupported, 
but  the  body  has  a prop  under  fome  other  point,  the  parts  of  the  body  on  one  fide  of  that 
other  point  will  over-balance  the  parts  on  the  other  fide,  and  the  body  will  fall. 

Cor.  Whenever  a body,  moves  by  the  power  of  gravitation,  or  falls,  its  center  of 
gravity  defcends  : for  if  this  center  do  not  defcend,  it  muft  be  fupported  ; and  if  the  center 
be  fupported,  the  whole  body  is  fuftained  or  kept  from  falling. 

Exp.  i.  Let  a board  of  a circular  form  be  fuftained  perpendicularly  on  its  center  of 
gravity,  it  will  be  at  reft  in  any  pofition. 

2.  A beam  turning  on  an  axis  which  pafies  through  its  center  of  gravity,  will  reft  in  the 
fame  manner. 

3.  A beam,  whofe  axis  pafles  through  a point  which  is  dire&ly  above  the  center  of 
gravity,  will  be  at  reft  only  when  the  beam  is  parallel  to  the  plane  of  the  horizon,  becaufe 
the  center  of  gravity  will  be  then  fallen  as  low  as  poftible. 

4.  A cylinder,  which  has  its  center  of  gravity  near  one  of  its  fides,  will  roll  up  an 
inclined  plane,  if  the  fide  neareft  the  center  of  gravity  be  placed  towards  the  upper  part  of 
the  plane;  for  this  center,  endeavouring  to  defcend,  will  carry  the  cylinder  forward  in  the 
afcending  direction  of  the  plane. 

5.  Let  a body  confifting  of  two  equal  and  fimilar  cones  united  at  their  bafes,  be  placed 
upon  the  edges  of  two  ftraight  and  fmooth  rods,  which  at  one  end  meet  in  an  angle,  and 
reft  upon  an  horizontal  plane,  and  at  the  other  are  raifed  a little  above  the  plane,  the  body 
will  roll  towards  the  elevated  end  of  the  rulers,  and  appear  to  afcend,  while  its  center 
of  gravity  defcends  ; as  may  be  feen  by  applying  a ftring  horizontally  above  the  path  of  the 
bafe  of  the  cones. 
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PR  O P.  XLIX. 

If  the  line  of  direction  comes  within  the  bafe  on  which  any  body 
is  placed  horizontally,  the  body  will  be  fuftained ; otherwife  it 
will  fall. 

In  the  body  ABDE  let  C be  the  center  of  gravity.  The  line  of  direction  CO  (that  is, 
the  line  drawn  from  the  center  of  gravity  towards  the  center  of  the  earth)  being  within 
the  bafe  DE,  the  body  will  be  fupported,  becaufe  the  weight  prefles  upon  the  bafe.  Alfo 
fince  the  body  cannot  fall  towards  K without  turning  round  on  the  point  E,  the  point 
C muff  in  the  motion  afcend  towards  F,  contrary  to  Prop.  XLVIII.  Cor.  But  in  the 
pofition  of  the  body  aide,  co  the  line  of  direction  falling  out  of  the  bafe,  c in  its  motion 
towards  k defcends,  and  the  body  will  fall. 

Exp.  1.  Any  body  of  a cylindrical  or  other  regular  form,  fo  placed  upon  its  bafe,  that 
its  line  of  direction  does  not  come  within  the  bafe  (which  may  be  feen  by  a cord  and 
weight  fufpended  from  the  center  of  gravity)  will  fall ; otherwife  it  will  not  fall. 

2.  Let  two  bodies  be  laid  upon  an  inclined  plane,  the  one  a cube,  the  other  a figure 
with  many  fides,  and  let  the  line  of  direction  of  the  former  fall  within  the  bafe,  and  that 
of  the  latter  without  the  bafe,  the  former  body  will  Jlide , the  latter  roll  down  the  plane. 


Def.  VII.  The  center  of  motion  is  the  point  about  which  a 

body  moves. 


PROP.  L. 


A heavy  body  fufpended  on  a center  of  motion  will  be  at  reft,  if 
the  center  of  gravity  is  diredlly  under,  or  above,  the  center  of  motion; 
otherwife  it  will  move. 

If  a heavy  body  E,  hangs  by  a firing  on  a center  of  motion  C,  the  aCtion  of  gravitation 
at  E,  is  in  the  direction  EL,  contrary  to  the  direction  in  which  the  firing  a£ts  to  prevent 
the  body  from  falling.  In  this  pofition,  therefore,  the  oppofite  forces  being  equal  and 
in  contrary  directions,  deftroy  each  other,  and  the  body  is  at  reft.  But  if  the  body  is 
at  />,  one  of  the  forces  a£ts  in  the  direction  pC,  and  the  other  in  the  direction  />L,  that  is,  in 
directions  oblique  to  each  other,  whence  the  body  will  move  in  the  diagonal  of  the  paralle- 
logram formed  by  y>C,  pL.  And  in  all  cafes,  fince  (without  the  aid  of  mechanical  powers 
ifterwards  explained)  the  force  which  fuftains  any  body  muft  be  equal  to  its  weight, 
the  center  of  gravity  can  only  be  at  reft  when  thefe  forces  are  in  the  fame  line  of  direction, 

that 
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that  is,  when  the  center  of  gravity  is  diredtly  under,  or  dire&ly  above,  the  center  of 
motion. 

Exp.  A circular  board  fuftained  at  a point  above  or  below  the  center  of  gravity,  will 
only  be  at  reft  when  the  center  of  gravity  is  at  the  loweft  point,  that  is,  in  the  line  of 
direction  ; or  when  the  center  of  gravity  is  in  the  fame  line  above  the  center  of  motion. 

Schol,  If  two  or  more  bodies  be  united,  they  may  be  confidered  as  one,  and  have  a 
common  center  of  gravity. 

Exp.  1.  Let  two  unequal  balls  be  fixed  upon  the  ends  of  a wire,  they  will  have  a 
common  center  of  gravity. 

2.  Lay  a piece  of  wood,  of  any  form,  on  a plane  furface,  fo  near  the  edge  as  juft  to  be 
kept  from  falling  : then  fix  a fork  obliquely  into  each  fide  of  the  piece  of  wood,  in  fuch 
manner  as  to  caft  the  center  of  gravity  of  the  whole  mafs  farther  from  the  edge  of  the 
plane  on  which  the  piece  of  wood  refted,  the  whole  will  be  fupported. 

3.  In  like  manner  an  image  may  be  made  to  imitate  the  motion  of  a fawyer. 

A.  A board,  which  of  itfelf  would  fall  from  a table  (its  center  of  gravity  lying  beyond 
the  edge  of  the  table)  may  be  made,  in  the  fame  pofition,  to  fupport  a veflel  of  water,  hang- 
ing upon  it  near  the  table ; if  a ftick,  fixed  with  one  end  at  the  bottom  of  the  veflel,  and 
the  other  in  a hole  in  the  horizontal  board,  be  long  enough  to  pufii  the  veflel  a little  out 
of  the  perpendicular,  that  is,  to  bring  the  center  of  gravity  of  the  whole  under  the  table. 

Schol.  The  common  center  of  gravity  of  any  number  of  bodies  may  be  thus  found.  pjate  2. 

Let  C be  the  common  center  of  gravity  of  two  bodies,  dividing  their  diftances  (fee  r’s'  *• 

Prop.  XLVII.)  in  fuch  manner,  that  AC  is  to  CB,  as  B to  A ; whence  AxAC  = 

BxBC,  and  confequently,  if  the  point  C is  fupported,  the  bodies  A and  B balance  each 
other.  Suppofe  a third  body,  equal  to  the  fum  of  A and  B,  placed  in  their  common 
center  of  gravity  C ; from  the  point  C draw  a right  line  to  the  center  of  a third  body  D, 
which  divide  in  O,  fo  that  OD  may  be  to  OC,  as  Aft-B  is  to  D ; then  is  O the  common 
center  of  the  three  bodies.  A,  B,  D.  In  the  fame  manner  may  be  found  the  common 
center  of  any  number  of  bodies. 


PROP.  LI. 


If  any  number  of  bodies  move  uniformly  in  right  lines,  whether 
in  the  fame  or  different  directions,  their  common  center  of  gravity 
is  either  at  reft,  or  moves  uniformly  in  a right  line. 


If  two  bodies,  A and  B,  move  towards  each  other  in  the  fame  right  line,  having  their 
common  center  of  gravity  C,  and  their  momenta  equal,  the  velocity  of  A will  be 
to  that  of  B,  as  the  body  B to  the  body  A,  that  is  (as  was  fhewn  Prop.  XLVII.)  as  AC 

to 
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to  BC.  Whence  (Prop.  VI.)  whilft  A paffes  through  AC,  B will  pafs  through  BC, 
and  the  bodies  will  meet  in  C,  which  is  their  center  of  gravity  during  their  motion, 
and  at  the  time  of  concourfe  : therefore  the  point  C remains  at  reft. 

In  the  fame  manner,  it  may  be  (hewn,  that  if  the  bodies  recede  from  each  other  with 
uniform  motions,  the  centers  of  gravity  will  be  at  reft. 
n 2.  Next,  fuppofe  that  two  bodies,  A and  B,  move  in  different  directions  AC,  BD, 
* (^.defcribing  equal  fpaces  AC,  CE,  and  BD,  DF,  in  equal  times;  their  common  center 
v of  gravity  L,  will  move  uniformly  in  a right  line.  Produce  CA,  DB,  till  they  meet  in 
G : make  AG  to  GH,  as  AC  is  to  BD  ; draw  the  right  line  AH  ; and  through  C and  E 
drawn  Cl,  EK,  parallel  to  AH.  AC  is  to  HI  (El.  VI.  2.)  as  AG  to  GH,  that  is,  as 
AC  to  BD  : therefore  (El.  V.  9.)  HI  is  equal  to  BD,  and  adding  IB  to  each,  HB  is 
equal  to  ID.  In  like  manner,  CE  is  to  IK,  as  AG  to  GH,  that  is,  as  AC  to  BD,  or 
CE  to  DF  : therefore  (El.  V.  9.)  IK  is  equal  to  DF,  and,  adding  KD  to  each, 
ID  is  equal  to  KF  : but  ID  was  proved  to  be  equal  to  HB  ; therefore,  KF  is  equal 
to  HB.  From  L,  the  common  center  of  gravity  of  the  bodies  A and  B,  draw  LM 
parallel  to  BD  : draw  GM,  and  produce  it  till  it  cut  Cl,  EK,  in  the  points  N and  O; 
and  through  thefe  points  draw  NP,  OQg,  parallel  to  BD.  AL  is  to  LB  (El.  VI.  2.) 
as  AM  to  MH ; and  CP  to  PD,  (as  CN  to  NI,  that  is)  as  AM  to  MHj  therefore 
(El.  V.  11.)  CP  is  to  PD,  as  AL  to  LB,  that  is  (becaufe  L is  the  common  center) 
as  B to  A.  Confequently,  P will  be  the  common  center  of  the  bodies  when  they  are 
found  in  C and  D : and  in  like  manner,  it  may  be  fhewn,  that  will  be  their  common 
center,  when  they  are  in  E and  F.  But,  fince  ML  is  to  HB,  as  AM  to  AH,  that  is, 
as  CN  to  Cl,  that  is,  as  NP  to  ID,  and  that  HB  has  been  proved  to  be  equal  to  ID, 
ML  is  equal  to  NP  ; and,  in  like  manner,  NP  equal  to  OQy.  whence  (ML,  NP,  GQ 
being  parallel  to  one  another)  the  line  LPQ_  is  equal  to  the  line  MNO,  and,  the 
points  P,  Q_,  (any  points  of  the  line  in  which  the  common  center  of  gravity  is  found 
as  the  bodies  are  moving  from  A to  E,  and  from  B to  F)  will  be  in  a right  line.  More- 
over, fince  (El.  VI.  2.)  AC  is  to  CE,  as  MN  to  NO,  or  LP  to  PQ_,  and  that  AC  is 
equal  to  CE,  LP  will  be  equal  to  PQg  Therefore  the  common  center  of  gravity  of  the 
bodies  A and  B,  is  always  in  the  fame  right  line,  and  moves  uniformly,  or  paffes  over 
equal  fpaces  in  equal  times. 

In  like  manner,  the  common  center  of  thefe  two  bodies  and  any  third  body,  or  of  the 
three  bodies  and  a fourth,  &c.  being  found,  it  may  be  proved  that  it  moves  uinifonnly  in 
a right  line. 

Cor.  Hence  it  is  manifeft,  that  any  forces  adding  upon  a fyftem  of  bodies,  muft  afFedf 
the  motion  of  the  common  center  of  gravity  of  that  fyftem,  in  the  fame  manner  as  if 
the  fame  force  were  hmilarly  applied  to  a body  equal  to  the  fum  of  all  the  bodies,  placed 
in  the  common  center  of  gravity.  And  the  mutual  add  ions  of  the  parts  of  a fyftem  upon 
each  other,  producing  (by  Prop.  III.)  equal  momenta  in  contrary  directions,  cannot 
change  the  ftate  of  motion  or  reft  of  their  common  center  of  gravity.  Confequently,  the 
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law  of  a fyftem  of  bodies,  as  to  motion  or  reft,  is  the  fame  as  that  of  one  body,  and  is 
rightly  eftimated  from  the  motion  of  its  center  of  gravity. 


C H A P.  VI.  c 

Of  Motion  as  directed  by  certain  Injir uments  called  Mechanical 

Powers. 

Def.  VIII.  That  body  which  communicates  motion  to  another, 
is  called  the  Power . 

i ‘ * ' ' , 

Def.  IX.  That  body  which  receives  motion  from  another,  is 
called  the  Weight . 

Def.  X.  The  Lever  is  a bar  moveable  about  a fixed  point, 
called  its  fulcrum,  or  prop.  It  is  in  theory  confidered  as  an  inflexible 
line  without  weight.  It  is  of  three  kinds  : the  firft,  when  the 
prop  is  between  the  weight  and  the  power ; the  fecond,  when  the 
weight  is  between  the  prop  and  the  power ; the  third,  when  the 
power  is  between  the  prop  and  the  weight* 

Exp.  Let  the  three  kinds  of  the  lever  be  ftiewn,  as  in  Plate  2,  Fig.  12,  13,  14. 


PROP.  LII. 

A power  and  weight  adting  upon  the  arms  of  a lever  will  balance 
each  other,  when  the  diftance  of  the  point  at  which  the  power  is 
applied  to  the  lever  from  the  prop,  is  to  the  diftance  of  the  point  at 
which  the  weight  is  applied,  as  the  weight  is  to  the  power. 

Let  C be  the  center  of  motion  in  the  lever  KL ; let  A and  B be  any  two  powers  applied 
to  it  at  K and  L,  ailing  in  the  directions  KA  and  LB.  From  the  center  of  motion  C, 
let  CM  and  CN  be  perpendicular  to  thofe  directions  in  M and  N ; fuppofe  CM  to  be  lefs 

H than* 
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than  CN,  and  from  the  center  C,  at  the  diftance  CN,  defcribe  the  circle  NHD,  meeting 
KA  in  D.  Let  the  power  A be  reprefented  by  DA,  and  let  it  be  rcfclved  into  the  power 
DG  a cling  in  the  dire&ion  CD,  and  the  power  DF  perpendicular  to  CD,  by  com- 
pleting the  parallelogram  AFDG.  The  power  DG,  acting  in  the  direction  CD  from 
the  center  of  the  circle,  or  wheel,  DHN  towards  its  circumference,  has  no  effedl  in 
turning  it  round  the  center,  from  D towards  FI,  and  tends  only  to  carry  it  off  from  that 
center.  It  is  the  part  DF  only  that  endeavours  to  move  the  wheel  from  D towards  H 
and  N,  and  is  wholly  employed  in  this  effort.  The  power  B may  be  conceived  to  be 
applied  at  N as  well  as  at  L,  and  to  be  wholly  employed  in  endeavouring  to  turn  the 
wheel  the  contrary  way,  from  N towards  H and  D.  If  therefore  the  power  B be  equal 
to  that  part  of  A which  is  reprefented  by  DF,  thefe  efforts  being  equal  and  oppofite,  muff 
deftroy  each  other’s  effedl ; that  is,  when  the  power  B is  to  the  power  A,  as  DF  to 
DA,  or,  (becaufe  of  the  fimilarity  of  the  triangles  AFD,  DMC)  as  CM  to  CD,  or  as 
CM,  to  CN,  then  the  powers  mull  be  in  equilibrio  ; and  thofe  powers  will  fuftain 
each  other,  which  are  inverfely  as  the  diftances  of  their  diredlions  from  the  center  of 
motion. 

Plate  a.  Otherwife ; Cafe  i.  When  the  power  adls  perpendicularly:  Let  AB  be  the  lever, 
C the  prop,  P the  pov/er,  W the  weight.  The  force  with  which  any  body  moves 
being  as  its  momentum  (Prop.  XIII.)  and  its  momentum  as  the  quantity  of  matter 
multiplied  into  the  velocity  (by  Prop.  XI.  Cor.)  the  force  with  which  the  weight 
W would  move  in  the.  fir  It  inftant  of  its  motion,  if  no  other  body  counteradled  it, 
would  be  as  its  quantity  of  matter  multiplied  into  its  velocity.  But  becaufe  the 
weight  W is  fufpended  from  the  lever  AB  at  the  point  B,  it  would  move  with  the 
fame  velocity  as  this  point  ; which  (as'  was  fhewn  in  Prop.  XL VII.)  is  as  the  diftance  of 
the  point  B from  the  prop  C,  or  D.  The  force  therefore  with  which  the  weight  W would 
move  without  any  counteracting  force,  is  as  its  quantity  of  matter  multiplied  into  the  diftance 
of  the  point  of  fufpenfion  B from  the  prop  C,  or  D.  But  the  weight  will  be  prevented 
from  defcending,  if  a force  equal  to  that  with  which  it  would  defcend  without  obftrudlion, 
adls  upon  it  in  the  contrary  direction  ; that  is,  if  a force  be  applied  to  raife  the  point  B of 
the  lever  AB,  equal  to  that  with  which  the  weight  W would  draw  it  downwards.  Let 
the  power  P be  fufpended  from  the  other  extremity  of  the  lever  at  the  point  A ; and  let 
the  quantity  of  matter  in  the  power  P multiplied  into  the  diftance  of  A,  its  point  of 
fufpenfion  from  C,  or  D,  be  equal  to  the  quantity  of  matter  in  the  weight  W multi- 
plied into  the  diftance  of  B from  C,  or  D : it  appears  from  what  has  been  faid  concerning 
the  weight,  that  the  force  with  which  the  power  P,  without  obftrudlion,  would  defcend 
and  draw  down  the  point  A,  is  equal  to  the  force  with  which  the  weight  W would 
defcend  and  draw  down  the  point  B.  But,  as  much  force  as  the  power  P exerts  to  draw 
down  the  point  A,  it  exerts  to  raife  the  point  B.  Therefore  equal  and  oppofite  forces 
are  exerted  to  raife  and  deprefs  the  point  B ; and  confequently  it  will  continue  at  reft, 
and  the  weight  and  power  will  balance  each  other. 
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Cafe  2.  When  the  power  a£ls  obliquely  : 

Let  the  weight  A hang  freely  from  one  end  of  a balance,  fo  as  to  have  its  line  of 
dire&ion  DA  perpendicular  to  the  arm  of  the  balance;  and  let  another  weight  as  B,  be 
hung  at  the  other  end  E,  in  fuch  manner  that  its  line  of  direction  EC,  by  paffing  over  a 
pulley  at  C,  may  be  oblique  to  the  arm  of  the  balance.  If  the  whole  force  of  gravity  in  the 
weight  B a£ting  in  the  direction  EC,  be  denoted  by  the  line  EC,  it  may  be  refolved  into 
two  forces  denoted  by  EF  and  FC,  a&ing  in  the  dire&ions  of  thefe  lines;  of  which  two 
forces,  the  latter  only,  which  a£ts  in  the  direction  FC  perpendicular  to  the  arm  of  the 
balance,  refills  the  force  of  gravity  in  the  weight  A,  the  other  force  FE  adbing  in  the 
direftion  of  the  line  of  the  lever.  Since  therefore,  that  part  of  the  weight  B which  adfs 
in  oppofition  to  the  weight  A,  is  to  the  whole  weight  B,  as  FC  to  EC  ; it  is  manifeft, 
that  in  order  to  make  the  weight  B balance  the  weight  A,  it  mull  exceed  the  weight  A, 
in  the  fame  ratio  that  the  line  EC  exceeds  the  line  FC.  If  from  G the  center  of  motion 
be  let  fall  GH  perpendicular  to  EC,  that  line  will  be  the  perpendicular  diftance  of  the 
direction  EC  from  G;  and  EG,  equal  to  DG,  the  perpendicular  diftance  of  the  direction 
DA  : but  the  triangles  EFC  and  EHG  are  fimilar,  becaufe  their  angles  at  E are  equal, 
and  they  have  each  a right  angle  ; confequently  (El.  VI.  4.)  as  EC  is  to  CF,  fo  is  EG 
to  HG ; but  the  weight  B is  to  the  weight  A,  as  EC  to  FC ; B is  therefore  to  A,  as  EG, 
or  DG,  to  HG. 

Exp.  1.  On  the  perpendicular  furface  of  a wheel  turning  on  its  center  of  gravity, 
let  weights  be  fufpended  at  different  points;  they  will  be  in  equilibrio  according  to 
the  propofition. 

2.  Let  weights  and  powers  be  applied  to  the  three  kinds  of  levers,  according  to  the 
propofition;  for  example,  if  the  weight  be  to  the  power  as  3 to  1,  let  the  diftance  of 
the  point  of  fufpenfion  of  the  weight  be  to  that  of  the  power  as  1 to  3. 

3.  Apply  the  fame  power  and  weight  to  a lever  of  the  firft  kind  bended. 

4.  The  common  balance  is  a lever  of  the  firft  kind,  the  arms  of  which,  on  each  fide 
of  the  prop,  are  equal.  If  the  center  of  motion  coincides  with  the  center  of  gravity,  that 
point  being  fupported,  the  balance  refts  in  any  pofition  whatever.  If  the  center  of  gravity 
is  above  the  center  of  motion,  the  balance,  being  once  put  out  of  its  parallel  pofition,  can 
never  return  again  : but  if  the  center  of  motion  is  above  the  center  of  gravity,  equal 
weights  can  only  fuftain  each  other,  when  the  arms  of  the  balance  are  in  the  parallel 
pofition,  in  which  cafe  alone  their  center  of  gravity  is  fupported. 

5.  The  Roman  ftatera,  or  fteelyard,  is  a lever  of  the  ftrft  kind,  whole  arms  are 
unequal. 

6.  I he  falfe  balance  is  a lever  of  the  fame  kind,  whofe  arms  are  imperceptibly  unequal. 
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Def.  XI.  The  Wheel  and  Axis,  is  a wheel  turning  round  together 
with  its  axis;  the  power  is  applied  to  the  circumference  of  the  wheel, 
and  the  weight  to  that  of  the  axis,  by  means  of  cords. 


P R O P.  LI1I. 

An  equilibrium  is  produced  in  the  wheel  and  axis,  when  the 
weight  is  to  the  power,  as  the  diameter  of  the  wheel  to  the  diameter 
of  the  axis. 

Plate  3.  Let  AB  be  the  diameter  of  the  wheel,  DE  that  of  the  axis,  W the  weight,  and  P the 

p j ^ ^ 

power,  fufpended  from  the  points  D and  B.  When  the  wheel  has  performed  one  revo- 
lution, the  power  P has  drawn  off  as  much  cord  from  the  wheel  as  is  equal  to  its  circum- 
ference, and  has  therefore  moved  through  a fpace  equal  to  that  circumference.  In  the 
fame  time  the  weight  W is  raifed  through  a fpace  equal  to  the  circumference  of  the  axis, 
upon  which  the  cord,  by  which  the  weight  is  fufpended,  is  once  turned  round.  Therefore 
the  velocity  of  the  power  exceeds  the  velocity  of  the  weight  as  much  as  the  circumference, 
that  is  the  diameter,  of  the  wheel  exceeds  that  of  the  axis.  If  then  the  weight  exceeds 
the  power  as  much  as  the  velocity  of  the  power  exceeds  that  of  the  weight,  that  is,  as 
much  as  the  diameter,  or  femidiameter  of  the  wheel,  AB,  or  CB,  exceeds  the  diameter, 
or  femidiameter  of  the  axis,  DE,  or  CE,  the  momenta  will  be  equal,  and  the  power  and 
weight  will  balance  each  other. 

Or  thus  \ The  axis  and  wheel  is  a lever  of  the  firft  kind  ; in  which  the  center  of  motion 
is  in  C,  the  center  of  the  axis  ; the  weight  W,  fuftained  by  the  rope  DW,  is 
applied  at  the  diftance  DC,  the  radius  of  the  axis ; and  the  power  P,  adting  in  the 
direction  PB  perpendicular  to  CB,  the  radius  of  the  wheel,  is  applied  at  the  diftance  of 
that  radius : therefore,  Prop.  LIE  there  is  an  equilibrium,  when  the  power  is  to  the 
weight,  as  the  radius  of  the  roller  to  the  radius  of  the  wheel. 

Exp.  Let  the  weight  and  power  be  as  2 to  1,  and  the  diameter  of  the  wheel  to  that 
of  the  axis  in  the  fame  proportion. 

Def.  XII.  The  Pulley  is  a fmall  wheel  moveable  about  its  axis  by 
means  of  a cord  which  pafies  over  it. 


PROP. 
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PROP.  LIV. 

When  the  axis  of  the  pulley  is  fixed,  the  pulley  only  changes  the 
direction  of  the  power  : if  moveable  pullies  are  ufed,  an  equilibrium 

is  produced,  where  the  power  is  to  the  weight  as  one  to  the 

/ 

number  of  ropes  applied  to  them  : if  each  moveable  pulley  has  its 
own  rope,  each  pulley  will  double  the  power. 

If  the  pulley  ED  be  fixed  upon  the  beam  A,  the  power  and  weight,  in  equilibrio,  will  be 
equal.  But,  if  one  end  of  the  rope  be  fixed  in  B,  and  the  other  fupported  by  the  power  P, 
it  is  evident,  that  in  order  to  raife  the  weight  W one  foot,  the  power  muft  rife  two  ; 
for  both  the  ropes,  BC  and  CP,  will  be  fhortened,  a foot  each  ; whence  the  fpace  run 
over  by  the  power  will  be  double  of  that  of  the  weight;  if  therefore  the  power  is  to  the 
weight  as  i to  2,  their  momenta  will  be  equal  : for  the  fame  reafon,  if  there  be  four 
ropes  palling  from  the  upper  to  the  lower  pullies,  the  velocity  of  the  power  will  be 
quadruple  to  that  of  the  weight,  or  as  4 to  1,  &c.  In  all  cafes,  therefore,  when 
the  power  is  to  the  weight,  as  1 to  the  number  of  ropes  pafling  from  the  upper  to  the 
lower  pullies,  there  will  be  an  equilibrium. 

Or  thus  ; Every  moveable  pulley  hangs  by  two  ropes  equally  firetched,  which 
muft  bear  equal  parts  of  the  weight ; and  therefore  when  one  and  the  fame  rope  goes 
round  feveral  fixed  and  moveable  pullies,  fince  all  its  parts  on  each  fide  of  the  pullies  are 
equally  ftretched,  the  whole  weight  muft  be  divided  equally  amongft  all  the  ropes  by 
which  the  moveable  pullies  hang  : confequently,  if  the  power  which  a£ts  on  one  rope 
be  equal  to  the  weight  divided  by  that  number  of  ropes,  the  power  muft  fuftain  the 
weight. 

If  each  moveable  pulley  has  its  own  cord,  the  firft,  as  appears  from  what  has  been  faid, 
doubles  the  velocity  of  the  power  ; and  therefore  if  the  power  be  half  of  the  weight,  the 
momenta  will  be  equal,  and  the  balance  will  be  produced.  In  like  manner,  the  fecond 
pulley  caufes  the  weight  to  move  with  half  the  velocity  with  which  it  would  move,  if 
fufpended  from  the  firft  moveable  pulley,  that  is,  makes  the  velocity  of  the  power  qua- 
druple of  that  of  the  weight ; and  fo  of  the  reft. 

Exp.  The  feveral  kinds  of  pullies  may  be  fhewn  to  be  in  equilibrio  according  to  the 
propofition. 

/■  1 

PROP.  LV. 

In  the  Inclined  Plane  the  power  and  weight  balance  each  other, 
when  the  power  is  to  the  weight,  as  the  fine  of  the  inclination  of  the 

plane 
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plane  is  to  the  fine  of  the  angle  which  the  line  of  the  direction  of 
the  power  makes  with  the  perpendicular  to  the  plane. 

Let  a weight  be  fupported  on  the  inclined  plane  CA  by  a power  acting  in  any  given 
direction  PD.  Let  the  whole  force,  whereby  the  weight  would  defcend  perpendicularly 
be  reprefented  by  PB  : and  refolving  PB  into  two  forces,  one  of  which,  BD,  is  perpendicular 
to  the  plane  CA,  and  the  other,  PD,  is  in  the  dirediion  of  the  power  ; the  force  BD  is 
deflroyed  by  the  re-adfion  of  the  plane,  and  the  force  PD  will  be  fuftained  by  an  equal 
power,  acting  in  the  direction  PD.  Therefore,  when  there  is  an  equilibrium,  the  power 
is  to  the  weight,  as  PD  to  PB  3 that  is,  as  the  fine  of  the  angle  PBD,  or  (El.  Vi.  8.)  its 
equal  CAB,  to  the  fine  of  the  angle  PDB. 

When  PD  is  in  the  di rediion  of  the  plane,  this  ratio  becomes  that  of  CD  to  CB,  or  of* 
the  height  of  the  plane  CB,  to  CA  its  length. 

When  the  dirediion  of  the  power  PD  is  parallel  to  the  bafe  of  the  plane,  the  ratio  of 
the  power  to  the  weight  becomes  that  of  ED  to  EB  3 or  (El.  VI.  8.  Cor.)  of  CB,  the 
height  of  the  plane,  to  BA  the  bafe. 

When  the  diredtion  of  the  power  coincides  with  the  perpendicular  BD,  the  ratio  of  the 
power  to  the  weight  becomes  that  of  the  fine  of  a finite  angle,  to  the  fine  of  an  angle 
indefinitely  diminifhed.  From  which  it  appears,  that  no  finite  power  is  fuificient  to 
fupport  a weight  upon  an  inclined  plane,  if  that  power  adls  in  a di rediion  perpendicular 
to  the  plane. 


Def.  XIII.  The  Screw  is  a cylinder  which  has  either  a prominent 
part,  or  a hollow  line,  palling  round  it  in  a fpiral  form,  fo  inferted 
in  one  of  the  oppofite  kind,  that  it  may  be  raifed  or  depreffed  at 
pleafure,  with  the  weight  upon  its  upper,  or  fufpended  beneath  its 
lower,  furface. 


PROP.  LVI. 


In  the  ferew  the  equilibrium  will  be  produced,  when  the  power 
is  to  the  weight,  as  the  diftance  between  two  contiguous  threads  of 

.1  r .1  ¥L r n . 

deicnbed  by  the  power 





the  ferew  to  th em 
in  one  revolution  of  the  cylinder. 


While  the  ferew  is  made  to  perform  one  revolution,  the  weight  W may  be  confidered, 
as  raifed  up  an  inclined  plane  cq , whofe  height  cp  is  the  interval  between  two  contiguous 
fpirals,  whofe  bafe  pq  is  the  periphery  of  the  cylinder,  and  whofe  length  cq  is  the  fpiral 
line,  by  a power  adting  parallel  to  the  bafe  of  the  plane:  for  fuch  an  inclined  plane, 
involved  about  a cylinder,  will  form  the  fpiral  line  of  the  ferew.  A power  at  />,  adiing 

* parallel 
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parallel  to  the  bafe,  is  in  equilibrio  with  the  weight  W to  be  raifed,  when  the  power  is 
to  the  weight,  as  the  height  of  the  inclined  plane,  to  the  bafe ; or,  in  this  cafe  as  pc9  the 
interval  between  the  fpirals,  to  the  circumference  defcribed  by  p:  but  a power  applied  at 
P5  which  is  to  that  applied  at  p,  as  the  circumference  defcribed  by  p9  to  the  circumference 
defcribed  by  P,  has  the  fame  effedl ; therefore  there  is  an  equilibrium,  when  the  power 
applied  at  P is  to  the  weight  to  be  raifed,  as  pc , the  interval  between  two  contiguous 
fpirals,  to  the  circumference  defcribed  by  the  power  P. 

Exp.  Let  a weight  be  raifed  by  a fcrew  according  the  the  propofition. 

Def.  XIV.  The  Wedge  is  compofed  of  two  inclined  planes, 
whofe  bafes  are  joined. 

i 

PROP.  LVII. 

When  the  refilling  forces,  and  the  power  which  afts  on  the  wedge, 
are  in  equilibrio,  the  weight  will  be  to  the  power,  as  the  height  of 
the  wedge  to  a line,  drawn  from  the  middle  of  the  bafe  to  one  fide, 
and  parallel  to  the  direction  in  which  the  refilling  force  a£ts  on  that 
fide. 

Let  the  equilateral  triangle  ABC  reprefent  a wedge,  whofe  bafe,  or  back  is  AC,  whofe  pjate 
Tides  are  the  lines  AB  and  CB,  and  whofe  height  is  the  line  BP,  which  bifedls  the  vertical  Fl§’ 
angle  ABC,  and  alfo  the  bafe  perpendicularly  in  P.  Let  E and  F reprefent  two  bodies,  or 
two  refilling  forces  adling  on  the  Tides  of  the  wTedge  perpendicularly,  and  whofe  lines 
of  direction  EP  and  FP  meet  at  the  middle  point  of  the  bafe,  on  which  the  power  P adls 
perpendicularly,  then  will  EP  and  FP  (El.  I.  5.  and  26.)  be  equal:  let  the  parallelo- 
gram ENFP  be  completed  ; its  diagonals  PN  and  EF  will  bifedl  each  other  perpendicu- 
larly in  H.  Now  when  thefe  forces  (which  acl  perpendicularly  on  the  Tides  and1  bafe  of 
the  wedge)  are  in  equilibrio,  they  will  be  to  each  other  (Prop.  XIV.)  as  the  Tides  and 
diagonal  of  this  parallelogram,  that  is,  the  Turn  of  the  refilling  forces  will  be  to  the  power 
P,  as  the  Tides  EP  and  FP  to  the  diagonal  PN,  or  as  one  Tide  EP  to  half  the  diagonal  PH, 
that  is  (from  the  fimilarity  of  the  right-angled  triangles  BEP,  EHP)  as  BP,  the  height 
of  the  v/edge,  to  EP  the  line  which  is  drawn  from  the  middle  of  the  bafe  to  the  Tide  AB, 
and  is  the  direction  in  which  the  refilling  force  adds  on  that  Tide. 

From  the  demonflration  of  this  cafe,  in  which  the  refilling  forces  a 61  perpendicularly 
on  the  Tides  of  the  wedge,  it  appears  that  the  refiflance  is  to  the  power  which  luflains 
it,  as  one  fide  of  the  wedge  AB  is  to  the  halt  of  its  breadth  AP  ; becaufe  AB  is  to  AP, 

(El.  VI.  8.)  as  BP  is  to  EP. 
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It  appears  alfa  from  hence,  that  if  PN  be  made  to  denote  the  force  with  which  the 
power  P a£ls  on  the  wedge,  the  lines  PE  and  PF  which  are  perpendicular  to  the  fides, 
will  denote  the  force  with  which  the  power  P protrudes  the  refilling  bodies  in  diredlions 
perpendicular  to  the  Tides  of  the  wedge. 

Let  us  now  fuppofe,  in  the  fecond  cafe,  that  the  refilling  bodies  E and  F acl  upon  the 
wedge  in  dire&ions  parallel  to  the  lines  DP  and  OP,  which  are  equally  inclined  to  its 
Tides,  and  meet  in  the  point  P.  Draw  the  lines  EG  and  FK  perpendicular  to  DP  and 
OP;  then  making  PN  denote  the  force  with  which  the  power  P a£ls  on  the  wedge,  PE 
and  PF  will  denote  the  forces  with  which  it  protrudes  the  refilling  bodies  in  directions 
perpendicular  to  the  fides  of  the  wedge,  as  was  obferved  before  ; now  each  of  thefe  forces 
may  be  refolved  into  two,  denoted  refpectively  by  the  lines  PG  and  GE,  PK  and  Kb, 
of  which  GE  and  KF  will  be  loll,  as  they  act  in  directions  perpendicular  to  thofe  of  the 
refilling  bodies  ; and  PG  and  PK  will  denote  the  forces  by  which  the  power  P oppoles  the 
refilling  bodies,  by  protruding  them  in  directions  contrary  to  thofe  in  which  they  act  on 
the  wedge;  therefore  when  the  refilling  forces  are  in  equilibrio  with  the  power  P,  the 

former  mull  be  to  the  latter,  as  the  fum  of  the  lines  PG  and  PK  is  to  PN,  or  as  PG 

is  to  PH.  But  (El.  VI.  4.)  PG  is  to  PE,  as  PE  to  PD  ; and  PH  is  to  PE,  as  PE  to 
PB  : whence  (El.  VI.  16.)  both  the  rectangles  PG,  PD,  and  the  rectangles  PH,  PB, 
are  equal  to  theTquare  of  PEjthefe  rectangles  are  therefore  equal  to  one  another  : whence 
their  Tides  (El.  VI.  14.)  are  reciprocally  proportional,  that  is,  PG  is  to  PH,  as  PB  to  PD. 
Whence  it  follows  from  what  was  fhewn  above,  that,  in  equilibrio,  the  refilling 
forces  are  to  the  power,  as  PB  to  PD  ; that  is,  as  the  height  of  the  wedge  to  the  line 

drawn  from  the  middle  of  the  bafe  to  one  fide  of  the  wedge,  and  parallel  to  the  direction 

in  which  the  refilling  force  adls  on  that  fide. 

From  what  has  been  demonllrated,  we  may  deduce  the  proportion  of  the  power  to  the 
refillance  it  is  able  to  fuflain  in  all  the  cafes  in  which  the  wedge  is  applied.  Firll,  when 
in  cleaving  timber  the  wedge  fills  the  cleft,  then  the  refillance  of  the  timber  a£ls  per- 
pendicularly on  the  fides  of  the  wedge,  therefore  in  this  cafe,  when  the  power  which 
drives  the  wedge,  is  to  the  cohefive  force  of  the  timber,  as  half  the  bafe,  to  one  fide  of  the 
wedge,  the  power  and  refillance  will  be  in  equilibrio. 

Secondly  ; When  the  wedge  does  not  exadlly  fill  the  cleft,  which  generally  happens, 
becaufe  the  wood  fplits  to  fome  difiance  before  the  wedge.  Let  ELF  reprefent  a cleft 
into  which  the  wedge  ABC  is  partly  driven  ; as  the  refilling  force  of  the  timber  mull  adl 
on  the  wedge  in  directions  perpendicular  to  the  fides  of  the  cleft,  draw  the  line  PD  in  a 
direction  perpendicular  to  EL  the  fide  of  the  cleft,  and  meeting  the  fide  of  the  wedge  in 
D ; then  the  power  driving  the  wedge  and  the  refillance  of  the  timber,  when  they  balance, 
will  be  to  each  other  as  the  line  PD  to  PB  the  height  of  the  wedge. 

Thirdly;  When  a wedge  is  employed  to  feparate  two  bodies  that  lie  together  on  an 
horizontal  plane,  for  inllance  two  blocks  of  Hone  ; as  thefe  bodies  mull  recede  from  each 
other  in  horizontal  dire&ions,  their  refillance  mull  aPc  on  the  wedge  in  lines  parallel 
to  its  bafe  CA  ; therefore  the  power  which  drives  the  wedge,  will  balance  the  refillance 

Exp, 
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when  they  are  to  each  other  as  PA,  half  the  breadth  of  the  wedge,  to  PB  its  height;  and 
then  any  additional  force,  fufficient  to  overcome  the  refinance  arifing  from  the  friction  of 
the  bodies  on  the  horizontal  plane,  will  feparate  them  from  each  other. 

Exp.  Let  a power  and  weight  be  applied  to  a wedge  according  to  the  proportion. 

Schol.  i.  Since  in  all  the  mechanical  powers,  an  equilibrium  is  produced  when  the 
power  is  to  the  weight  as  the  velocity  of  the  weight  is  to  the  velocity  of  the  power,  in 
all  compound  machines  there  will  be  an  equilibrium,  when  the  fum  of  the  powers  are  to 
the  weight,  as  the  velocity  of  the  weight  is  to  the  fum  of  the  velocities  of  the  powers. 

Exp.  i.  Let  A,  B,  C,  be  a compound  lever,  confiding  of  three  levers,  in  the  firft  of 
which,  A,  the  velocity  of  the  weight  is  to  that  of  the  power,  as  i to  5 ; in  the  fecond,  B, 
as  1 to  4 ; in  the  third,  C,  as  1 to  6.  The  velocity  of  the  weight  will  be  to  that  of  the 
power,  as  1 to  5x4x6  = 120 ; and  if  the  power  be  to  the  weight,  as  1 to  120,  they 
will  balance  each  other. 

2.  Let  GC  and  LF  be  levers  fixed  to  the  fupporters  RA,  SE,  and  let  their  fhorter  arms 
be  kept  in  equilibrio  with  the  longer  refpedtively  by  the  weights  fixed  at  G and  L.  Let 
NH  be  a bar  fcrewed  to  the  fixed  parts  to  keep  them  iteady.  If  the  power  C be  ten 
times  farther  from  A the  prop,  than  the  weight  B,  they  will  be  in  equilibrio  when  the 
power  C is  to  the  weight  P,  as  1 to  10.  In  like  manner,  the  didance  ME  being  ten  times 
DE,  if  the  power  M be  ~ of  the  weight  C fufpended  from  D,  they  will  be  in  equili- 
brio: whence  M,  1,  will  balance  P,  ico. 

3.  Exhibit  models  or  draughts  of  different  compound  machines,  as  mills,  cranes,  the 
pile-driver,  &c. 

Schol.  2.  The  inequality  of  the  furface  on  which  any  body  moves  occafions  an 
attrition,  called  fridtion,  which  prevents  the  accurate  agreement  of  many  experiments 
in  mechanics  with  theory.  This  reddance  is  always  in  the  diredt  ratio  of  the  roughnefs 
of  the  furface,  and  the  weight  of  the  body. 

Exp.  1.  The  fame  weight  will  require  the  fame  force  to  carry  it  over  the  fame  obdacle, 
whether  the  touching  furface  be  greater  or  lefs : this  will  appear  by  drawing  a piece  of 
fmooth  wood,  having  a broad  and  a narrow  furface,  upon  each  furface  fuccefiively,  by 
means  of  a cord,  weight  and  pulley. 

2.  Let  the  fame  body  be  drawn  over  furfaces  of  different  degrees  of  roughnefs. 

Schol.  3.  Wheel  carriages  are  ufed,  to  avoid  fridtion  as  much  as  poflible.  A wheel 
turns  round  upon  its  axis,  becaufe  the  feveral  points  of  its  circumference  are  retarded  in 
fuccefilon  by  attrition,  whilft  the  oppofite  points  move  freely.  Large  wheels  meet  with 
lefs  refillance  than  fmaller  from  external  obftacles,  and  from  the  friction  of  the  axle,  and 
are  more  eafily  drawn,  having  their  axles  level  with  the  borfes.  But  in  uneven  roads, 
frnall  wheels  are  ufed,  that  in  afcents  the  adtion  of  the  horfe  may  be  nearly  parallel  with 
the  plane  of  afcent,  and  therefore  may  have  the  greateft  effect : fmall  wheels  are  alfo 
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more  conveniently  turned.  The  greater  part  of  the  load  fhould  be  laid  on  the  nmder 
part  of  a wheel  carriage. 

Exp.  i.  Draw  4 large  wheels  along  a plain  furface;  then  2 large  and  2 fmall  wheels. 

2.  Draw  them  fucceffively  over  obftacles. 

3.  Draw  a carriage  with  two-thirds  of  the  load  forward ; then  with  the  fame  on  the 
hinder  part. 


CHAP.  VII. 

» 

Of  Motion  ns  produced  by  the  united  Forces  of  Projection 

and  Gravitation. 

S E C T.  I. 

Of  Projectiles* 

PROP.  LVIII. 

Bodies  thrown  horizontally  or  obliquely,  have  a curvilinear  motion, 

and  the  path  which  they  defcribe  is  a parabola. 

\ 

Plate  3.  If  a body  be  thrown  in  the  direction  AF,  and  adted  upon  by  the  projectile  force 
^11!  alone,  it  will  continue  to  move  on  uniformly  in  the  right  line  AF,  and  would  defcribe 
equal  parts  of  the  line  AF  in  equal  times,  as  AC,  CD,  DE,  &c.  But  if,  in  any 
indefinitely  fmall  portion  of  time,  in  which  the  body  would  by  the  projectile  force  move 
from  A to  C,  it  would  by  the  force  of  gravity  have  fallen  from  A to  G;  by  the  Compofition 
of  thefe  forces  (Prop.  XVI.)  it  will,  at  the  end  of  that  time,  be  found  in  H,  the  oppofite 
angle  of  the  parallelogram  ACGH.  In  two  fuch  portions  of  time,  whilft  it  would  have 
moved  from  A to  D by  the  projectile  force,  it  would  (Prop.  XXVI.)  by  gravitation  fall 
through  four  times  AG,  that  is,  AM;  and  therefore,  thefe  forces  being  combined,  it  will 
be  found  at  the  end  of  that  time  in  I,  the  oppofite  angle  of  the  parallelogram  DM.  In 
like  manner,  at  the  end  of  the  third  portion  of  time,  it  would  by  the  projectile  force  be 
carried  through  three  equal  divifions  to  E,  and  by  the  force  of  gravitation  over  nine  times 
AG  to  N ; and  confequently,  by  both  thefe  forces  adting  jointly,  it  will  be  carried  to  K, 
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the  oppofite  angle  of  the  parallelogram  EN,  Therefore  the  lines  CH,  DI,  EK,  that  is, 

AG,  AM,  AN,  which  are  to  each  other  as  the  numbers  i,  4,  9,  are  as  the  fquares  of 
the  lines  AC,  AD,  AE,  that  is,  GH,  MI,  NK,  which  are  as  1,  2,  3.  And  becaufe  the 
aCtion  of  gravitation  is  continual,  the  body  in  palling  from  A to  H &c.  is  perpetually 
drawn  out  of  the  right  line  in  which  it  would  move  if  the  force  of  gravitation  were 
fufpended,  and  therefore  moves  in  a curve.  And  H,  I and  K are  any  points  in  this  curve 
in  which  lines  let  fall  from  points  equally  diftant  from  A in  the  line  AB  meet  the  curve. 
Therefore  the  body  moves  in  a parabola,  the  property  of  which  is,  (Simfon’s  Conic  SeffionS} 

Book  I.  Prop.  XII.  Cor.)  that  the  abfcijja  AG,  AM,  AN  are  to  each  other  as  the  fquares 
of  the  ordinates  GH,  MI,  NK. 

Exp.  1.  Let  a fmall  ball  of  ivory  be  let  fall  along  a fmooth  furface,  of  polifhed  brafs^ 
or  tin,  of  a concave  circular  form,  fattened  upon  a board  placed  perpendicularly;  the 
Ball,  acquiring  an  horizontal  projection,  will  fall  in  the  curve  of  a parabola,  as  may  be 
leen  by  placing  a board,  having  this  curve  drawn  upon  it,  near  the  path  of  the  ball. 

2.  The  fame  may  be  fhewn  with  water  fpouting  from  a pipe ; or  by  a ball  revolving  on 
a whirling  table,  and  fuddenly  fet  at  liberty  by  cutting  its  cord. 

PROP.  LIX. 

The  path  which  a body  thrown  perpendicularly  upwards  defcribes 
in  riling  and  falling  is  a parabola. 

A ttone  lying  upon  the  furface  of  the  earth,  partaking  of  the  motion  of  the  earth  (here 
fuppofed)  round  its  axis,  this  motion  which  it  has  with  the  earth  will  not  be  dettroyed  by 
throwing  it  in  a direction  perpendicular  to  the  furface  of  the  earth.  After  the  projection, 
therefore,  the  ttone  will  be  moved  by  two  forces,  one  horizontal,  the  other  perpendicular, 
and  will  rife  in  a direction  which  may  be  Ihewn  as  in  the  latt  proportion  to  be  the 
parabolic  curve  ; in  which  it  will  continue  till  it  reaches  the  highett  point,  from  whence  it 
might  be  fhewn,  as  in  the  latt  propofition,  that  it  will  defcend  through  the  other  fide  of  the 
parabola. 

PROP.  LX. 

The  velocity  v/ith  which  a body  ought  to  be  projedted  to  make  it 
defcribe  a given  parabola,  is  fuch  as  it  would  acquire  by  falling 
through  a fpace  equal  to  the  fourth  part  of  the  parameter  belonging 
to  that  point  of  the  parabola  from  which  it  is  intended  to  be  projected. 

The  velocity  of  the  proje&ile  at  the  point  A (by  Prop.  LVIII.)  is  fuch  as  would  carry  it  Plate  3. 
from  A to  E.  in  the  fame  time  in  which  it  would  defcend  by  its  gravity  from  A to  N.  1 J6’ 
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And  the  velocity  acquired  in  falling  from  A to  N (by  Prop,  XXVII.)  is  fuch  as  in  the  fame 
time  by  an  uniform  motion  would  carry  the  body  through  a fpace  douole  of  AN.  T herefore 
the  velocity  which  is  acquired  by  the  body  in  falling  to  N is  to  that  with  which  the  body 
is  projected  at  A and  uniformly  carried  forwards  to  E,  as  twice  AN  is  to  AE.  But  fmce, 
from  the  nature  of  the  parabola,  (Simfons  Conic  Sc^fions^  Book  I.  Prop.  XIII.)  the  fquare 

of  AE  divided  by  AN  J is  equal  to  the  parameter  of  the  point  A,  one  fourth  part  of 

— AE 2 

this  parameter  will  be  exprefied  by  And  becaufe  the  velocities  acquired  by  falling 

bodies  are  (by  Prop.  XXVI.  Cor.  1.)  as  the  fquare  roots  of  the  fpaces  they  fall  through,  the 
velocity  acquired  by  a body  in  falling  through  AN  is  to  the  velocity  acquired  in  falling  through 

FAE2 

AN 


or  one  fourth  part  of  the  parameter  of  A,  as  the  fquare  root  of  AN  to  the  fquare 


root  of 


4 


AE: 


that  is,  as  y'AN  to 


tAE 


, or  (multiplying  each  term  by  y'AN)  AN 


AN  5 ^ ~ y'AN 

to  -*-AE,  or  twice  AN  to  AE.  Therefore  the  velocity  acquired  by  a body  in  falling  from 
A to  N has  the  fame  ratio  to  the  velocity  with  which  the  body  is  projedted  or  the  line  AE 
defcribed,  and  to  the  velocity  acquired  by  a body  in  falling  through  a fourth  part  of  the 
parameter  belonging  to  the  point  A : confequently  (El.  V.  11.)  thefe  velocities  are  equal. 

Cor.  Hence  may  be  determined  the  direction  in  which  a projectile  from  a given  pointy 
with  a given  velocity,  muft  be  thrown  to  ftrike  an  objeCt  in  a given  fituation. 

Let  A be  the  place  from  which  the  body  is  to  be  thrown,  and  K the  fituation  of  the 
object.  Raife  AB  perpendicular  to  the  plane  of  the  horizon,  and  equal  to  four  times 
the  height  from  which  a body  muft  fall  to  acquire  the  given  velocity.  Bifedi  AB  in  G : 
through  G draw  HG  perpendicular  to  AB  : at  the  point  A raife  AC  perpendicular  to  AK, 
and  meeting  HG  in  C : on  C as  a center  with  the  radius  CA  deferibe  the  circle  ABD  ; 
and  through  K draw  the  right  line  KEI  perpendicular  to  the  plane  of  the  horizon,  and 
cutting  the  circle  ABD  in  the  points  E and  I.  AE,  or  AI,  will  be  the  direction  required. 

For,  drawing  BI,  BE,  fmce  AK  is  a tangent  to  the  circle,  and  BA,  IK,  are  parallel 
to  each  other,  the  angle  ABE  (El.  Ill,  32.)  is  equal  to  the  angle  EAK  ; and  the  alter- 
nate angles  BAE,  AEK,  are  equal':  therefore  the  triangles  ABE,  AEK  are  ftmilar; 
and  AB  is  to  AE,  as  AE  to  EK.  Therefore  ABxEKzzAE2;  and  (dividing  both 

AE2 

fides  of  the  equation  by  EK)  ABzi^g-.  In  like  manner,  the  triangles  BAX,  KAI, 

AI2 

being  ftmilar,  BA  is  equal  to-j-p-.  Since  then,  AB  is  equal  to  four  times  the  height 

from  which  a body  muft  fall  to  acquire  the  velocity  with  which  it  is  to  be  thrown  j 
AE2  AI2 

-ppr  (or  yp-  its  equal)  is  the  fame.  Confequently  (by  this  Prop.)  the  point  K will  be 

in  the  parabola  which  the  body  will  deferibe,  which  is  thrown  with  the  given  velocity  in 
the  directions  AE,  or  AI,  and  the  body  will  ftrike  an  abjedt  placed  at  K. 

Schol, 
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Schol.  If  the  velocity  with  which  a projedtile  is  thrown  be  required,  it  may  be  determined 
from  experiments  in  the  following  manner.  By  the  help  of  a pendulum  or  any  other  exadt 
chronometer,  let  the  time  of  the  perpendicular  flight  be  taken  ; then,  fince  the  times  of  the 
afcent  and  defcent  are  equal,  the  time  of  the  defeent  mud:  be  equal  to  one  half  of  the 
time  of  the  flight,  confequently,  that  time  will  be  known  : and,  fince  a heavy  body  defeends 
from  a ftate  of  reft  at  the  rate  of  16  feet  in  the  firft  fecond  of  time,  and  that  the  fpaces 
through  which  bodies  defeend  are  as  the  fquares  of  the  times  ; if  we  fay,  as  one  fecond 
is  to  1 6 feet,  fo  is  the  fquare  of  the  number  of  feconds  which  exprefs  the  time  of  the 
-defcent  of  the  projedlile,  to  a fourth  proportional,  we  fhall  have  the  number  of  feet  through 
which  the  projedtile  fell,  which  being  doubled,  will  give  us  the  number  of  feet  which  the 
projectile  would  deferibe  in  the  fame  time  with  that  of  the  fall,  fuppofing  it  moved  with  an 
uniform  velocity,  equal  to  that  which  it  acquired  by  the  end  of  the  fall ; which  laft  found 
number  of  feet,  being  divided  by  the  number  of  feconds  which  exprefs  the  time  of  the 
projedtile’s  defcent,  will  give  a quotient,  expreifing  the  number  of  feet,  through  which  the 
projedlile  would  move  in  one  fecond  of  time  with  a velocity  equal  to  that  which  it  acquired 
in  its  defcent,  which  velocity  is  equal  to  the  velocity  with  which  the  projectile  was  thrown 
up  3 confequently,  this  velocity  is  difeovered. 

PROP.  LXI. 

The  fquares  of  the  velocities  of  a projectile  in  different  points 
of  its  parabola,  are  as  the  parameters  belonging  to  thofe  points. 

For  (by  the  laft  Prop.)  the  velocities  in  the  feveral  points  of  the  parabola,  are  equal 
to  the  velocities  acquired  in  falling  through  the  fourth  parts  of  the  parameters  of  the 
points.  Therefore  the  fquares  of  thefe  velocities  being  (by  Prop.  XXVI.)  as  the  fpaces 
deferibed,  the  fquares  of  the  velocities  in  the  feveral  points  of  the  parabola  are  as  the  fourth 
parts  of  the  parameters  of  thofe  points  : but  the  whole  parameters  are  as  their  fourth  parts  : 
therefore  the  fquares  of  the  velocities  at  the  feveral  points  of  the  parabola  are  as  the  pa- 
rameters of  thofe  points. 

Cor.  Hence,  fetting  afide  any  difference  which  may  arife  from  the  refiftance  of  the  air, 
a projedlile  will  ftrike  a mark  as  forcibly  at  the  end  as  at  the  beginning  of  its  courfe,  if 
the  two  points  be  equally  diftant  from  the  principal  vertex  : for,  the  parameters  belonging 
to  thefe  points  being  equal,  the  velocities  in  thefe  points  mu  ft  alfo  be  equal. 

PROP.  LXII. 

When  a body  is  thrown  obliquely  with  a given  velocity,  if  the 
fpace  through  which  it  muff  have  fallen  perpendicularly  to  acquire 
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that  velocity  is  made  the  diameter  of  a circle,  the  height  to  which 
the  body  will  rife  is  equal  to  the  verfecl  fine  of  double  the  angle  of 
elevation. 

Let  a body  be  thrown  in  the  direction  BE,  with  the  fame  velocity  which  any  body 
would  acquire  by  falling  perpendicularly  through  AB  ; if  AB  is  made  the  diameter  of  a 
circle,  the  greateft  height  to  which  the  body  will  rife  will  be  BD. 

Let  IL  be  a right  line  drawn  in  the  plane  of  the  horizon  touching  the  circle  in  B, 
and  making  with  the  line  BE,  which  is  the  direction  in  which  the  body  is  thrown,  the 
ande  IBE,  or  angle  of  elevation.  Becaufe  IL  touches  the  circle,  and  EB  drawn  in  the 
circle  meets  it  in  the  point  of  contad  (El.  III.  32.)  the  angle  EBI  is  equal  to  the  angle 
EAB.  Amd  ECB  is  double  of  EAB  (El.  III.  20.)  therefore  ECB  is  double  of  EBI, 
the  angle  of  elevation.  And  BD  is  the  verfed  fine  of  ECB,  that  is,  of  double  the  angle 
of  elevation. 

Let  BE  reprefent  the  velocity  with  which  the  body  is  thrown.  Then  fince  this 
velocity  is,  by  fuppofition,  fuch  as  might  be  acquired  by  falling  down  AB,  if  the 
body  was  thrown  perpendicularly  upwards  with  the  fame  velocity  BE,  it  would  rife  to 
the  height  BA.  Let  the  oblique  motion  BE  be  refolved  into  two  others,  one  in  the 
direction  BD  perpendicular  to  the  horizon,  and  the  other  in  the  direction  DE  parallel  to 
it  : then  the  afcending  velocity  will  be  to  the  horizontal  velocity,  as  BD  to  DE,  and  to 
the  whole  velocity,  as  BD  to  BE.  But  the  part  of  the  velocity  BD  is  the  only  part 
which  is  employed  in  raifing  the  body,  fince  the  other  part  DE  is  parallel  to  the  plane  of 
the  horizon.  Now,  the  height  oi  a body  afcending  perpendicularly  with  the  whole 
velocity  BE,  will  be  to  the  height  when  it  afcends  with  the  part  BD  (compare  Prop. 
XXVI.  and  Prop.  XXVIII.)  as  the  fquare  of  BE  to  the  fquare  of  BD.  But 
becaufe  (El.  VI.  8.)  the  triangle  EDB  is  fimilar  to  the  triangle  AEB,  BD  is  to  EB,  as 
EB  is  to  BA  ; and  BD,  BE,  BA,  being  continued  proportionals,  BD  is  to  BA,  as  the 
fquare  of  BD  is  to  the  fquare  of  BE.  And  the  perpendicular  heights  to  which  the 
velocities  BE  and  BD  will  make  the  body  afcend  have  been  fhewn  to  be  as  the  fquare 
of  BE  to  the  fquare  of  BD  ; the  heights  are  therefore  as  BA  to  BD.  Since  therefore  the 
firft  velocity  BE  would  make  the  body  afcend  through  BA,  the  other  velocity  BD,  which 
is  the  part  of  the  whole  velocity  which  ads  to  make  the  body  thrown  in  the  direction 
DE  to  afcend,  will  carry  it  to  the  height  BD,  which  is  the  verfed  fine  of  double  the 
angle  of  elevation.  The  fame  might  be  fhewn  in  any  other  direction  of  the  body,  as 
BF,  or  BG. 


Def. 


Chap.  VII.  OF  PROJECTILES.  6 

Def.  XV.  The  Random  of  a projedtile  is  the  horizontal  diftancc 
to  which  a heavy  body  is  thrown. 

PROP.  LXIII. 

t 

When  a body  is  thrown  obliquely  with  a given  velocity,  if  the 
fpace  through  which  it  mud  have  fallen  perpendicularly  to  acquire 
that  velocity  is  made  the  diameter  of  a circle,  the  random  will  be 
equal  to  four  times  the  fine  of  double  the  angle  of  elevation. 

If  EBI  be  the  angle  of  elevation,  and  ECB  double  that  angle,  DE  will  be  the  fine  of  Plate  3. 
double  the  angle  of  elevation.  Let  a body  be  thrown  from  the  point  B in  the  direction  I2* 

BE,  with  the  velocity  which  it  would  acquire  in  falling  through  AB  ; the  random,  or 
horizontal  diftance  at  which  the  body  will  fall,  is  equal  to  four  times  DE. 

For,  fince  (as  in  the  laft  Prop.)  the  velocity  BE  being  refolved  in  BD,  DE,  the  afcending 
velocity  is  BD,  and  the  horizontal  DE,  if  thefe  two  velocities  were  to  continue  uniform, 
the  fpaces  defcribed  in  equal  times  (Prop.  V.)  would  be  as  the  velocities,  and  in  the 
fame  time  in  which  the  body  by  the  afcending  velocity  would  rife  through  BD,  by  the 
horizontal  velocity  it  would  be  carried  forwards  through  DE.  Of  thefe  velocities,  the 
horizontal  one  DE  is  uniform,  becaufe  the  force  of  gravity  can  neither  accelerate  nor 
retard  a motion  in  this  diredtion  ; but  the  afcending  velocity  is  uniformly  retarded  ; and 
therefore  the  body  (compare  Prop.  XXIII.  and  XXVIII.)  will  be  twice  as  long  in  afcending 
to  its  greatefl  height  BD,  as  it  would  have  been  if  the  firft  afcending  velocity  had  continued 
uniform  : but  on  this  fuppohtion,  the  body  would  have  been  carried  through  BD  and  DE  In 
the  fame  time  : therefore  in  double  the  time,  that  is,  in  the  time  of  afcent  through  BD 
with  an  uniformly  retarded  velocity,  it  would  be  carried  forward  through  twice  DE  : 
confequently,  in  the  times  of  defcent  and  afcent  together  it  would  move  forwards  through 
four  times  DE,  Therefore  a body  thrown  from  B in  the  direction  BE  with  fuch  a 
velocity  as  might  be  acquired  by  falling  down  AB,  the  diameter  of  a circle,  will  fall  at 
the  diftance  of  four  times  the  fine  of  double  the  angle  of  elevation, 

< 

PROP.  LXIV. 

The  random  of  a projedlile  will  be  the  greatefl  poffible,  with  a 
given  velocity,  when  the  angle  of  elevation  is  an  angle  of  forty-five 
degrees. 

The  velocity  being  given,  the  height  from  whence  the  body  mud  have  fallen  to  acquire 
that  velocity,  or  (Prop.  XXXV.)  the  diameter  of  the  circle  AB,  is  a given  quantity. 

And 
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Plate  3. 
Fig.  12. 


And  in  a given  circle  the  greatefl  fine  is  the  radius  or  fine  of  a right  angle  : therefore  four 
times  the  radius  is  greater  than  four  times  any  other  fine  ; and  confequently,  the  random 
which  is  equal  to  four  times  the  radius,  (which,  by  Prop.  LXII.  will  be  the  cafe 
when  the  double  angle  of  elevation  is  a right  one,  or  the  angle  of  elevation  forty-five  de- 
grees) will  be  the  greatefl  poffible  random. 

Exp.  This  proportion  may  be  illuflrated  by  water  fpouting  from  a pipe. 

P R O P.  LXV. 

The  random  of  a projectile,  whofe  velocity  is  given,  will  be  the 
fame  at  two  different  elevations,  if  the  one  be  as  much  above  forty-five 
degrees  as  the  other  is  below  it. 

If  EBI  be  an  angle  of  30  degrees,  and  GBI  an  angle  of  60  degrees,  becaufe  EBI 
falls  fhort  of  half  a right  angle  as  much  as  GBI  exceeds  it,  the  double  of  EBI  will  fall 
Ihort  of  a right  angle  as  much  as  the  double  of  GBI  will  exceed  it,  therefore,  from  the 
definition  of  a fine,  thele  doubles  will  have  the  fame  fine.  Confequently,  four  times  their 
fines,  that  is  (by  Prop.  LXIII)  their  randoms  will  be  equal. 

Exp.  This  proportion  may  be  illuflrated  as  the  preceding. 

PROP.  LXVI. 

The  greatefl  random  of  a projectile,  whofe  velocity  is  given,  is 
double  the  height  to  which  it  would  rife  if  it  were  thrown  perpendi- 
cularly with  the  fame  velocity. 

If  a body  be  projected  in  the  direction  BF,  at  an  angle  of  forty-five  deo-rees,  and  its 
velocity  be  equal  to  that  which  a body  would  acquire  in  falling  down  AB  (by  Prop. 
L Xii/.J  the  random  will  be  the  greatefl  poflible,  and  will  be  equal  to  four  times 
CF,  or  twice  BA.  But  the  body  call  perpendicularly  upwards  with  the  fame  velocity 
would  (by  Prop.  XXVIII.)  rife  to  the  height  BA.  Therefore  the  greatefl  random,  with 
a given  velocity,  is  double  the  height  to  which  the  body,  thrown  perpendicularly  with  the 
fame  velocity,  would  rife. 

Exp.  By  fpouting  fluids  as  before. 

P R O P.  LXVI  I. 

1 he  randoms  oi  projectiles,  whofe  elevations  are  given,  are  as  the 
fquares  of  their  velocities. 

If 
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If  a body  be  thrown  in  any  direction  BE,  its  random  (Prop.  LXIII.)  will  be  equal  to 
four  times  DE,  or  four  times  the  fine  of  double  the  angle  of  elevation,  in  a circle  whofe 
diameter  AB  is  the  height  from  which  the  body  muft  fall  to  acquire  the  velocity  with  which 
it  is  projected.  But  the  velocities  being  fuppofed  variable,  AB  the  diameter  will  be  dire&Iy 
as  the  velocity  ; ftnce  the  greater  velocity  a body  moves  with,  the  greater  fpace  it  will 
fall  through  in  a given  time.  And  becaufe,  in  the  triangle  EDC  the  angle  at  D being  a 
right  angle  is  always  invariable,  and  that  the  angle  ECD,  which  is  double  of  EAD,  that 
is  (El.  III.  32.)  of  the  given  angle  of  elevation  EBI,  is  given,  the  triangle  ECD  in  every 
variation  of  AB,  is  always  equiangular  and  fimilar  to  itfelf,  and  ED  is  always  as  EC  : but 
EC  being  a radius,  is  as  AB:  therefore  ED,  the  fine  of  the  given  angle  of  elevation, 
is  as  AB  the  diameter.  Confequently  four  times  the  fine  ED,  that  is,  the  random  is  as 
AB.  But  the  height  AB  from  which  a body  muft  fall  to  acquire  any  velocity,  is  (by 
Prop.  XXVI.)  as  the  fquare  of  that  velocity.  Therefore  the  random  is  as  the  fquare  of 
the  velocity. 


SEC  T.  II. 


Of  Central  Forces . 


PROP.  LX  VI I L 

A body  which  is  conftantly  drawn  or  impelled  towards  any  point, 
may  be  made  to  defcribe,  round  that  point  as  a center,  a curve  re- 
turning into  itfelf. 

Let  T be  the  center  of  the  earth,  and  GDEI  its  furface.  Let  a body  be  projected  in  any 
direction,  GH,  which  does  not  pafs  within  the  furface  of  the  earth.  The  projectile  force 
together  with  the  force  of  gravity  will  make  it  defcribe  a curve,  which,  as  the  projectile 
force  is  increafed,  will  recede  farther  from  the  perpendicular  GA,  as  GB,  GC,  GD. 
It  is  manifeft  that  the  projeCtile  force  may  be  increafed,  till  the  body  fhall  pafs  beyond  the 
furface  CDKE,  and  move  in  the  path  GML,  GNV,  or  fome  larger  curve. 

Firft  ; Suppofe  the  projeCtile  force  to  be  fuch,  that  the  body  will  be  carried  in  the 
femicircle  GN,  it  will  continue  in  the  curve  of  that  circle  till  it  returns  to  G.  For, 
when  a body  moves  in  the  circumference  of  a circle,  (as  in  fig.  15.)  the  proje&ile  force, 
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Fig.  14. 


a&ing  in  a line  which  is  a tangent  to  the  circle,  as  GB,  a£ls  (El.  III.  18.)  in  a dire&ion 
which  is  perpendicular  to  the  direction  BA,  in  which  it  is  impelled  towards  the  center. 
And  fince,  if  the  force  which  impels  the  body  towards  the  center  ceafed  to  a&  in  any 
point,  as  C,  the  body  would  move  forwards  in  the  right  line  CF,  the  proje&ile  force  in 
every  point  of  the  circumference,  a£te  in  a direction  perpendicular  to  the  force  of  gravi- 
tation : confequently,  thefe  two  forces  remaining  the  fame,  and  a£Eng  always  in  the 
fame  direction  with  refpedt  to  each  other,  the  velocity  of  the  body  muft  remain  the  fame  : 
whence,  at  the  point  M,  it  will  have  the  fame  power  to  recede  from  the  center  as  at  G 5 
and,  retaining  this  power  through  every  remaining  part  of  its  courfe,  it  will  proceed  in 
the  circumference,  till  it  arrive  at  G,  and  will  continue  to  revolve  in  the  circle. 

Next;  let  the  body  be  projected  from  G with  a force  greater  than  that  which  is  required 
to  carry  it  round  in  the  circumference  of  the  circle  GNV  5 and  let  the  curve  in  which 
it  moves  be  an  ellipfe,  having  the  earth  in  its  remoter  focus.  Becaufe  the  force  of  pro- 
jection, as  the  body  proceeds  in  the  firft  half  of  its  orbit,  acts  in  the  direction  of  a tangent 
to  the  curve,  whilft  the  force  of  gravitation  acts  in  the  diretion  of  a right  line  from  the 
body  to  the  center  of  the  earth,  the  diretions  of  thefe  two  forces  make  an  acute  angle 
with  one  another,  and  confequently,  through  this  part  of  the  courfe  of  the  body,  the  force 
of  gravitation  cojjfpiritig  with  the  force  of  projetion,  the  velocity  of  the  body  muft  be  in- 
creafed,  and  at  the  fame  time  dt  muft  be  continually  drawn  downwards  towards  the  earth. 
At  the  point  in  which  the  forces  a £1  in  directions  perpendicular  to  each  other,  the  force  of 
gravitation  does  not  confpire  with*  that  of  projection  to  bring  the  body  towards  the  earth  : 
and  afterwards,  in  the  latter  half  of  its  courfe,  the  directions  of  the  forces  making  an  obtufe 
angle  with  each  other,  the  force  of  gravitation  is  oppofed  by  that  of  projection  in  the  fame 
degree  in  which  the  former  was  before  aided  by  the  latter;  and  therefore  the  body  in  palling 
towards  G will  fly  off  from  the  earth  or  rifey  as  much  as  it  before  approached  to  the  earth 
or  defeended , and  thus  will  return  to  the  point  G with  the  fame  velocity  with  which  it 
let  out  at  firft,  having  loft  as  much  velocity  by  receding  from  the  earth  in  the  latter  part 
of  its  courfe,  as  it  had  gained  by  falling  towards  the  earth  in  the  former  part. 

LaftJy  ; Let  the  body  be  projected  from  G with  a force  which  is  lei s than  fuflicient  to 
carry  it  round  in  the  circle  GNV  ; and  let  it  perform  its  revolutions  in  an  elliptic  curve 
whofe  greater  axis  is  lefs  than  the  radius  of  the  circle  GNV,  fetting  out  from  G,  and 
having  the  earth  in  the  nearer  focus  : the  effeeft  will  be  the  fame  as  in  the  laft  cafe,  except 
that  the  proje&ile  force  will  oppofe  the  force  of  gravitation  in  the  firji  half  of  the  revolu- 
tion, and  confpire  with  it  in  the  latter . 

Exp.  Let  a ball  revolve  round  the  central  point  of  a Whirling  Table.  Concerning 
the  conftrusfion  and  ufe  of  this  machine,  fee  Fergufon’s  Lecftures,  Le£L  II. 
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PROP.  LXIX. 

A body  revolving  in  an  orbit,  endeavours  in  every  point  of  its 
courfe  to  fly  oft*  from  the  center  in  a right  line  which  is  a tangent 
to  the  orbit. 

Let  BCDL  be  a circle  in  which  a body  is  revolving : when  it  is  arrived  at  the  point  pjate  , 
B,  let  the  force  which  impels  it  towards  the  center  be  withdrawn,  and  the  body  (by  Fis* 

Prop.  I.)  would  fly  off*  from  the  point  B in  the  direction  BG  : in  like  manner  at  C, 

< 

it  would  fly  off*  in  the  right  line  CF ; at  D,  in  DH ; and  at  L,  in  LH.  The  fame  is 
manifeftly  true  in  an  elliptical  orbit.  Now  the  fame  force  with  which  it  would  fly  off, 
if  no  other  caufe  prevented  it,  muff  make  it  endeavour  to  fly  off*  in  the  fame  manner  in 
every  point  of  the  orbit. 

Exp.  Whilft  a ball  is  revolving  on  a whirling  table,  if  the  cord  which  retains  it, 
be  fuddenly  cut,  the  ball  will  fly  off*  in  a right  line,  which  will  be  a tangent  to  the  orbit 
in  which  it  moved. 

Cor.  A body  revolving  about  a center  endeavours  to  recede  from  that  center:  for 
every  point  of  the  tangent  in  which  it  endeavours  to  move  out  of  the  circle,  is  farther 
from  the  center,  than  the  point  in  which  the  tangent  meets  the  curve. 

Exp.  i.  Let  a ball,  laid  on  the  whirling  table  and  connected  with  a weight  which 
hangs  freely  by  a cord  palling  through  the  center  of  the  table,  be  put  into  motion ; it  will 
fly  off*  from  the  center. 

2.  An  open  veflel,  containing  water,  may  be  revolved  in  a plane  perpendicular  to  the 
horizon  without  loffng  any  of  the  water. 

D ef.  XVI.  The  force  which  impels  a body  towards  the  center, 
when  it  revolves  in  an  orbit,  is  called  the  centripetal  force ; that 
by  which  it  endeavours  to  recede  from  the  center,  is  called  the  centric 
fugal  force  $ and  thefe  two  forces  are  called  jointly,  central  forces. 

Schol.  The  projectile  and  centrifugal  forces  differ  from  each  other,  as  the  whole  from 
the  part.  The  projectile  force  is  that  with  which  a body  would  move  forwards  in  a 
tangent  to  its  orbit,  if  there  wTere  no  centripetal  force  to  prevent  it : the  centrifugal  force 
is  that  part  of  the  projeCtile  force  which  carries  the  body  off*  from  the  center  while  it  is 
defcribing  the  tangent.  Thus,  if  the  body  revolved  in  the  orbit  BD,  the  projectile  force  Plate  3. 
is  that  which  would  make  it  defcribe  the  tangent  BA,  if  the  centripetal  force  were  to  ceafe  l6, 

aCting.  But  in  the  mean  time,  the  whole  force  BA  does  not  carry  the  body  off*  from  the 
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Plate  3. 
Fig,  181 


center  C : when  it  is  arrived  at  A,  it  is  farther  from  the  center  than  it  was  at  B,  only 
by  the  length  AN,  and  it  is  that  part  of  the  projectile  force  which,  when  the  whole  is 
refolved  into  two  forces,  may  be  confidered  as  adting  in  this  line  AN,  which  carries  the 
body  off  from  the  center,  and  is  called  the  centrifugal  force. 

PROP.  LXX. 

When  bodies  revolve  in  orbit  about  a center,  the  centripetal 
and  centrifugal  forces  are  equal. 

If  a body  revolve  in  the  circle  BD,  in  the  time  in  which  it  defcribes  the  arc  BN,  it 
will  have  been  impelled  towards  the  center  through  the  fpace  AN ; for,  by  the  projectile 
force  alone  it  would  have  been  carried  from  B to  A.  The  line  AN  is  then  the  fpace 
defcribed  by  means  of  the  centripetal  force,  and  this  force  is  proportional  to  AN.  But  if, 
when  the  body  was  at  B,  no  centripetal  force  had  acted  upon  it,  inftead  of  defcribing  the 
arc  BN,  it  would  have  moved  along  the  tangent  BA,  and  the  line  NA  would  have  been 
the  fpace  through  which  it  would  have  departed  from  the  center : therefore  the  centrifugal 
force  is  proportional  to  NA.  Both  thefe  forces  being  then  proportional  to  the  fame  line 
NA,  they  are  equal  to  one  another. 


LEMMA  I. 

Quantities,  and  the  ratios  of  quantities , which,  in  any  finite  time, 
tend  continually  to  equality , and,  before  the  end  of  that  time,  approach 
nearer  to  each  other  than  by  any  given  difference,  become  ultimately  equal. 

If  you  deny  it,  let  them  be  ultimately  unequal ; and  let  their  ultimate  difference  be  D. 
Therefore  they  cannot  approach  nearer  to  equality  than  by  that  given  difference  D ; which 
is  contrary  to  the  fuppofition.  If  a ftraight  and  a curve  line,  continually  diminifhings 
perpetually  approach  towards  equality,  and  at  the  end  of  any  finite  time  would  vaniih 
together,  at  the  infiant  in  which  they  are  vaniftiing  they  are  equal. 

LEM.  II. 

If  in  any  figure  AacB,  terminated  by  the  right  lines  A a,  AE,  and  the 
curve  acB,  there  are  infer ibed  any  number  of  parallelograms  A b,  Be, 
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Cd,  &c.  contained  under  equal  bafes  AB,  BC,  CD,  &c.  and  the  fides$ 

Bbf  C c,  D d,  &c.  parallel  to  A a the  fide  of  the  figure ; and  the  parallelo- 
grams aKbl,  bhcm,  cMdn , &c.  are  completed : then , if  the  breadth  of 
thefe  parallelograms  be  diminifid ed , and  their  number  augmented  con- 
tinually, the  ultimate  ratios , which  the  infer ibed  figure  AK^LrMJD, 

'the  circumfcribed  figure  KalbmcndoYL,  and  the  curvilinear  figure  AabcdB, 
have  to  each  other , rzn?  ratios  of  equality . 

For  the  difference  of  the  inferibed  and  circumfcribed  figure  is  the  fum  of  the  parallelo- 
grams Kl,Lm , that  is  (becaufe  of  the  equality  of  all  their  bafes)  the  reCtangle  under 

one  of  their  bafes  K£,  and  the  fum  of  their  altitudes  A <2;  that  Is,  the  rectangle  AB/tf. 

But  this  reCtangle,  becaufe  its  breadth  AB  is  diminifhed  indefinitely,  becomes  lefs  than 
any  given  reCtangle.  Therefore  (by  Lem.  I.)  the  inferibed  and  circumfcribed,  and  much 
more  the  intermediate  curvilinear  figure  become  ultimately  equal. 

LEM.  III. 

« j 

T he  fame  ultimate  ratios  are  alfo  ratios  of  equality , when  the  breadths  Plate  1. 
AB,  BC,  CD,  &c.  of  the  parallelograms  are  unequal , and  are  all  di- 
minifhed indefinitely . 

For,  let  AF  be  equal  to  the  greateft  breadth ; and  let  the  parallelogram  FA^/'be  com- 
pleted. This  will  be  greater  than  the  difference  of  the  inferibed  and  circumfcribed 
figures;  but,  becaufe  its  breadth  AF  is  diminifhed  indefinitely,  it  will  become  lefs  than 
any  given  reCfangle. 

Cor.  Hence  the  ultimate  fum  of  the  evanefeent  parallelograms  coincides  in  every  part 
with  the  curvilinear  figure.  Much  more  does  the  rectilinear  figure,  which  is  compre- 
hended under  the  chords  of  the  evanefeent  arcs  ah , be , cd , &c.  ultimately  coincide  with 
the  curvilinear  figure.  As  alfo  the  circumfcribed  reCtilinear  figure,  which  is  comprehended 
under  the  tangents  of  the  fame  arcs.  And  therefore,  thefe  ultimate  figures  (as  to  their 
perimeter  acE)  are  not  rectilinear,  but  curvilinear  limits  of  reCtilinear  figures 

PROP.  LXXI. 

The  plane  of  an  orbit  in  which  a body  revolves  paffes  through  the 
line  of  projection,  and  through  the  center  towards  which  the  centri- 
petal force  is  directed  * 

Let 
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Let  ABCF  be  the  orbit  in  which  the  body  revolves  ; S the  center,  or  point  towards 
which  the  centripetal  force  is  diredled  ; and  AV  the  line  of  projection  : the  plane  of  the 
orbit  will  pafs  through  AV  and  S;  or  the  orbit  lies  in  the  fame  plane,  with  the  lines  AV, 
Bd , &c.  (lines  in  which  the  projedlile  force  adls  in  different  parts  of  the  orbit)  and 
with  the  center  S. 

For,  let  ABC D reprefent  a part  of  the  orbit  defcribed  by  a body  impelled  towards  S. 
The  body  beginning  to  move  by  the  projedlile  force  from  A in  the  diredlion  ABV,  would, 
by  that  force  alone,  be  carried  on  uniformly  in  that  diredlion.  Suppofe  the  centripetal 
force  to  acl  upon  it  by  feparate  impulfes  after  equal  intervals  of  time,  and  that,  when  the 
body  is  carried  by  the  projedlile  force  to  B,  it  receives  one  impulfe  from  the  centripetal 
force,  drawing  it  out  of  its  courfe  towards  S,  fo  that  by  the  adlion  of  both  forces  together 
at  B,  it  will  (by  Prop.  XIV.)  be  made  to  defcribe  BC  in  the  fame  time  in  which  the 
projedlile  force  alone  would  have  made  it  defcribe  Be.  The  fame  will  take  place  after 
equal  intervals  at  C and  D.  At  B,  the  projedlile  force  is  in  the  diredlion  BV,  the  centri- 
petal force  in  the  diredlion  BS.  Let  Be  and  BG,  taken  in  the  diredlions  of  thefe  forces, 
reprefent  their  ratio  to  each  other,  and  the  projedlile  force  be  to  the  centripetal  as  Be 
to  BG.  The  body  (by  Prop.  XIV.)  will  defcribe  BC,  the  diagonal  of  a parallelogram 
of  which  Br  and  BG  are  the  fides.  But  (El.  XI.  1 and  2.)  BC  is  in  the  fame  plane  with 
Be  and  BG,  that  is,  with  AV,  the  line  of  projedtion,  and  with  BS,  in  which  is  the  center 
or  point  S.  The  fame  may  be  proved  concerning  the  lines  CD,  and  DE.  And  if  the 
projedlile  force  adls  continually  and  not  by  interrupted  impulfes,  the  diagonals  AB,  BC, 
&c.  will  be  diminifhed  indefinitely,  and  the  ultimate  perimeter  ADE  (by  Lem.  III.  Cor.) 
will  become  a curve  line,  which,  from  what  hath  been  fhewn,  mud:  be  always  in  the  fame 
plane  with  the  line  of  projedtion  and  with  the  center. 

PROP.  LXXII. 

A body  revolving  in  an  orbit  deferibes,  by  a radius  drawn  to  the 
point  towards  which  the  centripetal  force  adts,  equal  areas  in  equal 
times,  and  in  unequal  times  areas  proportional  to  the  times. 

Let  ABCD.  be  part  of  an  orbit  defcribed  by  a body  which  revolves  round  the  point  S, 
towards  which  it  is  impelled  by  a centripetal  force.  If  this  force  be  fuppofed  to  adt  upon 
the  body  by  feparate  impulfes,  as  at  B,  C,  D,  when  the  body  receives  the  impulfe  at  B, 
it  will  be  drawn  out  of  its  courfe  towards  S,  and  (by  Prop.  XI V.)  will  defcribe  the 
diagonal  BC  in  the  fame  time  in  which  the  projedlile  force  alone  would  have  made  it 
defcribe  Be.  After  equal  intervals,  the  fame  will  take  place  at  C,  and  at  D. 

Since  AB,  BC,  &c.  are  the  lines  defcribed  in  equal  times  by  the  body,  the  areas  defcribed 
round  S by  a radius  drawn  from  the  body  to  S,  are  ASB,  BSC,  &c.  Now  AB,  Be, 
cxprelfing  fpaces  palled  over  in  equal  times  by  the  uniform  motion  of  the  body  adled  upon 
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by  the  projectile  force  alone,  are  equal  bafes  of  the  triangles  ASB,  BSr,  which,  being 
terminated  by  the  fame  point  S,  are  of  the  fame  altitude  : thefe  triangles  are  therefore 
(El.  I.  38.)  equal.  And,  becaufe  the  body  at  B,  is  by  the  joint  aCtion  of  the  projeCtiie 
and  centripetal  forces  carried  forwards  in  the  diagonal  BC,  of  the  parallelogram  Gr, 
the  oppofite  fides  thereof,  GB,  Cr,  are  parallel  ; and  C c is  parallel  to  BS.  But  B.S 
is  the  common  bafe  of  the  two  triangles  BSC,  BSr.  Therefore  thefe  triangles,  being  upon 
the  fame  bafe  and  between  the  fame  parallels,  (El.  I.  37.)  are  equal.  Confequently,  ASB, 
which  has  been  proved  equal  to  BSr,  is  likewife  equal  to  BSC  ; that  is,  the  areas  defcribed 
in  equal  times  are  equal.  And,  by  compofition,  any  fums  of  thefe  areas  ASC,  ASE,  are 
to  each  other  as  the  times  in  which  they  are  defcribed  ; that  is,  univerfally,  the  areas 
are  as  the  times. 

Let  the  number  of  thefe  triangles  be  augmented,  and  their  breadth  diminifhed  indefinitely, 
and  (by  Lem.  III.  Cor.)  their  ultimate  perimeter  will  be  a curve  line;  and  therefore 
the  centripetal  force  will  a£l  continually ; and,  the  above  reafoning  ftill  being  applicable 
to  thofe  triangles  whofe  breadth  is  indefinitely  diminifhed,  the  areas  will  be  as  the  times. 

Cor.  1.  The  velocity  of  a body  revolving  freely  about  an  immoveable  center  is 
inverfely  as  a perpendicular  let  fall  from  that  center  on  a right  line  that  touches  the  orbit. 
For  fince  the  lines  AB,  BC  are  defcribed  in  equal  times,  the  velocities  will  be  as  thefe 
lines,  which  being  (by  this  Prop.)  the  bafes  of  equal  triangles,  muib  be  inverfely  as  the 
heights  of  the  triangles;  therefore  the  velocities  are  inverfely  as  thefe  heights,  which  are 
meafured  by  perpendiculars  let  fall  from  the  common  vertex,  the  center  S,  to  the  bafes, 
or  the  bafes  produced,  that  is,  when  AB,  BC,  &c.  are  indefinitely  fmall,  to  a tangent 
to  the  orbit. 

Cor.  2.  If  the  chords  AB,  BC,  of  two  arcs  fucceffively  defcribed  in  equal  times  by 
the  fame  body  moving  freely,  are  completed  into  a parallelogram  A BCG,  and  the  diagonal 
BG,  in  the  pofition  which  it  ultimately  acquires  when  thefe  arcs  are  diminifhed  indefinitely, 
be  produced  towards  S,  it  will  pafs  through  S,  the  center  of  the  centripetal  force ; for  BG 
is  an  indefinitely  fmall  part  of  the  radius  SB. 

Cor.  3.  AB,  BC,  and  DE,  EF,  of  arcs  defcribed  in  equal  times  be  completed  into  the 
parallelograms  ABCG,  DEFZ,  the  centripetal  forces  at  B and  E will  be  to  each  other 
in  the  ultimate  ratio  of  the  diagonals  BG,  EZ,  when  thofe  arcs  are  indefinitely  diminifhed. 
For,  the  motions  of  the  body,  BC,  EF,  (by  Prop.  XVL)  are  compounded  of  the 
motions  Br,  BG,  and  E/,  EZ ; but  BG  and  EZ  are  equal  to  C c and  ¥ f,  which,  as  appears 
from  this  propofition,  are  generated  by  the  impulfes  of  the  centripetal  force  in  B and  E, 
and  are  therefore  proportional  to  thofe  impulfes. 

Cor.  4.  The  forces  with  which  bodies  are  drawn  into  curvilinear  orbits  are  to  each 
other  as  the  verfed  fines,  FGB,  iZE,  of  the  indefinitely  fmall  arcs  AC,  DF,  defcribed  in 
equal  times,  which  verfed  fines  converge  to  the  center  S,  and  bife<B  the  chords  when  thofe 
arcs  are  diminifhed  indefinitely  : for  fuch  verfed  fines  are  half  the  diagonals  of  a parallelo- 
gram, BG,  EZ,  being  bifedled  by  the  diagonals  AC,  FD, 
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PROP.  LXXIIL 

When  a body  defcribes  equal  areas  in  equal  times  about  an  immove- 
able point,  or  proportional  areas  in  unequal  times,  it  is  impelled  to 
wards  that  point  by  the  centripetal  force  which  retains  it  in  its  orbit. 

Let  AB,  BC,  &c.  be  lines  defcribed  by  the  revolving  body  in  equal  times ; and  it  may 
be  proved  as  before,  that  the  triangles  ASB,  and  BSr,  being  of  the  fame  height,  and 
having  equal  bafes  AB,  Br,  are  equal.  But,  by  fuppofition,  ASB,  BSC,  are  equal  ; 
therefore  BSr  and  BSC  are  equal.  And  thefe  equal  triangles,  being  upon  the  fame  bafe 
SB,  (El.  I.  39.)  are  between  the  fame  parallels  ; therefore  C c and  BS  are  parallel. 
Becaufe  the  body  at  B is  adfed  upon  by  two  forces,  the  projectile  force  in  the  line 
Br,  and  the  centripetal  force,  and,  by  fuppofition,  thefe  two  forces  together  make  it 
defcribe  BC  • BC  is  the  diagonal  of  a parallelogram  of  which  Be  is  one  fide,  and  the 
direction  of  the  centripetal  force  at  B is  in  the  other  fide.  Now,  in  the  parallelogram 
whofe  diagonal  is  BC,  and  one  of  its  f des  Be,  Ce  muft  be  another  ; whence  the  oppofite 
fide,  that  is,  the  direction  of  the  centripetal  force,  muff  be  parallel  to  Ce : but  Ce  and  BS 
have  been  proved  to  be  parallel,  when  equal  areas  are  defcribed  in  equal  times  about  the 
point  S.  Therefore,  on  this  fuppofition,  the  body  at  B is  aCted  upon  by  the  centripetal 
force  in  the  direction  BS.  The  fame  may  be  fnewn  at  every  other  point  C,  D,  &c. 
Therefore  the  centripetal  force  tends  to  that  point  round  which  the  body,  by  a radius 
drawn  thither,  defcribes  equal  areas  in  equal  times. 

L E M.  IV. 

If  any  arc  ACB,  of  a finite  curvature , is  fubtended  by  its  chord  AB, 
and  a fraight  line  AD  produced  both  ways  touch  the  arc  in  the  point  A, 
the  arc , the  chord , and  the  tangent , in  their  ultimate  vanifhing  fate , 
will  be  equal 

The  arc  being  fuppofed  of  a finite  curvature,  or  fuch  as  may  be  meafured  by  a circle 
of  a finite  diameter  ; let  BAC  be  the  circle  of  the  curvature;  draw  the  line  AC  in  that 
circle  parallel  to  the  fubtenfe  BD,  and  complete  the  triangle  BAC.  Becaufe  the  angle  DAB 
(El.  III.  32.)  is  equal  to  the  angle  ACB,  and  the  alternate  angles  CAB,  ABD,  are  equal, 
the  triangles,  CAB,  DAB,  are  fimilar.  Hence,  (El.  VI.  4.)  AB  is  to  AD,  as  AC  is  to 
BC.  The  point  B approaching  continually  to  A,  let  BA  become  lefs  than  any  afiignable 
quantity;  then  the  finite  lines  AC,  BC,  approach  nearer  to  the  ratio  of  equality,  than 
by  any  given  diftance  : therefore  likewife  AB,  AD,  which  are  proportional  to  AC,  BC, 
and  much  more  the  intermidiate  arc,  are  ultimately  equal. 
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LEM.  V. 

The  nafcent  or  evanefcent  fubtenfe  of  the  angle  of  contact,  in  circles 
and  in  all  carves  which  have  a finite  curvature,  is  as  the  fquare  of  the 
conterminous  arc , 

Let  AD,  in  the  femicircle  ADC,  be  the  given  arc,  AB  the  tangent,  and  the  angle 
BAD  the  angle  of  contact.  Draw  BD,  HG,  parallel  to  AC  the  diameter;  thefe  lines, 
fubtending  the  angle  BAD,  are  called  the  fubtenfes  of  the  angle  of  contact.  The  arcs 
AD  and  AG,  having  the  common  term  or  limit  the  point  A,  are  called  conterminous  arcs. 
Draw  the  lines  DC,  GC.  If  thefe  lines  be  conceived  to  turn  round  upon  the  point  C 
as  a center,  fo  that  the  two  points  D,  G,  and  with  them  the  two  fubtenfes  BD,  HG,  may 
approach  towards  A ; it  is  manifelf,  that  as  thefe  fubtenfes  came  nearer  to  A,  they  will 
diminifh,  and  at  laft  will  vanifh  in  A.  At  the  inftant  of  their  vanifhing,  BD  will  be 
to  HG,  as  the  fquare  of  the  arc  AD  is  to  the  fquare  of  the  arc  AG. 

Let  ED  be  drawn  parallel  to  AB,  and  FG  to  AH.  Then  becaufe  AB  is  a tangent  at 
the  point  A,  and  confequently  (El.  III.  18.)  perpendicular  to  the  diameter  AC,  ED  which 
is  parallel  to  AB  is  likewife  perpendicular  to  AC  : for  the  fame  reafon  FG  is  perpendicular 
to  AC.  And  ADC,  AGC  (El.  III.  31.)  are  right  angles.  Therefoie  (El.  VI.  8.)  AED 
is  fimilar  to  ADC,  and  AE  is  to  AD,  as  AD  to  AC.  Therefore  (El.  VI.  17.)  the 
re£tangle  of  AE,  AC,  is  equal  to  the  fquare  of  AD.  But  AE  is  equal  to  BD  : therefore 
the  redlangle  BD,  AC,  is  equal  to  the  fquare  of  AD.  For  the  fame  reafon,  the  redtangle 
of  HG,  AC,  is  equal  to  the  fquare  of  the  chord  AG.  Confequently,  the  fquare  of  the 
chord  AD  is  to  the  fquare  of  the  chord  AG,  as  the  redtangle  BD,  AC,  is  to  the 
redlangle  HG,  AC,  that  is  (El.  VI.  1.)  as  BD  to  HG.  But  (by  Lem.  IV.)  the  arc 
AD  and  the  chord  AD,  are  ultimately  in  the  ratio  of  equality,  and  alfo  the  arc  A(jy 
and  chord  AG.  Therefore  the  fquare  of  the  arc  AD  is  to  the  fquare  of  the  arc  AG,  at 
the  inftant  in  which  they  vanifh,  as  BD  to  HG  ; that  is,  the  evanefcent  fubtenfe  of  the 
angle  of  conta£t  is  as  the  fquare  of  the  conterminous  arc. 

Next ; let  the  fubtenfes  be  not  parallel  to  the  diameter,  but  parallel  to  one  another. 
Let  MN,  FG,  be  the  fubtenfes  parallel  to  the  diameter;  and  AN,  OG,  two  fubtenfes 
parallel  to  each  other,  but  not  to  the  diameter.  Becaufe  BA  is  a tangent  at  the  point  B, 
BD  (El.  III.  16.)  is  perpendicular  to  BA:  fince,  therefore,  MN  and  FG  are  parallel  to 
BD,  they  are  alfo  perpendicular  to  BA,  and  the  angles  OFG,  AMN,  are  equal.  But 
becaufe  OG  and  AN  are  parallel  by  conftrudlion,  the  angle  FOG  (EL  I.  29.)  is  equal 
to  the  angle  MAN.  Therefore  the  triangles  FGO,  MNA,  are  fimilar,  and  (El.  VI.  4.) 
AN  is  to  OG,  as  MN  is  to  FG.  But  it  has  been  proved  that  MN  is  ultimately  to  FG, 
as  the  fquares  of  the  conterminous  arcs  : therefore  AN  is  ultimately  to  OG,  as  the 
fquares  of  the  conterminous  arcs  BN,  BG. 
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Laftly;  Suppofe  both  AN  and  OG  directed  to  C,  the  center  of  the  circle.  In  this 

cafe,  each  of  thefe  would  be  a femidiameter,  continued  from  G and  N refpedtively  to  the 
tangent  BA.  In  their  ultimate  ft  ate  thefe  lines  AN,  OG,  mull  coincide  in  the  point  B, 
and  in  the  fame  right  line  BC  ; and  therefore  will  become  parallel,  and  will  be,  from  what 
has  been  {hewn,  ultimately  as  the  fquares  of  the  conterminous  arcs. 

If  GC,  DC,  be  beginning  to  move  from  A,  they  are  in  their  nafcent  ftate  ; and  it  is 
manifeft,  that  the  fubtenfes  in  this  ftate  are  the  fame,  and  therefore  have  the  fame  ratio, 
as  in  the  evanefcent  ftate. 

% 

Cor.  1.  Hence,  becaufe  the  tangents  AB,  AH,  the  arcs,  AD,  AG,  and  their  fines  ED, 
FG,  became  ultimately  equal  (by  Lem.  IV.)  to  the  chords  AD,  AG,  their  fquares,  alfo  will 
be  ultimately  as  the  fubtenfes  BD,  HG. 

Cor.  2.  The  fame  fquares  are  alfo  ultimately  as  thofe  verfed  fines  of  the  arcs,  which 
bifedl  the  chords  and  converge  to  a given  point.  For  by  the  fecond  cafe  of  this  propofition 
thefe  verfed  fines  AE,  AF,  are  as  the  fubtenfes  BD,  HG,  or  AN,  OG. 

Cor.  3.  Hence  thefe  verfed  fines  AE,  AF,  are  as  the  fquares  of  the  times  in  which  a 
body  defcribes  the  arcs  AD,  AG,  with  given  velocities.  For  the  fpaces  AD,  AG,  defcribed 
with  given  velocities,  are  as  the  times,  and  the  fquares  of  the  fpaces  as  the  fquares  of  the 
times;  but  (by  laft  Cor.)  the  fquares  of  thefe  fpaces  are  as  the  verfed  fines  AE,  AF ; therefore 
thefe  verfed  fines  are  as  the  fquares  of  the  times  in  which  the  arcs  AD,  AG,  are  defcribed. 


LEM.  VI. 

The  nafcent  or  evanefcent  fnbtenfe  of  the  angle  of  contabl  is  equal  to  the 
fquare  of  the  conterminous  arc  divided  by  the  diameter . 

It  has  been  {hewn,  in  the  preceding  Lemma,  that  BD  is  to  AD,  as  AD  is  to  AC. 
Therefore  (El.  VI.  17.)  BD  multiplied  into  AC,  is  equal  to  the  fquare  of  AD.  Let  thefe 

BD  x AC 

equal  quantities  be  divided  by  AC,  the  quotients  will  be  equal  : but  — — = BD  : 

AL 

AD1 

therefore  But  by  Lem.  IV.  the  arc  AD  is  ultimately  equal  to  the  chord 

AD  : therefore  the  nafcent  or  evanefcent  fubtenfe  BD  is  equal  to  the  fquare  of  the  arc 
AD  divided  by  the  diameter  AC. 

PROP.  LXXIV. 

The  centripetal  forces  of  bodies  revolving  in  different  circular  orbits 
about  the  fame  center  towards  which  they  tend,  are  as  the  fquares 

of 
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of  the  arcs  defcribed  in  the  fame  time,  divided  by  the  radii  of  the 
circles. 

In  the  circular  orbits  END,  RLE,  let  bodies  revolve  about  the  center  C,  towards  which 
they  tend.  Let  them  in  the  fame  time  defcribe  the  indefinitely  fmali  arcs  BG,  RL.  Then, 
becaufe  the  projedtile  forces  would  carry  them  in  the  fame  time  through  the  tangents  BF, 
rh;  and  the  fpaces  through  which,  at  the  points  G and  L,  they  have  been  drawn  from 
the  tangents  towards  the  center  by  the  centripetal  force,  are  FG,  HL  ; the  centripetal 
forces  muft  be  as  FG  and  HL.  And  (by  Lem.  VI.)  the  evanefcent,  or  nafcent,  fubtenfe 
FG  is  equal  to  the  fquare  of  the  arc  BG  divided  by  BD  ; and  the  evanefcent,  or  nafcent, 
fubtenfe  HL  is  equal  to  the  fquare  of  the  arc  RL  divided  by  RE.  Therefore  the  fubtenfe 
FG  is  to  the  fubtenfe  HL  as  the  fquare  of  the  arc  BG  divided  by  BD,  or  its  half  BC,  is 
to  the  fquare  of  the  arc  RL,  divided  by  RE  or  its  half  RC.  Therefore  the  centri- 
petal forces,  when  the  arcs  are  nafcent,  are  in  the  fame  ratio,  that  is,  as  the  fquares  of 
the  arcs  divided  by  the  radii. 

And  this  is  true,  whatever  arcs  BG  and  RL  be  taken,  if  they  be  defcribed  in  the  fame 
time  : for  the  nafcent  arcs  will  be  as  the  velocities  ; and  any  other  arcs  BND,  RLE, 
defcribed  in  any  given  time,  will  be  alfo  as  the  velocities  -}  therefore,  the  arcs  BND, 
RLE  are  as  the  nafcent  arcs  BG,  RL,  and  their  fquares  are  likewife  proportional.  But 
the  centripetal  forces  are  as  the  fquares  of  the  nafcent  arcs  BG,  RL,  divided  by  the  radii 
BC,  RC  ; therefore  thefe  forces  are  as  the  fquares  of  any  other  arcs,  BND,  RLE,  divided 
by  the  radii  of  their  circles. 


PROP.  LXXV. 

The  centripetal  forces  of  equal  bodies  revolving  in  circular  orbits, 
are  as  the  fquares  of  the  velocities  diredtly,  and  the  radii  of  the  orbits 
inverfely. 

Becaufe  arcs  defcribed  in  the  fame  time  are  as  the  velocities,  and  that  the  centripetal 
forces  are  (by  Prop.  LXXIV.)  as  the  fquares  of  the  arcs  defcribed  in  the  fame  time 
divided  by  the  radii,  thefe  forces  are  alfo  as  the  fquares  of  the  velocities  divided  by  the 
radii,  that  is,  as  the  fquares  of  the  velocities  diredtly,  and  the  radii  of  the  orbits  inverfely. 

Cor.  Hence  the  centripetal  forces  of  equal  bodies,  at  equal  diftances  from  the  center, 
are  as  the  fquares  of  the  number  of  revolutions  in  any  given  time  for  this  number  is 
as  the  velocity  with  which  the  body  moves. 
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PROP.  LXXVI. 

The  centripetal  forces  of  equal  bodies  revolving  in  equal  circular 
orbits  are  inverfely  as  the  fquares  of  their  periodical  times. 

The  circular  orbits  or  fpaces  being  equal,  the  times  in  which  thefe  are  defcribed, 
or  the  periodical  times , are  (by  Prop.  V.)  inverfely  as  the  velocities  ; and  therefore 
the  fquares  of  the  periodical  times  are  inverfely  as  the  fquares  of  the  velocities,  or  the 
fquares  of  the  velocities  are  inverfely  as  the  fquares  of  the  periodical  times  : but  (by 
Prop.  LXXV.)  the  centripetal  forces  are  as  the  fquares  of  the  velocities  : therefore 
thefe  forces  are  inverfely  as  the  fquares  of  the  periodical  times. 


PROP.  LXXVII. 

The  centripetal  forces  of  equal  bodies  revolving  in  unequal  cir- 
cular orbits,  if  the  periodical  times  are  equal,  are  as  the  radii  of 
the  circles. 


Plate  3, 
Fig.  16. 


Let  one  body  revolve  in  the  circular  orbit  END,  and  another,  in  the  fame  time,  in  the 
circular  orbit  RLE.  Becaufe  the  periodical  times  are  equal,  each  body  in  any  given  part 
of  its  periodical  time  will  defcribe  an  equal  number  of  degrees  in  its  refpe&ive  orbit,  that 
is,  will  defcribe  fimilar  arcs.  The  arcs  BN,  RL,  being  fimilar,  will  be  defcribed  in 
equal  portions  of  the  periodical  time  : therefore  (by  Prop.  LXXIV.)  the  centripetal 
forces  will  be  as  the  fquares  of  the  fimilar  arcs  BN,  RL,  divided  by  the  radii  BC,  RC, 


that  is,  as 


BN* 

BC 


to 


RL 


RC* 


But  becaufe  fimilar  arcs  are  to  each  other  as  the  circumferences. 


or  radii,  of  circles,  BN  is  to  RL,  as  BC  to  RC,  and  confequently,  BN2  to  RL2, 

BN2  . RL2  BC2  . RCZ  . „ 

BC™  1S  t0  ~RCT5  that  IS?  as  t0 


as  BC2  to  RC2  : therefore 


is  to 


as 


BC  w RC’ 
n . t r BN2  RL2 

But  the  centripetal  forces  (Prop.  LXXIV.)  are  as  to  -g^y;  therefore  thefe  forces  are 
as  BC  to  RC,  that  is,  as  the  radii  of  the  orbits  in  which  the  bodies  move. 


PROP.  LXXVIII. 


The  centripetal  forces  of  equal  bodies  revolving  in  circular  orbits, 
are  as  the  radii  of  the  orbits  direftly,  and  the  fquares  of  the 
periodical  times  inverfely. 

If  the  periodical  times  are  equal,  and  the  radii  unequal,  the  forces  are  (by  Prop.  LXXVII.) 
as  the  radii.  If  the  radii  are  equal,  and  the  periodical  times  unequal,  the  forces  (by 

Prop. 
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Prop.  LXXVI.)  are  inverfely  as  the  fquares  of  the  periodical  times.  Therefore,  if  both 
the  radii  and  periodical  times  are  unequal,  the  forces  will  be  in  the  compound  ratio  of 
both,  or  as  the  radii  directly,  and  the  fquares  of  the  periodical  times  inverfely. 


PROF.  LXXIX. 


When  bodies  revolve  round  the  fame  center,  if  the  fquares  of 
their  periodical  times  are  as  the  cubes  of  their  diftances  from  the 
center,  the  centripetal  forces  will  be  inverfely  as  the  fquares  of  their 
diftances. 

Let  the  diftances  of  the  two  bodies  be  exprefted  by  D,  d\  and  the  periodical  times  by 
P,  p : then,  by  the  fuppofition  P2  : pz  ::  D3  : dl . 

By  Prop.  LXXVIII.  the  centripetal  forces  are  as  the  diftances  diredtly,  and  the  fquares 
of  the  periodical  times  inverfely,  that  is  (taking  C,  r,  for  the  centripetal  forces) 

C : f ::  “p7  ; -p-s  and  by  fuppolition  Pl  : p*  : : D1  : '■  therefore,  fubftituting 

D3,  d3,  for  P%  pz,C : c ::  D d 1 1 


D3 


r3  9 


that  is,  C : c 


© © 
9 0 


D 


d- 


and,  be- 

i 


caufe  where  the  dividend  is  given,  the  quotient  is  inverfely  as  the  divifor,  ~jyT  is  t° 

inverfely  as  D2  to  dz.  Therefore  C : c : : dz  : D%  that  is,  the  centripetal  forces  -are 
inverfely  as  the  fquares  of  the  diftances. 

Schol.  i.  Let  C,  r,  exprefs  the  central  forces;  A,  the  arcs  dcfcribed  ; V,  v , the 
velocities  with  which  the  bodies  move;  P,  y>,  the  periodical  times  of  their  revolution; 
D,  d , the  radii  or  diftances  from  the  center ; and  N,  n , the  number  of  revolutions  in 
a given  time  ; — the  preceding  Propofitions  may  be  thus  exprefted. 


The  bodies  being  equal. 

Prop.  LXXIV. 

C : c 

Az 

9 0.  9 
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LXXV. 
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Schol.  2.  Since  it  was  proved  (Prop.LXX.)  that  the  centripetal  and  centrifugal  forces 
are,  in  circular  orbits,  equal  to  one  another,  the  preceding  Propofitions,  being  demonftrated 
refpe&ing  the  centripetal  force,  are  alio  true  of  the  centrifugal  force;  and  it  may  be 
a ITer ted  univerfally,  that  the  central  forces  are  in  the  ratios  above  exprefted. 

Thefe  Propofitions  may  be  confirmed  by  the  following  experiments,  on  the  Whirling 
Tables. 


Exp.  i.  Let  two  equal  balls,  placed  at  equal  diftances  from  the  center  of  motion  on 
the  whirling  tables  ; and  let  one  table  revolve  twice  whilft  the  other  revolves  once  : the  - 
ball  on  the  table  whofe  number  of  revolutions  is,  with  refpedt  to  that  of  the  other  in  the 
fame  time,  as  2 to  1 (or  the  periodical  times  as  1 to  2)  will  raife  4 times  the  weight 
raifed  by  the  other  ball ; that  is,  according  to  Prop.  LXXV.  and  Cor.  the  radii  being- 
equal,  C : c : : V2  : vz  : : Nz  : nz ; or  (by  Prop.  LXXV1.)  : : p~  : P\ 

2.  Let  two  equal  balls  be  placed  on  tables  whofe  number  of  revolutions  in  the  fame  time 
are  as  2 to  1 : let  the  ball  on  the  table  whofe  number  of  revolutions  is  2,  be  placed  at 
half  the  diftance  from  the  center,  at  which  the  ball  on  the  table,  whofe  number  of  revolu- 
tions is  I,  is  placed  ; whence  their  velocities  will  be  equal.  The  ball  at  the  diftance  1, 
will  raife  double  the  weight  raifed  by  the  ball  at  the  difiance  2 ; that  is,  according  to 
Prop.  LXXV.  the  velocities  being  equal,  C : c : : d : D. 

3.  Let  two  equal  balls  revolve,  on  tables  whofe  periodical  times  are  equal  ; and  let  the 
diftances  of  the  balls  from  the  center  be  to  each  other  as  2 to  1 : the  ball  which  is  at  the 
diftance  2 will  raife  double  the  weight  raifed  by  the  ball  which  is  at  the  diftance  1 ; that  is, 
according  to  Prop.  LXXVII.  C : c * : JD  l d. 


4.  Let  equal  balls  be  placed  on  tables  whofe  periodical  times  are  as  2 to  1 ; let  the  ball 
on  the  table  whofe  periodical  time  is  2,  be  placed  twice  as  far  from  the  center  as  the  ball 
whofe  periodical  time  is  1 ; the  ball  whofe  diftance  is  2,  and  periodical  time  2,  will  raife 
half  the  weight  raifed  by  the  ball  whofe  diftance  is  1,  and  periodical  time  1 ; that  is, 

according  to  Prop.  LXXVIII.  C : c : : p-,  I —7  • • — * 


5.  Let  the  equal  balls  be  fo  placed  on  different  tables,  that  the  diftance  of  one  from  the 
center  may  be  to  that  of  the  other  as  2 to  3^ ; let  that  ball  which  is  at  the  leaft  diftance 
revolve  twice  in  the  fame  time  in  which  the  other  ball  revolves  once;  the  periodical  time  of 
the  ball  at  the  lefs  diftance,  is  to  that  of  the  ball  at  the  greater,  as  1 to  2,  and  the  fquares  of 
the  periodical  times  will  be  as  1 to  4,  and  the  cubes  of  the  diftances  are  8,  and  31.75: 
but  1:4:8:  32,  therefore  the  fquares  of  the  periodical  times  being  in  this  cafe  nearly 
as  the  cubes  of  the  diftances,  the  weight  raifed  by  the  ball  whofe  diftance  is  2,  will  be  to 

that 
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that  raifed  by  the  ball  whole  diftance  is  3-J  as  the  fquare  of  3-J  is  to  the  fquare  of  2; 
that  is,  nearly  as  10  to  4,  or  5 to  2. 


PROP.  LXXX. 


The  centripetal  forces  of  revolving  bodies  are  as  their  quantities 
of  matter. 

For  the  whole  centripetal  force  of  any  body  is  made  up  of  the  centripetal  forces  of  each 
particle  of  matter  of  which  it  confills ; and  therefore  the  more  numerous  the  particles  of 
matter  in  any  body  are,  the  greater  will  be  its  centripetal  force. 

Exp.  Let  two  glafs  tubes  be  half  filled  with  water ; into  one  put  fome  leaden  fhot, 
and  into  the  other  a few  fmall  round  pieces  of  light  wood  3 let  the  orifice  of  each  tube  be 
clofed  by  a cork  : fallen  the  tubes  to  an  inclined  plane,  and  let  the  lower  end  of  it  reft 
upon  the  center  of  the  whirling  table.  On  turning  the  table,  the  bodies  will  be  carried 
by  their  centripetal  forces  from  the  center;  and  the  heavier  bodies  will  recede  farther  from 
the  center  than  the  lighter. 


Cor.  Hence,  when  the  revolving  bodies  are  not  equal,  the  centripetal  forces  are  in  the 
ratios  laid  dov/n  in  the  preceding  propofitions  multiplied  into  their  quantities  of  matter. 
Thus  Q_,  q,  exprefling  the  quantities  of  matter,  and  the  other  expreflions  remaining  as  in 
Prop.  LXXIX,  Schol. 

C : c 
C : e 
C : c 
C : c 
C : c 
C : c 

If  P1  : pz  : : D3  : d* , C : c 


: 9 

Wz 

. ^ 

D 

’ d 

a 

: qn 

$L 

. 9 

pz 

' p* 

: qd 

. 3L. 

Pz 

D* 


Pz 
JL 

dz 


Cor.  Hence  the  central  forces  will  be  equal,  whenever  the  expreflions  proportional  to 
them  are  equal ; thus,  C = c if  ID  = qd . 


Any  of  the  above  proportions  may  be  confirmed  by  experiment ; for  example; 


Exp.  i.  Let  the  two  balls  A,  B,  be  as  2 to  1 ; let  the  diftance  of  the  ball  A be  to  that 
of  the  ball  B from  the  center,  as  2 to  1,  and  the  periodical  time  of  the  ball  A be  twice 

that 
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Plate  4. 
Fig.  4. 


that  of  the  ball  B 3 their  velocities  will  be  equal 3 therefore  the  centrifugal  force  of  A will 

* q 

be  to  that  of  R,  as  is  to  that  is,  as  1 to  1,  or  A and  B will  raife  equal  weights. 

2,  3.  Let  the  fame  balls  revolve  about  a fixed  point,  and  have  their  diftances  reciprocally 
proportional  to  their  quantities  of  matter,  their  centrifugal  forces  (compare  Prop.  LXXV. 
and  LXXX.)  will  be  equal,  and  they  will  balance  each  other.  This  may  be  fhewn  by  two 
balls  fufpended  freely  and  united  by  a cord,  having  the  point  of  the  cord  which  is  direcftly 
above  the  center  of  the  table  at  difiances  from  the  balls  reciprocally  as  their  weight  3 or  by 
two  balls  united  by  a wire,  and  refiing  in  equilibrio  on  a forked  fupport  fixed  in  the  center 
of  the  tables,  which  will  continue  in  equilibrio  when  the  tables  are  turned. 

In  like  manner  other  cafes  may  be  confirmed  by  experiment. 

LEM.  VII. 

If  a body  resolves  freely  in  any  orbit  about  an  hiimoveable  center , and 
in  an  indefinitely  fmall  time  defcribes  any  ?iafcent  arc  3 and  the  verfed 
fine  of  the  arc  be  drawn  which  may  bifedi  the  chord , and  being  produced 
may  pafs  through  the  center  of  force  3 the  centripetal  force , in  the  middle 
of  this  arc , will  be  as  the  verfed fine  diredlly,  and  the  fquare  of  the  time 
inverfely . 

Let  two  bodies  revolve  round  their  center  of  force  S,  s 3 let  QPM,  qpm , be  the  nafcent 
arcs  defcribed  in  any  times,  T.  1 3 and  let  PB,  pb , or  QR,  Aa,  be  the  verfed  fines  bi fee- 
ing the  chords,  and  when  produced,  palling  through  S the  center  of  force.  Suppofing 
the  arcs  MQP,  NA/>,  to  be  defcribed  in  the  fame  time  with  different  forces,  C,  <73  by 
Prop.  LXXI1.  Cor.  4.  QR  : Aa  ::  C : c.  Hence,  fuppofing  the  forces  to  be  equal, 
QR  is  equal  to  A a defcribed  in  the  fame  time  3 and  (by  Lem.  V.)  QR  or  Aa  : qr  :: 
A pz  : qpz , that  is,  fince  the  motion  in  the  arcs  is  uniform,  A a : qr  ::  T2  : tz . There- 
fore fuppofing  both  the  times  and  forces  different,  and  compounding  thefe  ratios, 

QR  qr 

QR  : qr  : : C x T2  : c X 1 3 whence  C : c : ; -yq-  : 

Cor.  1.  If  a body  P,  revolving  about  the  center  S,  defcribes  a curve  line  APQ_,  and 
a right  line  ZPR  touches  that  curve  in  any  point  P 3 and,  from  any  other  point  Q^of  the 
curve,  QR  is  drawn  parallel  to  the  diftance  SP,  meeting  the  tangent  in  R3  and  QT  is 
drawn  perpendicular  to  the  diftance  SP  3 the  centripetal  force  will  be  reciprocally  as  the 
Sp2  xQT2, 

quantity  - ■ 5 if  this  be  taken  of  that  magnitude  which  it  ultimately  acquires, 

fuppofing  the  points  P and  Q^continually  to  approach  to  each  other.  For  QR  is  equal 

to 
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to  the  verfed  line  of  double  the  arc  QP,  in  whofe  middle  is  P : and  double  the  triangle  SQP, 
or  SP  X QP  (or  ultimately  QT)  is  proportional  to  the  time,  in  which  that  double  arc  is 
deicribed  (by  Prop.  LXXII.  ) and  therefore  may  be  ufed  for  the  exponent  of  the  time. 

QR  . 


Whence  C : c : : 


SP2  XQT2  * fp2Xqt 


qr  . . . SP*  xQT 

; that  is,  C is  to  c reciprocally  as  - 


QR 


qr 


• or  the  centripetal  forces  are  reciprocally  as 


SP2  xQT 
QR 


Cor.  2.  Hence,  if  any  curvilinear  figure  APQ_  is  given  3 and  therein  a point  S is  alfo 
given,  to  which  a centripetal  force  is  perpetually  directed  ; the  law  of  centripetal  force 
may  be  found,  by  which  the  body  P,  continually  drawn  back  from  a re&ilinear  courfe, 
will  be  retained  in  the  perimeter  of  that  figure,  and  will  defcribe  the  fame  by  a perpetual 

SP2  x QT2 

revolution.  That  is,  we  are  to  find  the  quantity  — — p— p , reciprocally  proportional 


to  this  force. 


QR 


PROP.  LXXXI. 

If  equal  bodies,  revolving  in  ellipfes,  defcribe  equal  areas  in  equal 
times,  their  centripetal  forces  are  to  one  another  inverfely  as  the 
fquares  of  their  diftances  from  the  foci  of  the  ellipfe  towards  which 
they  tend. 

Let  S be  the  focus  : let  a body  P,  tending  towards  S,  defcribe  a part  of  the  ellipfe  PQ_;  plate  4, 
join  SP;  draw  QR  to  the  tangent  YZ,  parallel  to  SP  ; join  PC,  and  produce  it  to  G.  Fl^'  4* 
Complete  the  parallelogram  Q*PR,  produce  Qx  to  v , Qv  is  ordinately  applied  toGP; 
draw  DK,  a diameter  parallel  to  YZ,  and  draw  IH  from  the  other  focus  H to  SP  parallel 
to  YZ;  join  HP,  and  draw  QT  perpendicular  to  SP,  as  alfo  PF  to  DK. 

EP  is  equal  to  the  greater  femiaxis  AC.  For,  becaufe  CS  is  equal  to  CH,  ES  is 
equal  to  El,  whence  EP  is  half  the  fum  of  PS,  PI,  that  is,  of  PS,  PH,  (for  El.  I.  13. 

RPI,  IPZ,  are  equal  to  HPR,  HPZ ; and  taking  away  the  common  part  HPI,  the  angle 
IPR  is  equal  to  HPZ;  whence  (El.  I.  29.)  the  angle  PIH  is  equal  to  PHI,  and  PI 
is  equal  to  PH);  and  PS,  PH,  together  (Simfon’s  Conic  Se£i.  II.  1.)  are  equal  to  the 
whole  axis  2AC.  EP  therefore  is  equal  to  AC. 

Putting  L for  the  principal  latus  rettum  of  the  ellipfe,  L,  (by  definition)  is  equal  to 

2BC2  L CB2  L 2GB2  Tx  T „ 

• . (for  AC  : CB  ::  CB  : — , whence  • --7  r: — , or  = L).  And  L X QR  : 

L X Pv  : : QR  : Pv  ; and  QR  = P*  ; and  P*  : Pv  : : PE  : PC  ; whence  L X QR  : L X Pz; 

: : PE  or  AC  : PC.  And  (El.  VI.  1.)  L,  xPv  : G^xPz;  : : L : G^;  and  (Simf.  II.  15.) 

G'^xP'y  : Qj'2'  ••  PC2  : DC2.  And  (Lem.  IV.)  the  points  Q^  and  P continually  ap~ 
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proaching,  Op2-  is  to  Qy2  ultimately  in  the  ratio  of  equality.  And  (fince  the  triangles 
QT*,  EPF,  are  fimilar,  for  Q^TzzPEF,  and  QT*  to  EFP)  Qx 2 or  Qv*  : QT*  :: 
EP2  or  AC2  : PF2.  But  becaufe  (Simf.  II.  20.  Compare  Vince’s  Con.  Se£L  II.  10. 
Cor.  1.)  parallelograms  about  conjugate  diameters  are  equal  to  the  redfangle  under  the 
axes,  the  redlangle  PF,  DC,  is  equal  to  the  redlangle  ACB,  whence  PF  : AC  :: 


ACxLxPC  : G<z;x 


CB  : DC,  and  AC2  : PF2  ::  CD2  : CR2,  wherefore  Q : QJ2  ::  CD2  : CB 
Compounding  the  following  ratios, 

LxQR  : LxPt;  ::  AC  : PC, 

LxP<y  : Gt/xPu  ::  L : G^, 

G^xPz;  : Qvz  ::  PC2  : CD2, 

Qp2  : QT*  ::  CD2  : CB2  ; 

And,  ftriking  out  the  equal  quantities,  LxQR  : QT 
CB2. 

Then  fubftitute  for  ACxL  its  equal  2CB2,  and 
LxQR  : QT2  ::  2BC2  x PC  : Gv+BCz 

orBC2X2PC:  G-yxBC2 
or  2PC  : Gv 

But  the  points  Q_and  P continually  approaching  without  end,  2PC  and  Gv  are  equal  : 
wherefore  LxQR  and  QT2,  proportional  to  thefe  are  alfo  equal.  Multiply  thefe  equals 

SP2  JT  CDi  •„  u 1 SP2  xQT2 

into  -Qp-  and  L xbP2  will  become  equal  to  < . 

Therefore  (by  Lem.  VIE  Cor.  1 and  2.)  the  centripetal  force  is  reciprocally  as  LxSP2, 
that  is,  fince  L is  a given  quantity,  as  SP2,  or  in  a duplicate  ratio  of  the  diftance  SP, 
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Of  HYDROSTATICS  and  PNEUMATICS; 

ortheLAWSof 

INCOMPRESSIBLE  and  COMPRESSIBLE  FLUIDS. 

PART  I. 

Of  Hydrostatics, 

CHAP.  I. 

Of  the  Weight  and  Preffure  of  Fluids . 

Def.  I.  A FLUID  is  a body,  the  parts  of  which  yield  to 
-IjL  any  force  imprelTed  upon  them,  and  eaflly  move 
out  of  their  places. 

PROPOSITION  I, 

The  weight  of  fluids  is  as  their  quantities  of  matter. 

Since  each  particle  of  any  fluid  gravitates  towards  the  earth,  the  greater  is  the  number 
of  particles,  that  is  the  quantity  of  matter,  in  any  mafs  of  fluid,  the  greater  will  be  the 
weight  of  that  mafs. 
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Exp.  i.  The  different  prefigures  of  different  columns  of  fluid  in  the  fame  veffel  at  dif- 
ferent depths,  appear  from  the  different  quantities  of  fluid  dilcharged,  at  different  depths, 
in  the  fame  time,  from  orifices  of  the  fame  bore. 

2.  If  the  air  be  exhaufted  from  a tube  in  part  filled  with  water,  and  the  tube  be 
clofed  up,  the  folidity  of  the  particles  of  water  will  be  perceived  from  the  found  pro- 
duced by  fuddenly  lifting  up  the  tube. 

Cor.  Fluids  gravitate  in  fluids  of  the  fame  kind.  For  they  cannot  lofe  the  property 
of  gravity  which  belongs  to  all  bodies  by  fuch  a change  of  fituation. 


Exp.  Sufpend  a flopped  phial  from  one  arm  of  a balance,  in  a veffel  of  water,  and 
balance  it  by  weights  from  the  oppoflte  arm  of  the  balance  : upon  unflopping  the  phial 
under  water,  a quantity  of  water  will  rufli  into  it,  by  which  the  weight  will  be  increafed 
as  much  as  the  weight  of  the  water  in  the  phial. 


PROP.  IL 

When  the  furface  of  a fluid  is  level,  the  whole  mafs  will  be  at 
' reft. 

Plate  5.  Let  ABCD  be  a veffel  containing  water,  the  level  furface  of  which  is  EF.  Conceive 
FiE'  the  whole  mafs  of  fluid  in  the  veffel  to  be  divided  into  thin  Jirata , or  plates,  RS,  TV,  XY, 
&c.  lying  horizontally  one  above  another  ; and  into  fmall  perpendicular  columns  GH, 
IK,  LM,  &c.  contiguous  to  each  other.  In  the  flratutn  XY,  and  the  columns  IK,  let 
ni9  n , be  two  adjacent  drops.  Neither  of  thefe  drops  can  move  towards  the  column  in 
which  the  other  is,  without  driving  that  other  out  of  its  place,  becaufe  the  fluid  is  fuppofed 
incompreffible.  But,  with  whatever  force  the  particle  m endeavours  to  difplace  the  particle 
?z,  this  force  is  counterbalanced  by  an  equal  and  contrary  effort  on  the  part  of  n\  becaufe 
(Prop.  I.)  they  are  equally  preffed  by  the  equal  columns  above  them:  confequently  the 
particles  will  be  at  reft. 

P _ R O P.  IIL 

Any  part  of  a fluid  at  reft  prefles,  and  is  prefled,  equally  in  all 
directions. 

For  (Def.  I.)  each  particle  is  difpofed  to  give  way  on  the  flighted:  difference  of  preffure : 
and,  by  fuppofition,  each  particle  is  preffed  by  the  contiguous  particles  in  fuch  manner  as 
to  be  kept  at  reft  in  its  place  : it  is  therefore  preffed  with  an  equal  degree  of  force  on  all 
Tides;  and  confequently  (Book.TI.  Prop.  III.)  it  prefles  equally  in  all  dire&ions. 

Exp.  i.  Into  feveral  tubes,  bent  near  their  lower  ends  in  various  angles,  pour  a 
fufneient  quantity  of  mercury  to  fill  the  lower  parts  of  their  orifices;  then  dip  them  into 

a deep 
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a deep  glafs  vefiel  filled  with  water,  keeping  the  orifice  of  the  longer  legs  above  the 
furface  : v/hilft  the  tubes  are  defeending,  the  mercury  will  be  gradually  prefled  upwards 
in  the  tubes,  and  the  prefTure  will  be  equal  at  any  given  depth,  whatever  be  the  direction 
of  the  oreffing  column  of  fluid  in  the  fhorter  leg  of  the  tube.  Oil  may  be  ufed  inflead  of 


mercury. 

2.  Dip  an  open  end  of  a tube,  having  a -very  narrow  bore,  into  a vefiel  of  quickfilver; 
then,  flopping  the  upper  orifice  with  the  finger,  lift  up  the  tube' out  of  the  vefiel  : a fhort 
column  of  quickfilver  will  hang  in  the  lower  end,  which,  when  dipped  in  water  lower 
than  14  times  its  own  length,  will,  upon  removing  the  finger,  be  fufpended,  and  p re  fled 
upwards. 

3.  Let  a large  open  tube  be  covered  at  one  end  with  a piece  of  bladder  drawn  tight : 
pour  into  the  tube  a quantity  of  coloured  water  fufficient  to  prefs  the  bladder  into  a convex 
form  ; then,  dip  the  covered  end  of  the  tube  fiowly  into  a deep  vefiel  of  water;  the  bladder, 
by  the  upward  prefTure,  will  become  firfl  lels  convex,  then  plane,  and  at  lafl  concave. 

4.  If  the  like  be  done  with  feveral  tubes,  whofe  covered  orifices  are  cut  obliquely  at 
different  angles,  the  lateral  prefTure  will  be  Teen  to  increafe  with  the  depth  to  which  the 
tubes  are  immerfed. 

5.  Let  a circular  piece  of  brafs,  whofe  upper  furface  is  covered  with  wet  leather,  be 
held  clofe  to  one  orifice  of  a large  open  tube,  by  means  of  a cord  or  wire  faflened  to  the 
middle  of  the  plate  and  palling  through  the  tube  : let  the  plate,  thus  kept  clofe  to  the 
orifice  of  the  tube,  be  immerfed  with  the  tube  into  a large  vefiel  of  water  : when  the  plate 
is  at  a greater  depth  than  8 times  its  thicknefs  in  the  water,  the  cord  or  wire  may  be  left 
at  liberty,  and  the  upward  prefTure  of  the  fluid  will  keep  the  plate  clofe' to  the  tube. 

6.  Let  a fmall  bladder,  tied  clofely  about  one  end  of  an  open  tube  having  a large  bore, 
be  filled  with  coloured  water  till  the  water  rifes  above  the  neck  of  the  bladder;  upon 
immerfing  the  bladder  into  a vefiel  of  water,  the  bladder  will  be  compreffed  on  all  Tides, 
and  the  coloured  water  wiil  be  raifed  up  in  the  tube  in  proportion  to  the  depth  to  which 
the  bladder  is  funk. 


PROP.  IV. 

When  a fluid  flows  through  a tube  which  is  wider  in  forne  parts 
than  in  others,  the  velocity  of  the  fluid  will,  in  every  fedtion  of  the 
tube,  be  inverfely  as  the  area  of  the  fedtion. 

Let  ADMN,  a bended  tube  larger  at  IL  than  at  FG,  be  filled  with  water  to  the  height  Plate  5, 
ADFG.  Let  the  water  be  forced  downwards  in  the  part  ADBP,  and  confequently  be 
made  to  rife  in  the  other  part  KHMN.  It  is  manifell,  that  the  water  which  is  forced 
out  of  one  part  of  the  tube,  is  driven  into  the  other.  Hence  equal  quantities  pafs  through 
every  fedtion  of  the  tube  in  the  fame  time  : for  if  lefs,  or  more,  water  p ailed' through  the 
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Plate  5. 
Fig.  3* 


Fig.  4. 


Fig.  3. 


feCtion  FG  than  through  IL  in  the  fame  time,  the  quantity  of  water  between  FG  and  IL 
muft  be  increafed  or  diminiftied,  which  cannot  be,  fince  no  caufe  is  fuppofed  which  could 
increafe  or  diminiih  it.  But  if  equal  quantities  pafs  through  unequal  parts  of  the  tube 
in  the  fame  time,  the  water  muft  run  proportionally  fafter  where  the  tube  is  narrower, 
and  flower  where  it  is  wider.  If,  for  example,  as  much  water  runs  through  the  feCtion 
FG,  as  runs  in  the  fame  time  through  the  fedlion  IL,  the  water  muft  move  as  much  fafter 
at  FG  than  it  moves  at  IL,  as  the  tube  is  narrower  at  FG  than  at  IL ; that  is,  the  velocity 
is  inverfely  as  the  area  of  the  feel  ion. 

Cor.  The  momentum  will  be  the  fame  in  every  fection  of  the  tube : fofr  the  quantity 
of  water  at  each  fedtion  is  diredlly  as  the  area  of  the  fedlion,  and  the  velocity  is  inverfely 
as  the  area  ; therefore  the  velocity  is  inverfely  as  the  quantity  of  matter  : whence  (Book  II. 
Prop.  XL)  the  momentum  is  every  where  the  fame. 

Schol.  Hence  we  may  account  for  the  fufpenfion  of  the  fluid  in  a tube  the  upper  part 
of  whofe  bore  is  capillary,  and  the  lower  of  a much  larger  dimenfion,  as  was  feen  in  the 
experiment,  Book  I.  Prop.  VII. 

Let  there  be  a tube  conflfting  of  two  parts  DR  and  RCK,  of  different  diameters  ; DR 
the  fmaller  part  of  the  tube,  is  able  (Book  I.  Prop.  VIII.)  to  raife  water  higher  than  the 
other : let  then  the  height  to  which  the  larger  would  raife  it,  be  TC,  and  that  to  which 
it  would  rife  in  the  leffer,  if  continued  down  to  the  furface  of  the  fluid,  be  XH.  If  this 
compound  tube  be  filled  with  water,  and  the  larger  orifice  CK  be  immerfed  in  the  fame 
fluid,  the  furface  of  the  water  will  fink  no  farther  than  XL,  the  height  to  which  the 
leffer  part  of  the  tube  would  have  raifed  it.  But  if  the  tube  be  inverted,  and  the  fmaller 
orifice  XL  be  immerfed,  the  water  will  run  out  till  the  furface  falls  to  TF ; the  height 
to  which  the  larger  part  of  the  tube  would  have  raifed  it. 

Let  the  tube  DR  be  conceived  to  be  continued  down  to  HI  ; and  let  it  be  fuppofed 
that  the  fluids  contained  in  the  tube  XLHI,  and  the  compound  one  XLKC,  are  not 
fufpended  by  the  ring  of  glafs  at  XL,  but  that  they  prefs  upon  their  refpeCtive  bafes,  HI 
and  CK.  Let  it  farther  be  fuppofed  that  thefe  bafes  are  each  of  them  moveable,  and  that 
they  are  raifed  up  or  let  down  with  equal  velocities  ; then  will  the  velocity  with  w'hich 
XL  the  uppermoft  ftratum  of  the  fluid  XLCK  moves,  exceed  that  of  the  fame  ftratum, 
confidered  as  the  uppermoft  of  the  fluid  in  the  tube  XLHI,  as  much  as  the  tube  RCK 
is  wider  than  DR  (by  this  Prop.)  that  is,  as  much  as  the  fpace  MNKC  exceeds  XLIH. 
Confequently,  the  effe£t  of  the  attracting  ring  XL,  as  it  a£ts  upon  the  fluid  contained 
in  the  veffel  XLCK,  exceeds  its  effect,  as  it  a£ts  upon  that  in  XLHI,  in  the  fame  ratio. 
Since  therefore  it  is  able  to  fuftain  the  weight  of  the  fluid  XLHI  by  its  natural  power, 
it  is  able  under  this  mechanical  advantage,  to  fuftain  the  weight  of  as  much  as  would 
fill  the  fpace  MNKC  : but  the  preffure  of  the  fluid  XLCK  is  equal  to  that  weight, 
as  having  the  fame  bale  and  an  equal  height  (as  will  be  fhewn  Prop.  VI.)  Its  preffure 
therefore,  or  the  tendency  it  has  to  defeend  in  the  tube,  is  equivalent  to  the  power  of  the 
attracting  ring  XL,  for  which  reafon  it  ought  to  be  fufpended  by  ifr. 
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Again,  the  height  at  which  the  attra&ing  ring  in  the  larger  part  of  the  tube  is  able  to 
fuftain  the  fluid  is  no  greater  than  NF,  that  to  which  it  would  have  raifed  it,  had  the  tube 
been  continued  down  to  MN.  For  here  the  power  of  the  attracting  ring  aCts  under 
a like  mechanical  difadvantage,  and  is  thereby  diminifhed  as  .much  as  the  capacity  of  the 
tube  TFNM  is  lefs  than  that  of  HIXL ; becaufe,  if  the  bafes  of  thefe  tubes  are  fuppofed 
to  be  moved  w7ith  equal  velocities,  the  rife  or  fall  of  the  furface  of  the  fluid  TFXL, 
would  be  fo  much  lefs  than  that  of  TFMN.  And,  fince  the  attracting  ring  TF  is  able 
by  its  natural  power  to  fufpend  the  fluid  only  to  the  height  NF  in  the  tube  TFMN  ; it  is 
in  this  cafe  able  to  fuflain  no  greater  preflure  than  what  is  equal  to  the  weight  of  the  fluid 
in  the  fpace  HIXL  : but  the  preflure  of  the  fluid  TFXL,  which  has  equal  height,  and 
the  fame  bafe  with  it,  is  equal  to  that  weight  j and  therefore  is  a balance  to  the  attra&ing 
power. 

From  hence  we  may  clearly  fee  the  reafon,  why  a final  1 quantity  of  water  put  into  a 
capillary  tube,  which  is  of  a conical  form,  and  laid  in  an  horizontal  fltuation,  will  run 
towards  the  narrower  end.  For  let  AB  be  the  tube,  and  CD  a column  of  water  contained 
within  it ; when  the  fluid  moves,  the  velocity  of  the  end  D will  be  to  that  of  the  end  C 
reciprocally  as  the  cavity  of  the  tube  at  D,  to  that  at  C (by  this  Prop.)  that  is,  (El.  XII.  2.) 
reciprocally  as  the  fquare  of  the  diameter  at  D,  to  the  fquare  of  the  diameter  at  C ; but 
the  attracting  ring  at  D is  to  that  at  C,  flngly  as  the  diameter  at  D to  the  diameter  at  C. 
Now,  fince  the  efteCt  of  the  attraCIion  depends,  as  much  upon  the  velocity  of  that  part 
of  the  fluid  where  it  aCIs,  as  upon  its  natural  force,  its  efFeCKat  D will  be  greater  than  at  C ; 
for  though  the  attraCIion  at  D be  lefs  in  itfelf  than  at  C,  yet  its  lofs  of  force  upon  that 
account,  is  more  than  ccmpenfated  by  the  mechanical  advantage  it  has  ariflng  from  hence, 
that  the  velocity  of  the  fluid  in  that  part  is  more  increafed  than  the  force  itfelf  is 
diminifhed  at  C.  The  fluid  will  therefore  move  towards  B* 


PROP.  V. 

In  bended  cylindrical  tubes,  fluids  at  reft  will  be  at  the  fame 
height  on  each  fide. 

In  the  tube  ADMN,  filled  with  water  to  the  'height  AD,  the  water  cannot  defcend 
from  AD,  without  riflng  towards  MN.  The  water  in  each  fide  of  the  veflel  may  therefore 
be  confldered  as  two  forces  a&ing  upon  each  other  in  contrary  directions  : and  confe- 
quently  thefe  two  mafies  of  fluid  will  only  be  at  reft  when  their  momenta  are  equal, 
that  is,  (Book  II.  Prop.  XI.  Cor.)  when  the  quantities  of  matter  are  inverfely  as  the 
velocities,  or  (Prop.  IV.)  dire&ly  as  the  area  of  the  fecfion  through  which  it  flows. 
Thus,  at  the  feCtions  BP,  KH,  the  momenta  are  equal,  when  the  quantities  of  matter, 
or  cylindrical  mafies  of  fluid  are  as  the  areas  of  the  feclions,  that  is,  as  the  bafes  of  the 
cylinders  ADBP,  FGHK.  But  cylinders  are  as  their  bafes  (El.  XII.  xx.)  only  when 
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their  perpendicular  heights  are  equal.  Therefore  the  momenta  of  the  two  cylinders  of 
fluid  will  be  equal,  and  confequently  the  mafs  will  be  at  refh,  only  when  the  perpendicular 
heights  of  each  column  are  equal. 

Exp.  i.  In  a bended  tube  of  large  but  unequal' bore,  water  will  rife  to  the  fame  height 
on  each  fide. 

2.  Let  water  fpout  upward  through  a pipe,  having  a fmall  orifice,  inferted  into  the 
bottom  of  a deep  veflel ; it  will  rife  nearly  to  the  height  of  the  upper  furface  of  the  water 
in  the  veflel.  The  refiftance  of  the  air,  and  of  the  falling  drops,  prevents  it  from  rifing 
perfectly  to  the  level. 

Schol.  In  this  demonftraticn,  we  do  not  confider  the  velocity  with  which  the  twro 
columns  of  fluid  are  moving,  but  the  velocity  with  which,  if  they  move  at  all,  they  muft 
begin  to  move.  And  fince,  if  their  perpendicular  height  is  the  fame,  the  velocity  with 
which  they  mud:  begin  to  move  will  be  inverfely  as  their  refpective  quantities  of  matter, 
they  cannot  begin  to  move  but  with  equal  momenta  5 and  their  motions  mud  be  in 
contrary  diredlions,  becaufe  one  column  cannot  defcend  without  making  the  other  afcend  : 
therefore  thofe  equal  momenta  would  deftroy  each  other.  Thefe  two  columns  then, 
making  a continual  effort  to  move  with  equal  momenta  in  contrary  directions,  counter- 
balance  each  other. 

PROP.  VI. 
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The  preffure  of  fluids  is  proportional  to  the  bafe,  and  the  perpen- 
dicular height  of  the  fluid,  whatever  be  the  form  of  the  veflel  or 
quantity  of  the  fluid. 

/ 

Cafe  1.  Let  the  fluid  be  contained  in  a perpendicular  cylindrical  veflel. 

In  fuch  a veflel,  ABCD,  becaufe  the  whole  weight  of  the  fluid,  and  no  other  force, 
prefles  directly  upon  the  bottom  CD,  the  preffure  (by  Prop.  I.)  mud  be  as  the  quan- 
tity, that  is  (El.  XII.  11,  14.)  as  the  bale  and  perpendicular  height  of  the  fluid. 

Cafe.  2.  Let  the  fluid  be  contained  in  a perpendicular  veflel,  the  bottom  of  which 
is  equal  to  that  of  the  cylinder  in  the  laft  cafe,  but  its  top  narrower  than  the  bottom. 

Let  the  veflel  DBLP,  have  the  portions  of  its  bafe  LA,  CP,  each  equal  to  OR.  From 
Prop.  I.  and  III.  it  appears,  that  each  of  thefe  portions  are  equally  prefled  by  the  column 
DBOR,  as  the  bale  OR.  In  like  manner,  every  portion  of  the  bafe  LP  equal  to  OR.  is 
as  much  prefled  as  OR.  Therefore  the  whole  bafe  LP  is  as  much  prefled  as  if  the 
veflel  was  of  the  cylindrical  form  FHLP. 

Or  thus:  Becaufe  (by  Prop.  V.)  if  a tube  were  inferted  at  NT,  of  thediameter  OR, 
the  water  being  at  the  height  DB,  would  rife  to  the  level  FE,  there  mud  at  NT,  he  an 
upward  prefiure  towards  F fufficient  to  nil  up  the  columns  of  fluid  FELA,  that  is,  equal 
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to  the  weight  of  as  much  water  as  would  fill  the  fpace  FENT.  Confequently  the  re-a&ion, 
that  is,  the  preffure  upon  the  bafe  LA  muft  be  equal  to  the  weight  of  as  much  water  as 
-would  fill  FENT.  But  the  bafe  LA  fupports  this  re-a&ion,  and  likewife  the  weight  of  the 
water  NTLA,  which  are  together  equal  to  the  weight  of  DBOR.  The  bafe  LA  therefore 
fuftains  a. preffure  equal  to  the  weight  of  the  column  DBOR.  And  every  equal  portion 
of  the  bafe  may,  in  the  fame  manner,  be  fhewn  to  fuflain  an  equal  preffure.  Therefore, 
the  preffure  on  the  bafe  is  the  fame  in  veffels  of  the  form  'fuppofed  in  this  cafe,  as  in 
cylinders  of  equal  bafes,  and  of  the  fame  altitude  with  thefe  veffels.  The  fame  may  be 
fhewn  with  refpedt  to  a veffel  of  the  form  of  plate  5,  fig.  7. 

Cafe.  3.  Let  the  veffel  be  of  the  fame  bafe  and  altitude,  but  have  its  top  wider  than 
the  bafe. 

Let  the  fluid  of  the  veffel  be  divided  into  ftrata  EF,  GH,  IK,  &c.  Let  us  alfo  imagine 
the  bottom  of  the  veffel  C to  be  moveable,  that  is,  capable  of  Hiding  up  and  down  the 
narrow  part  of  the  veffel,  from  C to  GH.  Let  it  further  be  fuppofed  that  this  moveable 
bottom,  is  drawn  up  or  let  down  with  a given  velocity,  while  the  veffel  itfelf  is  ft xed  and 
immoveable  ; it  is  evident  the  lowed  ftratum,  which  is  contiguous  to  the  bottom,  will 
be  raifed  or  let  down  with  the  fame  velocity,  and  will  therefore  have  a momentum  pro- 
portional to  that  velocity,  and  the  quantity  of  matter  it  contains  : but  (by  Prop.  IV.  Cor.) 
the  reft  of  the  ftrata  will  have  the  fame  momentum : confequently,  the  momentum  of  all 
taken  together,  that  is,  of  the  v/hole  fluid,  is  the  fame  as  if  the  veffel  had  been  no  larger 
in  any  one  part  than  it  is  at  the  bottom,  for  then  the  momentum  of  each  ftratum  would  alfo 
have  been  as  great  as  that  of  the  lowed.  The  preffure  therefore,  or  adlion  of  the  fluid, 
with  which  it  endeavours  to  force  the  bottom  out  of  its  place,  is  as  the  number  of  ftrata, 
that  is,  the  perpendicular  height  of  the  fluid,  and  the  magnitude  of  the  lowed  ftratum, 
that  is,  the  bafe. 

Cafe  4.  Let  the  fluid  be  in  an  inclined  cylindrical  veffel. 

In  the  inclined  cylindrical  veffel  ABNI,  as  much  as  the  fluid  is  prevented  from  prefling 
upon  the  bafe  NI,  by  being  in  part  fupported  by  the  fide  of  the  veffel  AN,  fo  far  is  the 
preffure  upon  the  bafe  increafed  by  the  re-a£lion  of  the  oppofite  fide  BI,  which  is  equal 
to  the  adlion  of  the  former,  becaufe  the  fluid,  prefling  every  way  alike  at  the  fame  depth 
below  the  furface,  exerts  an  equal  force  againft  both  the  fides.  The  bafe  NI  is  there- 
fore preffed  with  the  fame  force  with  which  it  would  be  preffed,  if  the  fluid  contained  in 
the  veffel  ARNi  was  included  in  the  veffel  EDIO,  having  an  equal  bafe,  and  the  fame 
perpendicular  height  with  the  veffel  ABNI  ; that  is  (by  the  firft  cafe)  the  preffure  is  as 
the  bafe  NI  and  altitude  CN. 

Since  then,  the  preffure  upon  the  bafe  of  veffels,  either  wider  or  narrower  at  the  top 
than  the  bottom,  and  likewife  the  preffure  upon  the  bafe  of  veffels  inclined  to  the  horizon, 
is  equal  to  that  upon  the  bafe  of  a cylindrical  veffel  of  the  fame  bafe  and  height,  the  Tides 
of  which  are  perpendicular  to  the  horizon  j and  fince  the  preffure  upon  the  bafe  of  fuch 
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a cylinder  is  as  its  bafe  and  height ; the  p refill  re  upon  the  bottom  of  all  veffels  filled  with 
fluid,  i's  proportional  to  their  bafe  and  perpendicular  height. 

Exp.  1.  Let  two  tubes  of  different  forms  be  fucceflively  applied  to  the  fame  moveable 
circular  bafe,  fufpended  by  a wire,  pafling  from  the  center  of  the  bafe  through  the  tubes, 
to  the  beam  of  a balance  : when  the  different  tubes  are  filled  to  the  fame  height,  it  will 
require  the  fame  weight  at  the  oppofite  end  of  the  balance  to  keep  the  bafe  from  finking. 

2.  Let  two  tubes,  the  one  cylindrical,  the  other  of  the  form  of  a fpeaking  trumpet, 
have  their  bafes  of  equal  diameter,  covered  with  bladder  and  inferted  in  a veffel  of  water, 
us  in  Prop.  III.  Exp.  3.  the  bladder  will  become  plane  at  the  fame  depth  in  both  : 
from  whence  it  appears,  that  fince  the  upward  preffures,  at  the  fame  depth,  are  equal, 
the  downward  preffures  in  the  two  tubes  are  alfo  equal. 

Cor.  1.  A fmall  quantity  of  fluid  may  be  made  to  prefs  with  a force  fufficient  to  raife 
a great  weight. 

Since  (as  was  fhewn  in  Prop.  V.)  as  much  fluid  as  will  fill  the  tube  DBIV  preffes 
upwards  againft  VM,  with  a force  equal  to  the  weight  of  as  much  fluid  as  would  fill  the 
fpace  BHVM  ■,  the  bafe  remaining  the  fame,  the  fpace  BHVM,  that  is,  the  weight  which 
may  be  raifed  will  (by  this  Prop.)  be  as  the  height  VB,  which  ma*y  be  increafed  at 
pleafure. 

Exp.  Let  two  circular  pieces  of  wood  be  united  by  leather  in  the  manner  of  a pair 
of  bellows  ; in  the  upper  board  infert  a long  tube  with  a large  bore  through  which  pour 
water  into  the  veffel  5 the  upward  preffure  of  the  water  as  it  is  poured  in,  will  raife  a great 
weight* 

Cor.  2.  From  hence  it  may  be  proved,  independently  of  the  reafoning  in  Prop.  V, 
that,  in  bended  veffels  or  channels  of  any  form,  fluids  rife  to  the  fame  height, 
whatever  be  the  difference  between  the  quantities  of  fluid  on  each  fide  : for  what- 
ever be  the  form  of  the  channels,  the  plane  which  is  perpendicular  to  the  loweft  point 
being  confldered  as  the  commori  bafe,  the  preffure  upon  it,  is  equal,  when  the  fluid  on 
each  fide  is  of  equal  altitude  ; and  the  whole  mafs  can  only  be  at  reft  when  the  oppofite 
preffures  are  equal. 

Schol.  This  preffure  of  the  fluid  upon  the  bafe  does  not  alter  the  weight  of  the  veffel 
and  fluid  confldered  as  one  mafs,  becaufe  the  adlion  and  re-a£Hon  which  caufe  it,  with 
refpect  to  the  weight  of  the  veffel,  deftroy  one  another ; the  veffel  being  as  much  fuftained 
by  the  adlion  upwards,  as  it  is  preffed  by  the  re-adlion  downwards. 
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PROP.  VII. 

I 

The  prelTure  of  a fluid  upon  any  indefinitely  fmall  part  of  the 
fide  of  the  vefiel  which  contains  it,  is  equal  to  the  weight  of  a 
column  of  the  fame  fluid,  whofe  bafe  is  the  part  prefied,  and  whofe 
height  is  the  diftance  of  that  part  from  the  furface  of  the  fluid. 

Let  AECD  be  a vefiel  filled  with  fluid  3 AB  its  furface  ; and  L a point  in  the  fide  Plate  3. 
of  the  vefiel.  The  indefinitely  fmall  drop  which  lies  next  to  the  point  L is  prefied  Flg‘  lZc 
downwards  (by  Prop.  I.)  by  a force  equal  to  the  weight  of  a column  of  water  whofe  bafe 
is  L,  and  height  LA,  the  difiance  of  that  part  from  the  furface.  And  (by  Prop.  III.) 
this  drop  is  prefied  fideways  towards  L with  the  fame  force  with  which  it  is  prefied 
downwards.  Whence  the  propofition  is  manifeft  concerning  the  point  L.  And  the  fame 
may  be  proved  concerning  any  other  points  M,  N,  C,  equal  to  L.  The  fame  is  evidently 
true  in  an  inclined  vefiel. 


PROP.  VIII. 

The  preflure  of  a fluid  upon  any  plane,  is  equal  to  the  weight 
of  a body  which  has  the  fame  denfity  with  the  fluid,  and  is  formed 
by  raifing  perpendiculars  upon  each  indefinitely  fmall  part  of  the 
plane,  equal  in  height  to  the  diftance  of  that  part  from  the  furface 
of  the  fluid. 


It  has  been  proved,  in  the  laft  propofition,  that  the  preflure  upon  each  indefinitely 
fmall  part  of  the  line  AC  in  the  fide  of  the  vefiel  ABCD  is  equal  to  the  weight  of  a 
column  of  fluid  whofe  bafe  is  the  part  prefied,  and  whofe  height  is  the  difiance  of  that 
part  from  the  furface  AB.  Hence,  if  from  the  point  L a perpendicular  LO  be  raifed 
whofe  bafe  is  L,  and  whofe  length  LO  is  equal  to  LA  the  difiance  of  L from  the  furface, 
if  this  perpendicular  confifted  of  matter  of  the  fame  denfity  with  the  fluid  in  the  vefiel, 
the  weight  of  this  perpendicular  column  would  be  equal  to  the  preflure  upon  the  point  L. 
If,  in  like  manner,  perpendiculars,  confifting  of  matter  of  the  fame  denfity  with  the  fluid, 
were  raifed  upon  every  point  between  A,  C,  they  would  together  fill  up  the  area  of  the 
triangle  ACD  j and  the  preflure  upon  the  whole  line  AC  in  the  fide  of  the  vefiel  ABCD, 
becaufe  it  is  equal  to  the  fum  of  the  preflfures  upon  all  its  parts,  muft  be  equal  to  the 
^tajght  of  this  triangle  ACD.  The  fame  may  be  proved  #)ncerning  any  other  lines  in 
^|g:fide  of  the  vefiel,  as  HI,  EF.  Confequently,  the  preflures  upon  the  whole  fide 
wifvbe  equal  to  the  weight  of  as  many  fuch  triangles  as  there  can  be  lines  dra\yn  upon  it 
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in  the  fame  manner  as  AC,  HI,  EF  are  drawn.  But  all  thefe  triangles  together  would 
fill  up  the  whole  fpace,  or  compofe  a folid,  CFGDAE.  Therefore  the  prellure  upon  the 
fide  AECF  will  be  equal  to  the  weight  of  this  folid  confiding  of  matter  which  has  the 
fame  denfity  with  the  fluid  in  the  veffel ; which  folid  is  formed  by  raifing  perpendiculars 
upon  each  line  of  the  fide,  refpedfively  equal  to  the  didance  of  that  point  from  the  furface 
of  the  fluid. 

p!ate  5*  In  like  manner,  if  AC  is  a line  drawn  in  the  inclined  fide  of  a velTel,  in  which  the 

Fig.  13. 

water  reaches  to  the  level  AB,  the  predure  upon  this  line  may  be  edimated  as  before. 
SL  is  the  didance  of  L from  the  furface.  Let  therefore  a perpendicular  LO  equal  in 
length  to  LS  be  raifed  upon  the  point  L ; then,  if  this  perpendicular  was  a column  of 
matter  of  the  fame  denfity  with  water,  the  v/eight  of  it  would  be  equal  to  the  predure 
upon  L.  For  the  fame  reafon,  if  a perpendicular  MP  is  raifed  upon  the  point  M,  and 
is  made  equal  in  length  to  MT  the  didance  of  M from  the  furface;  fuch  a perpendicular, 
confiding  of  matter  of  the  fame  denfity  with  water,  and  being  of  the  fame  fize,  would 
have  the  fame  weight  as  the  column  of  water  MT.  And  fmce  (by  Prop.  I.)  the  predure 
upon  M equals  the  weight  of  the  incumbent  water  MT,  it  likewil'e  equals  the  weight 
of  the  perpendicular  MP.  In  like  manner,  the  points  N and  C are  preded  by  the  weight 
of  the  incumbent  columns  NV  and  XC,  which  is  equal  to  the  weight  of  the  perpendiculars 
NQ,  CR,  fuppofing  thofe  perpendiculars  to  be  equal  in  height  to  NV  and  XC,  and  to 
condd  of  matter  whofe  denfity  is  the  fame  with  that  of  the  columns  NV  and  XC.  Thus 
the  predure  upon  the  whole  line,  being  made  up  of  the  predures  upon  all  its  parts,  will 
be  equal  to  the  weight  of  as  many  perpendiculars,  as  can  be  raifed  in  this  manner  between 
A and  C.  The  fum  of  all  thofe  perpendiculars  is  the  triangle  ACR,  w7hofe  weight 
therefore  is  equal  to  the  predure  upon  the  line  AC.  But  if  as  many  fuch  triangles  were 
added  together,  as  there  are  lines  parallel  to  AC  in  the  whole  fide  of  the  veffel,  all  thefe 
triangles  together  would  form  a folid.  And  fince  this  folid  is  the  fum  of  all  the  predures 
upon  each  point  of  the  fide,  the  weight  of  it,  fuppofing  it  to  condd:  of  matter  that  has 
the  fame  dendty  as  water,  would  be  equal  to  the  predure  upon  the  whole  fide. 


PRO  P.  IX. 

The  preffure  upon  any  one  fide  of  a cubical  veffel  filled  with  * 
fluid,  is  half  the  preffure  upon  the  bottom. 

Plate  ~.  The  bottom  fuftains  a preffure  equal  to  the  whole  weight  of  the  fluid  in  the  veffel. 

Flgl  14'  And  the  preffure  which  the  fide  fuftains  is  equal  to  the  weight  of  the  prifm  CFGDAE, 
which  (El.  XI.  28.)  is  half  the  cube  : therefore  the  fide  fuftains  a predure  equal  to  half 
the  predure  upon  the  bottom. 

Or 
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Or  thus  : Becaufe  the  preflure  upon  every  part  of  the  veflel  at  the  bottom  is  equal  to 
the  weight  of  a column  whofe  bafe  is  the  part  prefTed  upon,  and  height  that  of  a perpen- 
dicular from  the  bottom  to  the  furface  ; if  the  preffure  were  the  fame  every  where  from 
the  top  to  the  bottom,  it  would  be  equal  to  the  weight  of  as  many  fuch  columns  as  would 
correfpond  to  all  the  parts  of  the  veflel.  But  the  preffure  every  where  diminifhes  as  we 
approach  towards  the  furface,  where  it  is  nothing;  the  preflure  on  the  fide  is  therefore 
only  half  of  that  on  the  bottom  of  the  veflel : a number  of  terms  in  arithmetical  pro- 
greflion  beginning  from  nothing  being  half  the  fum  of  an  equal  number  of  terms,  each 
of  which  is  equal  to  the  laft  in  the  progreflion. 

Cor.  i.  The  gravity  of  the  fluid  in  a cubical  veflel  producing  upon  each  of  the  four 
fides  a preflure  equal  to  half  that  upon  the  bottom,  and  upon  the  bottom  a preffure  equal 
to  itfelf,  produces  on  the  whole  a preffure  three  times  as  great  as  itfelf. 

Cor.  2.  When  the  area  of  the  part  preffed  is  given,  the  preffure  is  as  the  perpendicular 
diftance  of  that  part  from  the  furface  : where  the  depth  of  the  part  is  given,  the  preffure 
is  as  the  area ; and  where  the  diftance  from  the  furface  is  given,  the  preffure  is  as  the  bafe. 


CHAP.  II. 

Of  the  Motion  of  Fluids . 

SECT.  I. 

Of  Fluids  paffing  through  the  Bottom  or  Side  of  a VefeL 

P R O P.  X. 

The  momentum  with  which  any  fluid  runs  out  of  a given  orifice 
in  the  bottom  or  fide  of  a veflel,  is  proportional  to  the  perpendicular 
depth  of  the  orifice  below  the  furface  of  the  fluid. 

• i 

The  preffure  of  a fluid  againft  any  given  furface  being  (by  Prop.  I.  and  III.)  proportional 
to  the  perpendicular  height  of  the  fluid  above  that  part;  if  that  given  furface  be  re- 
moved, the  fluid  will  be  driven  through  the  orifice  by  this  preffure.  The  force  therefore 
with  which  the  fluid  paffes  through  the  orifice  is  as  the  perpendicular  depth  of  the  orifice 

below 
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below  the  furface  of  the  fluid  : but  the  momentum  is  always  as  the  moving  force : there- 
fore the  momentum  is  alfo  as  the  perpendicular  depth  of  the  orifice. 

V 

PROP.  XI. 

The  momentum  with  which  any  fluid  runs  out  of  a given  orifice 
in  the  bottom  or  fide  of  a veflel,  is  as  the  fquare  of  its  velocity,  and 
alfo  as  the  fquare  of  the  quantity  of  matter. 

The  momentum  (by  Book  II.  Prop.  XIV.)  is  in  the  compound  ratio  of  the  quantity 
of  matter  and  velocity.  And  it  is  manifeft,  that,  fmce  the  orifice  is  given,  the  quantity 
of  fluid  difcharged  will  always  be  as  the  velocity  : therefore  the  momentum  is  as  the 
fquare  of  the  velocity,  or  of  the  quantity  of  fluid. 

PROP.  XII. 

The  velocity  with  which  any  fluid  runs  out  of  an  orifice  in  the 
bottom  or  fide  of  a veflel,  is  as  the  fquare  root  of  the  perpendicular 
depth  of  the  orifice  from  the  furface  of  the  fluid. 

Becaufe  the  momentum  is  as  the  fquare  of  the  velocity  (by  Prop.  XI.)  and  as  the  per- 
pendicular depth  of  the  orifice  (by  Prop.  X.)  the  fquare'  of  the  velocities  (El.  V.  n.) 
is  as  the  perpendicular  depth,  and  confequently,  the  velocity  as  the  fquare  root  of  the 
perpendicular  depth. 

PROP.  XIII. 

A fluid  runs  out  of  an  orifice  in  the  bottom  or  fide  of  a veflel,  with 
the  velocity  which  a heavy  body  would  acquire  in  falling  freely 
through  a fpace,  equal  to  the  perpendicular  diftance  of  the  orifice 

from  the  furface  of  the  fluid. 

* 

Let  ABCD  be  a veflel  filled  with  any  fluid,  to  the  height  FG.  It  is  manifeft,  that  at 
the  beginning  of  the  fall  of  each  drop  from  the  upper  furface  FG,  it  muft  be  carried 
downward  by  its  gravity  with  the  fame  velocity  with  which  any  other  heavy  body  would 
begin  to  defcend.  And,  if  an  orifice  be  made  in  the  veflel  at  L,  any  point  below  the 
furface,  the  fluid  which  paftes  through  that  orifice,  will  (by  Prop.  XII.)  move  with  a 
velocity  which  is  as  the  fquare  root  of  the  diftance  from  the  furface.  But  if  a body 
to  fall  from  the  furface  to  the  point  L,  it  would  acquire  a velocity  which  would 

be 
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be  (by  Book  II.  Prop.  XXVI.  Cors.)  as  the  fquare  root  of  this  diftance.  Therefore,  fince 
the  velocity  with  which  the  fluid  moves,  is,  at  the  beginning  of  its  motion,  equal  to 
that  of  a falling  body,  and  fince  at  every  given  diftance,  thefe  velocities  have  the  fame 
ratio,  namely,  that  of  the  fquare  root  of  the  diftance  from  the  furface,  that  is  (El.  V.  9.) 
are  equal,  the  propofition  is  manifeft. 

PROP.  XIV. 

When  two  cylindrical  veflels  have  their  bafes,  heights  and  orifices 
equal,  if  one  of  them  be  always  kept  full,  it  will  difcharge  double 
the  quantity  of  fluid  difcharged  in  the  fame  time  by  the  other 
whilfl:  it  empties  itfelf. 

For  (by  Prop.  I.)  the  fluid  will  continue  through  the  whole  time,  to  run  with  the 

fame  velocity  out  of  the  veflel  that  is  kept  full.  But  the  fluid  will  run  (compare  Prop. 

I.  and  XII.)  with  an  uniformly  retarded  velocity  out  of  the  veflel  which  empties  itfelf. 

And,  fince  both  veflels  are  full  at  firft,  the  velocity  which  continues  uniform  in  one 

« 

veflel,  will  (by  Prop.  I.)  be  the  fame  with  the  ftrft  velocity  in  the  veflel  in  which 
the  fluid  is  uniformly  retarded.  Therefore  the  quantity  difcharged  out  of  the  former  veflel, 
will  be  to  the  quantity  difcharged  in  an  equal  time  out  of  the  latter,  as  the  fpace  defcribed 
by  a body  moving  with  an  uniform  velocity,  to  the  fpace  defcribed  by  a body  which  fets 
out  with  the  fame  velocity,  and  is  uniformly  retarded.  But  (by  Book  II.  Prop.  XXVIL) 
the  fpace  defcribed  by  the  former  will  be  double  of  the  fpace  defcribed  by  the  latter. 
Therefore  the  quantity  difcharged  out  of  the  former  veflel,  will  be  double  of  the  quantity 
difcharged  out  of  the  latter. 

Exp.  Let  two  veflels  be  difcharged  together,  or  the  fame  veflel  twice  fucceftiveJy, 
according  to  the  propofition. 


PROP.  XV. 

A ftream  of  any  fluid  which  fpouts  obliquely  forms  a parabola. 

Each  drop  in  a ftream  of  fluid  fpouting  obliquely,  is  a heavy  body  proje£led  obliquely 
by  the  force  or  preflure  which  drives  it  out  of  the  orifice.  Therefore  (by  Book  II.  Prop. 
LVIIi.)  every  drop  of  the  ftream,  that  is  the  whole  ftream,  forms  a parabola. 

Exp.  Obferve  the  figure  formed  by  a fluid  fpouting  obliquely. 

Cor.  Hence  fluids  fpouting  obliquely  are  fubject  to  the  laws  of  projedliles  laid  down 
Book  II.  Ch.  VII.  Se£t.  I. 
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P.  R 0 P.  XVI. 

When  a fluid  fpouts  horizontally  from  an  orifice  in  the  fide  of  a 
veflel  which  is  kept  full,  if  the  fide  of  the  veffel  is  made  the  diameter 
of  a circle,  and  a line  is  drawn  perpendicular  to  the  fide  from  the 
orifice  to  the  circumference,  the  diflance  to  which  the  fluid  will 
fpout  will  be  double  of  this  perpendicular. 

ciA 

Let  AB  be  the  fide  of  the  veil'd;  C,  E,  or  <?,  the  orifice;  ADHB  the  drawn 

on  the  fide,  ED,  CH,  de , lines  drawn  perpendicular  to  the  fide  from  the  orifice  to  the 
circumference.  The  fluid  fpouts  at  E (by  Prop.  XIII.)  with  the  velocity  which  a 
heavy  body  wou]d  acquire  in  falling  from  A to  E;  and  this  motion,  being  in  an  hori- 
zontal direction,  can  neither  be  accelerated  nor  retarded  by  the  force  of  gravitation,  and 
will  therefore  continue  uniform.  But  befides  this,  the  fluid  fpouts  with  the  velocity 
which  it  acquires  in  falling  after  it  has  palled  the  orifice.  This  velocity,  when  the 
fluid  arrives  at  GB,  is  the  fame  with  that  which  any  other  heavy  body  would  have 
acquired  in  falling  through  an  equal  fpace  from  E to  B.  Let  this  velocity  be  called 
the  defeending  velocity,  and  that  with  which  the  fluid  fpouts  at  E the  horizontal  velocity. 
Then,  fince  the  horizontal  velocity  is  the  fame  with  that  which  a body  would  acquire 
by  falling  from  A to  E,  and  the  defeending  velocity  when  the  fluid  arrives  at  the  plane 
GB,  is  the  fame  with  that  which  a body  would  acquire  by  falling  from  E to  B,  and 
fince  (by  Book  II.  Prop.  XXVI.)  the  fpaces  AE,  EB,  deferibed  by  falling  bodies  are 
as  the  fquares  of  the  lafb  acquired  velocities  of  bodies  falling  through  them;  that  is, 
(inverting  the  terms)  the  fquares  of  thefe  lafi:  acquired  velocities,  or  the  fquares  of  the 
horizontal  and  defeending  velocities,  are  as  the  lines  AE,  EB.  But  in  the  triangle  ADB, 
right-angled  (El.  VI.  8.)  at  D,  DE  is  a mean  proportional  between  AE,  EB,  and  the 
fquare  of  AE  is  to  the  fquare  of  ED  as  AE  is  to  EB.  . But  the  fquare  of  the  horizontal 
velocity  is  to  the  fquare  of  the  lafi:  defeending  velocity  as  AE  to  EB.  Therefore  the  fquare 
of  the  horizontal  velocity  is  to  the  fquare  of  the  lafi:  defeending  velocity  as  the  fquare 
of  AE  to  the  fquare  of  ED  : whence  the  horizontal  velocity  is  to  the  lafi:  defeending  velo- 
city as  AE  to  ED.  Nov/  the  fpaces  deferibed  in  the  fame  time,  in  uniform  motions,  are 
(Bookll.  Prop.  VI.)  as  the  velocities.  Confequently,  if  the  fluid  had  begun  to  fall  from 
E with  the  velocity  it  has  acquired  at  B,  and  had  fallen  uniformly,  in  the  time  of  defeent 
the  fpaces  deferibed  by  the  horizontal  and  defeending  velocities  would  have  been  refpedlively 
as  thofe  velocities,  that  is,  as  AE  to  ED.  Thus  while  the  fluid  was  defeending  till  it 
reached  the  plane  GB,  the  horizontal  velocity  would  have  carried  it  forward  through  a 
fpace  equal  to  ED,  or  the  horizontal  diftance  would  be  ED.  But  the  defeending  velocity 
being  at  the  firfl:  nothing,  and  continually  increafing,  the  time  of  defeent  (fee  Prep.  IX.) 
is  twice  what  it  would  have  been  upon  the  fuppofition  that  it  began  to  defeend  with  the 
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iaft  acquired  velocity.  And  the  horizontal  velocity  is  uniform,  and  therefore  in  twice 
the  time,  or  the  true  time  of  defcent,  the  fluid  will  be  carried  horizontally  to  twice  the 
diftance  ED.  Confequently,  if  BF  be  made  equal  to  twice  DE,  whilft  the  ftream  is 
dcfcending  from  E to  GB  it  will  be  carried  forwards  to  the  point  F.  The  fame  may  be 
proved  concerning  any  other  points  C,  e. 

Exp.  Let  water  fpout  horizontally  from  an  orifice,  the  difiance  to  which  it  will  be 
projected  (allowing  for  the  refiftance  of  the  air)  will  agree  with  the  propofition. 

PROF.  XVI L 


If  a fluid  fpouts  horizontally  out  of  orifices  in  the  fide  of  a veffel 
which  is  kept  full,  it  will  fpout  to  the  greateft  diftance  from  the 
orifice  which  is  in  the  middle  of  the  fide,  and  to  equal  diftances 
from  orifices  equally  diftant  from  the  middle. 


Let  C be  the  orifice  in  the  middle  of  the  fide,  and  E,  e , equal  orifices  at  equal 
diftances  from  C. 

The  diftance  to  which  the  fluid  will  fpout  at  C (by  Prop.  XVI.)  is  twice  CH,  and  at 
E twice  ED.  But  CH  (El.  III.  15.)  is  greater  than  DE,  any  line  drawn  from  the 
diameter  parallel  to  the  radius  : therefore  twice  CH  is  greater  than  twice  ED. 

Alfo,  fince  the  horizontal  diftances  to  which  the  fluid  will  fpout  at  E and  are  twice 

<& 

ED,  or  ed\  and  that  ED,  ed9  being  equally  diftant  from  the  center  and  parallel  to  the 
radius  (El.  III.  14.)  are  equal ; the  horizontal  diftances  from  E,  *,  are  equal. 

Hence  if,  in  the  plane  of  the  horizon,  GB  be  drawn' perpendicular  to  the  fide  AB,  and 
GB  be  double  of  CH,  and  FB  double  of  DE,  or  de,  the  fluid  fpouting  from  C will  fall 
upon  G,  and  from  E and  *,  upon  F. 


Plate  5, 
Fig.  11. 


Exp.  Let  water  fpout  from  the  middle  orifice,  and  from  orifices  equally  diftant  from 
the  middle,  the  truth  of  the  propofition  will  be  manifeft. 


Def.  II.  A river  is  a ftream  of  water  which  runs  by  its  own 
weight  down  the  inclined  bottom  of  an  open  channel. 

D ef.  III.  A feSlion  of  a river  is  an  imaginary  plane,  cutting  the 
ftream,  which  is  perpendicular  to  the  bottom. 

D ef.  IV.  A river  is  faid  to  flow  uniformly  when  it  runs  in 
fuch  a manner,  that  the  depth  of  the  water  in  any  one  part  con- 
tinues always  the  fame. 
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PROP.  XVIII. 

If  a river  flows  uniformly,  the  fame  quantity  of  water*  paffes  in 
an  equal  time  through  every  feflion. 

Plate  5.  Let  AB  be  the  refervoir,  BC  the  bottom  of  the  river,  and  ZX,  QR,  fedlions  of  the 
FlS*  J5-  river.  Becaufe  the  river  flows  uniformly,  the  fame  quantity  of  water  which  paffes  through 
ZX  in  a given  time  muff  pafs  through  QR  in  the  fame  time  : otherwife  the  quantity 
cf  water  in  the  fpace  ZQXR,  muft  in  that  time  be  increafed  or  dirninifhed,  and 
confequently  the  depth  of  the  water  in  that  fpace  altered  ; contrary  to  the  fuppofition. 

PROP.  XIX. 

The  breadth  of  the  channel  being  given,  the  water  in  rivers  is 
accelerated  in  the  fame  manner  with  any  body  moving  down  an 
inclined  plane. 

For  each  drop  of  the  water  moves  down  upon  the  inclined  plane  of  the  bottom,  or 
upon  the  inclined  plane  of  the  fheet  of  water,  next  below  it,  parallel  to  the  bottom. 

PROP.  XX. 

1 

1 , 

The  breadth  of  the  channel  being  given,  the  velocity  of  each  drop 
of  water  in  a river  is  the  fame  that  a body  would  acquire  in  falling 
from  the  level  of  the  furface  of  the  water  in  the  refervoir,  to  the 
place  of  the  drop. 

/ • 

Let  AB  be  the  depth  of  the  refervoir,  AP  the  level  of  its  furface,  and  BC  the  bottom 

of  the  channel.  Any  drop  at  E,  after  it  comes  out  of  the  refervoir  at  K (by  Prop.  XIX.) 

rolls  down  the  inclined  plane  KE  parallel  to  the  bottom.  And  this  drop,  when  it  comes 

out  of  the  refervoir  AB  at  K (by  Prop.  XIII.)  has  the  fame  velocity  which  a heavy 

body  would  acquire  in  falling  from  A to  K : and,  in  rolling  down  the  inclined  plane 

KE,  it  acquires  (by  Book  II.  Prop.  XXXIV.)  the  fame  velocity  which  any  heavy  body 

would  acquire  in  falling  down  GE  the  perpendicular  height  of  the  plane.  At  E the 

drop  will  therefore  have  acquired  a velocity  equal  to  that  which  a body  would  acquire 

by  falling  through  AK  and  GE,  that  is,  through  MGE,  the  perpendicular  drawn  from 

% 

the  level  of  the  refervoir  to  the  place  of  the  drop. 

Cor.  1.  Hence  the  breadth  of  the  channel  being  given,  the  velocity  of  each  drop 
of  water  in  a river  is  as  the  fquare  root  of  its  diftance  from  the  level  of  the  furface  of 

the 
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the  refervoir.  For,  if  E and  R be  two  drops  in  different  parts  of  the  river,  and  AP  the 
level,  the  velocity  of  the  drop  E is  the  fame  that  a body  would  acquire  by  falling  down 
ME,  and  that  of  R the  fame  which  a body  would  acquire  by  falling  down  HR.  There- 
fore (by  Book  II.  Prop.  XXVI.  Cor.  i.)  the  velocity  of  the  drop  E is  to  the  velocity 
of  R,  as  the  fquare  root  of  ME  to  the  fquare  root  of  HR. 

Cor.  2.  Hence  the  breadth  of  the  channel  being  given,  the  water  at  the  bottom  of 
a river  will  run  falter  than  the  water  at  the  furface. 

PROP.  XXL 

The  breadth  of  the  channel  being  given,  the  depth  of  the  river 
continually  decreafes  as  it  runs. 

The  fame  quantity  of  water  (by  Prop.  XVIII.)  pafies  through  each  of  the  flections 
ZX,  QR,  in  the  fame  time.  But  (by  Prop.  XX.  Cor.  2.)  the  water  runs  falter  at  the  lower 
fediion  QR,  than  at  the  upper  ZX.  Therefore  the  area  of  the  fedtion  QR  mull  be  as 
much  lefs  than  the  area  of  the  fedtion  ZX,  as  the  velocity  at  QR  is  greater  than  the 
velocity  at  ZX.  But  the  breadth  of  the  fedtions  are  by  fuppofition  equal  ; therefore 
their  areas  are  (El.  VI.  1.)  as  their  heights.  Confequently,  the  heights  of  the  fedtion 
QR,  ZX,  will  be  inverfely  as  the  velocities  at  thofe  fedtions ; that  is,  the  depth  of  the 
water  at  QR  will  be  as  much  lefs  than  the  depth  at  ZX,  as  the  velocity  at  QR  is  greater 
than  the  velocity  at  ZX. 

....  ' -■  ■ V V - . , 

PROP.  XXII. 

At  a given  difcance  from  the  refervoir,  if  the  river  flows  uniformly, 
the  velocity  of  the  water  will  be  inverfely  as  the  breadth  of  the 
channel. 

Becaufe  the  river  flows  uniformly,  the  depth  at  any  given  fedtion  ZX  is  always  the 
fame  : and  in  any  given  time,  the  fame  quantity  of  water  muft  flow  through  the  different 
fedtions  ZX,  QR,  as  was  lliewn  in  Prop.  XVIII.  But  a given  quantity  of  water  cannot 
flow  in  a given  time  through  any  fedtion,  unlefs  as  much  as  the  area  is  increafed, 
fo  much  the  velocity  is  diminifhed,  and  the  reverfe ; that  is,  the  velocity  muff  be  in- 
verfely as  the  area  of  the  fedtion,  or  the  depth  being  given,  as  its  breadth. 

PROP.  XXIII. 

The  depth  of  a river  being  given,  the  preflure  upon  any  part 
of  the  bank  will  be  the  fame,  whatever  is  the  breadth  ol  the  river. 
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The  preflure  upon  any  given  part  in  the  bank  (by  Prop.  I.  and  III.)  will  be  as  the 
diftance  of  that  part  from  the  furface ; which  remains  the  fame  whilft  the  depth  is  the 
fame,  whatever  be  the  breadth  of  the  river  : therefore  the  preflure  will  remain  the  fame. 

PROP.  XXIV. 

If  the  breadth  of  a river  be  given,  the  preflure  on  any  part  of 
the  bank  will  be  as  the  depth  of  the  river. 

For  the  preflure  on  any  part  of  the  bank  is  (by  Prop.  I.  and  III.)  as  the  depth  of  that 
part  below  the  furface,  which  depth  will  increale  with  the  depth  of  the  river. 

PROP.  XXV. 

The  preflure  againft  any  given  furface  in  the  bank  of  a river, 
if  that  furface  reaches  from  the  bottom  to  the  top  of  the  ftream, 
is  equal  to  the  weight  of  a column  of  water  whofe  bafe  is  the  furface, 
and  whofe  height  is  half  the  depth  of  the  ftream. 

Let  ZQXR  be  a given  furface  in  the  bank  reaching  from  the  bottom  BC  of  the  river 
to  its  top  AD.  The  preflure  upon  this  is  (from  what  was  {hewn  in  Prop.  IX.)  half 
the  preflure  on  an  equal  furface  at  the  bottom  XR ; which  preflure  (by  Prop.  I.  and  III.) 
is  equal  to  the  weight  of  a column  of  water  whofe  bafe  is  the  furface  ZQ,  and  whofe 
height  is  the  depth  of  the  ftream.  Therefore  the  preflure  againft  the  furface  ZQXR  is 
equal  to  the  weight  of  a column  whofe  bafe  is  the  furface  ZQ,  and  its  height  half  the 
depth  of  the  ftream. 


P R O P.  XXVI. 

When  a ftream  which  moves  with  the  fame  velocity  in  every  part 
ftrikes  perpendicularly  upon  any  obftacle,  the  force  with  which 
it  ftrikes  is  equal  to  the  weight  of  a column  of  the  fame  fluid, 
whofe  bale  is  the  obftacle,  and  whofe  height  is  the  fpace  through 
which  a body  muft  fall  to  acquire  the  velocity  of  the  ftream. 

Let  a ftream  of  water  flow  horizontally  out  of  the  orifice  e.  If  this  ftream  were  to 
ftrike  upon  an  obftacle  of  the  fame  breadth  every  way  as  the  orifice  or  ftream,  placed 
perpendicular  to  the  horizon,  the  ftream  muft  ftrike  upon  the  obftacle  with  its  whole  force. 
But  this  force  is  equal  to  the  weight  of  a column  of  water  whofe  bafe  is  and  height  Ae. 

And 


Chap.  II. 


OF  THE  MOTION  OF  FLUIDS. 


ioi 


And  (by  Prop.  XIIL)  Ae  is  the  height  from  which  a body  mu  ft  fall  to  acquire  the 
velocity  with  which  the  ftream  fpouts  from  e.  Therefore  the  force  with  which  this  ftreatn 
would  ftrike  fuch  an  obftacle  is  equal  to  the  weight  of  a column  of  water  whofe  bafe  is  e , 
and  height  that  from  which  a body  muft  fall  to  acquire  the  velocity  of  the  ftream. 
And  becaufe  no  part  of  the  ftream,  however  broad,  can  ftrike  the  obftacle  except  fo  much 
as  is  contained  within  a fe&ion  equal  to  the  furface  of  the  obftacle,  no  other  part  of  the 
ftream  is  to  be  confidered  in  eftimating  this  force.  It  is  alfo  manifeft,  that  if  the  ftream 
flow  horizontally  with  the  fame  velocity,  in  any  other  manner  than  through  an  orifice, 
as  in  the  current  of  a ftream,  it  will  ftrike  an  obftacle  with  the  fame  force. 


PROP.  XXVII. 

When  the  obftacle  is  given,  the  force  with  which  a ftream  ftrikes 
upon  it,  will  be  as  the  fquare  of  the  velocity  with  which  the  ftream 
moves. 


If  a ftream  ftrikes  upon  a given  obftacle,  the  force  will  (by  Prop.  XXV? . ) be  equal 
to  the  weight  of  a column  of  water  whofe  bafe  is  the  obftacle,  and  whofe  height  is  equal 
to  the  fpace  through  which  a body  muft  fall  to.  acquire  the  velocity  of  the  ftream.  Since 
then  the  bafe  is  given,  the  weight  will  be  as  the  height  of  fuch  a column.  But  the  fpaces 
through  which  bodies  fall  to  acquire  different  velocities  are  (by  Book  II.  Prop.  XXVI. ) 
as  the  fquares  of  thofe  velocities.  Therefore  the  height  of  this  column,  and  its  weight, 
and  confequently  the  force  of  the  ftream,  which  is  equal  to  this  weight,  will  be  as  the 
fquare  of  the  velocity  with  which  the  ftream  moves. 
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Of  the  resistance  of  Fluids. 

f. 

PROP.  XXVIIL 

If  a fpherical  body  is  moving  in  a given  fluid,  the  reflftance  which 
arifes  from  the  re-adtion  of  the  particles  of  the  fluid  is  as  the  fquare 
of  the  velocity  with  which  the  body  moves. 

A fpherical  body  moving  in  a given  fluid,  the  number  of  particles  which  it  will  meet 
with  in  a given  time  will  be  as  its  velocity  ; for  the  fpace  through  which  it  will  pafs 
will  be  as  its  velocity,  and  the  number  of  particles  it  will  meet  with  will  be  as  the  fpace 
through  which  it  pafles.  But  the  re-a&ion  of  the  particles  of  the  fluid,  and  confequently 
the  reflftance,  is  as  the  number  of  particles  or  quantity  of  matter  by  which  the  reflftance 
is  made.  Again,  if  a given  quantity  of  matter  is  to  be  moved,  the  moving  force  is 
(by  Book  II.  Prop.  IX.)  as  the  velocity  communicated;  and  the  reflftance  of  that  given 
quantity  of  matter  is  as  the  moving  force.  Therefore  the  reflftance  ariflng  from  re-a£lion 
in  a given  number  of  particles  of  fluid  is  as  the  refpe£Iive  velocities  with  which  they 
are  moved;  that  is,  as  the  velocities  with  which  the  bodies  which  pafs  through  the  fluid 
move.  The  reflftance  of  the  fluid  being  then  as  the  velocity  on  a double  account, 
firft,  becaufe  the  number  of  particles  moved  are  as  the  velocity  of  the  moving  body, 
and  fecondly,  becaufe  the  reflftance  of  a given  number  of  particles  is  as  the  velocity  of 
the  moving  body  ; the  reflftance  will  be  in  the  duplicate  ratio,  or  as  the  fquare  of  this 
velocity. 

PROP.  XXIX. 

When  a fpherical  body  moves  with  a given  velocity  in  any  fluid, 
the  reflftance  of  the  fluid  ariflng  from  its  re-adtion,  will  be  as  the 
fquares  of  the  diameter  of  the  fpherical  body. 

A fpherical  body,  in  moving  through  a fluid,  difplaces  a cylindrical  column  of  that 
fluid,  the  height  of  which  is  the  fpace  which  the  fphere  defcribes,  and  its  bafe  a great 
circle  of  the  fpherical  body.  Becaufe  the  velocity  is  given,  the  fpace  defcribed  in  a given 
time,  that  is,  the  length  of  the  column  is  given  : whence,  the  quantity  of  fluid  in  the 

column. 
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column,  that  is,  the  column  will  be  as  its  bafe,  a great  circle  of  the  fphere.  And  the 
refiftance  which  the  column  of  fluid  makes  by  re-a<5tion  to  the  motion  of  the  fphere  will 
be  as  its  quantity  of  matter  : it  will  therefore  be  as  the  bafe  of  the  column,  or  as  the 
great  circle  of  the  fphere,  or  (El.  XII.  2.)  as  the  fquare  of  its  diameter. 

PROP.  XXX. 

If  two  unequal  homogeneous  fpheres  are  moving  in  the  fame  fluid 
with  equal  velocities,  the  greater  fphere  will  be  lefs  refilled  in  pro- 
portion  to  its  weight,  than  the  lefler  fphere. 

The  weights  of  fpheres,  or  their  folid  contents,  are  (El.  XII.  18.)  as.  the  cubes  of  their 
diameters : but  their  refinances  (Prop.  XXIX.)  are  as  the  fquares  of  their  diameters  : and 
the  cubes  of  any  numbers  have  a greater  ratio  to  each  other  than  their  fquares.  Therefore 
the  ratio  of  the  weights  of  fpherical  bodies  is  greater  than  that  of  their  refiftances  in  a 
given  fluid  : that  is,  the  weight  of  the  greater  fphere  exceeds  the  weight  of  the  leflerj' 
more  than  the  refiftance  of  a given  fluid  againfl:  the  former  exceeds  the  refifhnce  againfl: 
the  latter,  provided  the  fpheres  are  moving  with  equal  velocities. 

Schol.  Hence  the  refiftance  of  the  air  may  be  able  to  fupport  fmall  particles  of  fluid, 
but  unable  to  fupport  them  when  they  are  collected  into  larger  drops, 

PROP.  XXXI, 

The  refiftance  of  a fluid  ariling  from  its  re-addon,  is  as  the  fide 
of  the  body  perpendicularly  oppofed  to  it. 

The  refiftance  is  as  the  column,  or  quantity  of  fluid  removed  in  a given  time,  which, 
as  was  fhewn  Prop.  XXIX.  is  as  the  bafe  of  the  column,  that  is,  as  the  fide  of  the 
body  perpendicularly  oppofed  to  it. 

PROP.  XXXII. 

When  equal  fpheres  move  with  the  fame  velocity  in  different 
fluids,  the  refiftances  will  be  as  the  denfities  of  the  fluids. 

The  refiftances  arifing  from  re-adlion  are  as  the  momenta  communicated  to  the  fluid 
in  a given  time,  that  is,  fince  the  fpheres  move  with  equal  velocities,  as  the  quantities  of 
matter  moved.  But,  becaufe  the  fpheres  are  equal,  the  bafes  of  the  columns  to  which 
they  communicate  motion,  are  equal  5 and  becaufe  the  fpheres  move  with  equal  velocity, 

the 
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the  length  of  the  columns  to  which  they  communicate  motion  are  equal.  Hence 
the  columns  to  which  motion  is  communicated,  having  their  bafes  and  heights  equal, 
are  of  equal  magnitude:  and  confequently,  their  quantities  of  matter  are  as  their  denfities. 
But  it  has  been  fnewn  that  their  momenta  and  refinances  are  as  their  quantities  of  matter : 
therefore  their  refinances  are  as  their  denfities. 

Schol.  Hence  drops  of  water  may  be  fuftained  in  the  lower  parts  of  the  atmofphere, 
which  cannot  be  fuftained  in  the  higher. 


P R O P.  XXXIII. 

The  retardation  of  bodies  in  a refilling  fluid,  where  the  weights  of 
the  bodies  are  given,  is  as  the  refiftance  of  the  fluid. 

The  more  a body  is  refitted  by  any  fluid  in  which  it  moves,  the  greater  portion  of  its 
momentum  is  dettroyed ; but,  becaufe  the  weight  of  the  body  is  given,  its  momentum  is 
as  its  velocity : therefore  the  greater  the  refittance  of  the  fluid,  the  greater  portion  of  its 
velocity  is  dettroyed,  that  is,  the  more  it  is  retarded. 


PROP.  XXXIV. 

When  the  refiftance  is  given,  the  retardation  is  inverfely  as  the 

weights. 

The  fame  refiftance  will  deftroy  an  equal  portion  of  momentum  whatever  is  the 
weight  of  the  moving  body.  But  when  the  momentum  is  the  fame,  the  velocity  is  (by 
Book  II.  Prop.  XII.)  inverfely  as  the  quantity  of  matter.  Therefore  the  velocity 
dettroyed,  on  the  retardation,  will  be  inverfely  as  the  quantity  of  matter  in  the  body  in 
which  the  momentum  is  dettroyed  : and  the  weight  is  as  the  quantity  of  matter  : there- 
fore the  retardation  is  inverfely  as  the  weight. 

PROP.  XXXV. 

The  retardation  of  fpherical  bodies  moving  with  equal  velocities 
in  the  fame  fluid,  is  inverfely  as  their  diameters. 

The  refittance  which  fpherical  bodies  meet  with  in  a given  fluid  is  (by  Prop.  XXIX.) 
as  the  fquare  of  their  diameter.  The  retardation,  when  the  weight  is  given,  is  (by  Prop. 
XXXIII.)  as  the  refittance : and  when  the  refittance  is  given,  the  retardation  (by 

Prop. 
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Prop.  XXXV.)  is  inverfely  as  the  weight,  that  is,  (El.  XII.  18.)  inverfely  as  the  cubes  of 
the  diameter.  Now,  when  unequal  fpheres  move  with  the  fame  velocity  in  the  fame  fluid, 
the  retardations  will  be  unequal,  both  becaufe  the  refiftances  are  unequal,  and  becaufe 
the  weights  are  unequal.  The  retardations  will  therefore  be  diredfly  as  the  fquares  of 
the  diameters,  and  inverfely  as  the  cubes  of  the  diameters : that  is  (compounding  thefe 
ratios)  inverfely  as  the  diameters. 

PROP.  XXXVI. 

When  a body  moves  in  an  imperfedt  fluid  which  has  tenacity, 
or  the  parts  of  which  cohere,  the  refiftance  of  any  given  portion  of 
the  fluid  from  this  caufe,  is  inverfely  as  the  velocity  of  the  body  : the 
refinance,  when  the  velocity  is  given,  is  as  the  quantity  of  fluid 
through  which  the  body  pafles : and  the  refiftance  is  always  as  the 
time  during  which  the  body  moves  in  the  fluid. 

Cafe  I.  Suppofe  fuch  an  imperfedf  fluid,  as  foft  clay,  divided  into  thin  plates;  each 
plate  having  a certain  portion  of  tenacity  will  continue  to  refill:  the  body  during  the  whole 
time  in  which  it  is  palling  through  it  : the  refiftance  therefore  will  be  the  lefs,  the 
fhorter  time  the  body  takes  in  palling  through  it,  that  is  the  greater  velocity  the  body 
moves  with.  And  this  is  true  concerning  every  plate  which  compofes  the  fluid.  Therefore 
the  refiftance  arifing  from  tenacity  in  a given  quantity  of  fluid,  is  inverfely  as  the  velocity 
of  the  body  which  pafles  through  it. 

Cafe  2.  Again,  the  velocity  of  the  body  being  given,  the  refiftance  which  the  body 
meets  with,  from  what  has  been  faid,  is  alfo  given,  and  will  be  as  the  number  of  plates 
or  quantity  of  the  fluid. 

Cafe  3.  Laftly,  when  a body  moves  for  a given  time,  the  refiftance  (by  the  fecond  cafe) 
is  as  the  number  of  plates,  that  is,  as  the  fpace  through  which  it  pafles  in  a given  time, 
that  is,  (by  Book  II.  Prop.  VI.)  as  the  velocity  diredlly,  And  (by  the  flrft  cafe)  the 
refiftance  is,  on  account  of  the  tenacity,  inverfely  as  the  velocity.  Therefore  as  much 
as  the  refiftance  is  increafed  on  account  of  the  velocity  in  one  refpeef,  fo  much  it  is 
diminilhed  on  account  of  the  velocity  in  another  ; and  confequently,  whatever  be  the 
velocity  of  a body  in  fuch  a fluid,  the  refiftance  which  it  meets  with  in  a given  time 
will  be  the  fame : whence  this  refiftance  will  be  as  the  time  in  which  the  body  moves 
in  the  fluid. 
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C H A P.  IV. 

Of  the  Specific  Gravities  of  Bodies . 

Def.  V.  The  denjity  of  a body,  is  its  quantity  of  matter  when 
the  bulk  is  given. 

Def.  VI.  The  fpecific  gravity  of  a body,  is  its  weight  compared 
with  that  of  another  body  of  the  fame  magnitude. 

Cor.  i.  The  fpecific  gravity  of  a body  is  as  its  denfity.  For  the.  fpecific  gravity  of 
a body  is  the  weight  of  a given  magnitude,  and  the  weight  of  a body  (by  Book  II.  Prop,. 
XXIV.  Cor.)  is  as  its  quantity  of  matter;  therefore  the  fpecific  gravity  of  a body  is  as 
the  quantity  of  matter  contained  in  a given  magnitude,  that  is,  as  its  denfity. 

Cor.  2.  The  fpecific  gravities  of  bodies  are  inverfely  as  their  magnitudes  when  their 
weights  are  equal.  For  by  the  laft  Cor.  the  fpecific  gravities  of  bodies  are  as  their 
denfities,  and  their  denfities  (from  Def.  I.)  are  inverfely  as  their  magnitudes  when  their 
weights  are  equal.  Therefore  the  fpecific  gravities  are  alfo  inverfely  as  their  magnitudes, 
when  their  weights  are  equal. 

PROP.  XXXVII. 

A fluid  fpecifically  lighter  than  another  fluid  will  float  upon  its 
furface. 

For  (by  Book  II.  Prop.  XXIV.)  the  lighter  fluid  will  be  lefs  powerfully  adled  upon 
by  the  force  of  gravitation  than  the  heavier;  whence,  the  heavier  will  take  the  lower 
place. 

Exp.  i.  Let  a fmall  and  open  veflel  of  wine  be  placed  within  a large  veflel  of  water; 
the  wine-WHl  afcend. 

2.  Let  mercury,  water,  wine,  oil,  fpirits  of  wine,  be  put  into  a phial  in  the  order 
of  their  fpecific  gravities ; they  will  remain  foparate. 

PRO  P.  XXXVIIL 

The  heights  to  which  fluids,  which  prefs  freely  upon  each  other, 
will  rife,  are  inverfely  as  their  fpecific  gravities. 

Foe 
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Since  (by  Prop.  VI.)  the  oppofite  parts  of  an  homogeneous  mafs  of  fluid,  in  a curved 
tube  or  channel,  prefs  equally  againft  each  other  when  they  rife  to  the  fame  height  ; 
in  order  to  preferve  the  preffure  equal  when  the  fluids  on  each  fide  are  different,  that 
which  has  the  leaft  fpecific  gravity,  muff  proportionally  rife  above  the  level  to  pre~ 
ferve  the  balance  ; and  the  reverfe. 

Exp.  Into  the  longer  arm  of  a recurved  tube,  of  equal  bore  throughout,  and  open 
at  each  end,  pour  fuch  a quantity  of  mercury,  that  it  fhall  rife  in  each  arm  about  half 
an  inch;  then  pour  water  into  the  longer  arm  till  the  mercury  is  raifed  one  inch  above 
its  former  height ; the  fpecific  gravities  of  thefe  fluids  will  be  inverfely  as  the  heights 
to  which  they  rife. 

0 

PROP.  XXXIX. 

The  force  with  which  a body  lighter  than  any  fluid  endeavours 
to  afcend  in  that  fluid,  is  as  the  excefs  of  the  fpecific  gravity  of 
the  fluid  above  the  folid. 

Since  ABCD,  the  fluid  in  a veffel,  will  be  at  reft  (Prop.  III.)  when  every  part  pjate  5. 

of  an  imaginary  plane  SQ,  under  the  furface  of  the  floating- body  ptei , fuftains  an  equal  F*s*  XS ’ 

preffure;  if  the  folid  body  be  of  equal  fpecific  gravity  with  the  fluid,  that  is,  weighs 
as  much  as  a quantity  of  the  fluid  equal  to  it  in  bulk,  and  whofe  place  it  takes  up, 
this  imaginary  plane  being  equally  preffed  by  the  folid,  as  if  the  fame  fpace  were  filled 
with  fluid,  the  fluid  will  be  at  reft,  and  the  folid  will  neither  afcend  nor  defcend.  Con- 
fequently,  if  the  body  be  fpecifically  heavier  than  the  fluid,  that  part  of  the  plane  which 
is  dire&ly  under  the  folid  being  fo  much  more  prefled  than  the  other  equal  parts  of  the 
fame  plane  as  the  folid  body  is  fpecifically  heavier  than  the  fluid,  the  body  muft  defcend 
with  a force  equal  to  that  excefs ; and,  on  the  contrary,  if  the  body  be  fpecifically 
lighter  than  the  fluid,  that  part  of  the  plane  which  is  dire&ly  under  the  folid  being  fo 
much  lefs  preffed  than  the  other  equal  parts  of  the  fame  plane,  as  the  body  is  fpecifically 
lighter  than  the  fluid,  it  muft  be  buoyed  up  with  a force  equivalent  to  the  difference 
of  their  fpecific  gravities. 

Exp.  From  a hollow  cube  of  tin,  let  a cord  faftened  to  one  of  its  fides  pafs  over  a 

pulley  fixed  upon  a perpendicular  ftem  at  the  bottom  of  a veffel,  and  be  connedled  with 

one  arm  of  a balance  : water  being  poured  into  the  veftel,  the  cube  will  float  on  the 
furface ; then  add  weights  to  the  other  arm  of  the  balance,  till  the  cube  is  entirely  im- 
merfed  : thefe  weights  will  meafure  the  force  with  which  the  cube  endeavours  to  afcend. 

If  the  fame  be  done  with  any  other  cube  of  the  fame  bulk,  and  the  fpecific  gravities  of 
the  cubes  be  eftimated,  their  forces  will  be  found  to  be  as  the  exceffes  of  the  fpecific 
gravity  of  the  fluid  above  the  fpecific  gravities  of  the  folids. 
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PROF.  XL. 

Any  fluid  prefifes  equally  againft  the  oppoilte  fides'of  a folia  body 
immerfed  in  it. 

The  oppoflte  Tides  of  the  folid  are  at  the  fame  depth  ; and  fluids  at  the  fame  depth  prefs 
equally.  Thus  the  oppoflte  Tides  RM,  SN,  of  any  body  immerfed  in  a veflel  of  water 
ABCD,  are  prefled  equally  by  the  furrounding  fluid. 

Cor.  No  motion  of  the  folid  will  be  produced  by  thele  oppoflte  lateral  preflfures. 


Plate  5. 

rig.  18, 


Plate  5, 
Fig.  18, 


PRO  P.  , XLI. 

A body  immerfed  in  a fluid  is  preffed  more  upwards  than  it  is 
downwards,,  and  the  difference  of  thefe  two  preffures  is  equal  to  the 
weight  of  as  much  of  the  fluid  as  would  fill  the  lpace  which  the 
body  fills. 

The  body  MRNS  being  immerfed  in  the  veflel  of  water  A BCD,  its  lower  part  MN 
mull  be  prefled  upwards  juft  as  much  as  the  water  itfelf  at  the  fame  depth  MNT  would 
be  if  no  folid  were  immerfed.  Now  the  water  at  any  depth  (by  Prop.  III.)  is  prefled 
as  much  upwards  as  it  is  prefled  downwards.  And  at  the  depth  MNT,  the  portion  or 
this  ftratum  MN,  would,  if  the  folid  were  away,  be  prefled  downwards  by  a force  equal  to 
the  weight  of  the  incumbent  column  of  water  EMNH.  Therefore  the  force  with  which 
MN,  that  is,  the  lower  part  of  the  folid,  is  prefled  upwards,  is  equal  to  the  weight  of  as 
much  water  as  would  fill  the  whole  fpace  EHMN.  But  the  folid  body  RSMN  is  prefled 
downwards  by  the  weight  of  the  column  above  it  EHRS.  Therefore  the  difference 
between  the  two  preflures,  is  the  difference  of  the  weights  of  the  two  columns  of  water 
EHMN,  and  EHRS:  that  is,  the  upward  preffure  upon  the  folid  body  RSMN  exceeds 
the  downward  preffure,  by  a force  equal  to  the  weight  of  as  much  water  as  would  fill 
the  fpace  RSMN,  taken  up  by  the  folid  body.  The  cafe  will  be  the  fame  whatever  is  the 
figure  of  the  body  immerfed. 

PROP.  XLII. 

A body  immerfed  in  a fluid,  if  it  is  fpecifically  heavier  than  the 
fluid,  will  fink. 

If  the  body  RSMN  is  fpecifically  heavier  than  the  fluid,  it  weighs  more  than  a quantity 
of  the  fluid  of  the  fame  bulk  with  it.  Hence  the  column  EHMN,  confifting  of  the  column 
of  fluid  EHRS  and  the  folid  body  RSMN,  is  heavier  than  the  fame  column  would  be  if  it 

eonfifted. 
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confided  wholly  of  water.  But  the  upward  prefTure  againd  MN  is  (by  Prop.  III.)  equal  to 
the  downward  prefTure  of  the  column  of  water  EHMN,  and  therefore  only  fufiicient  to 
fupport  the  weight  of  that  column.  It  cannot  then  fupport  the  -weight  of  the  heavier 
column,  confiding  of  a fluid  and  a folid,  EHMN  ; and  that  part  of  this  column  which 
is  fpecifically  heavier  than  the  fluid,  that  is,  the  folid,  -will  fink,  with  a force  equal  to 
the  difference  of  the  weights  of  the  column  of  fluid  EHMN,  and  the  mixed  column 
EHRS,  RSMN. 

PROP.  XLIII. 

A body  fpecifically  lighter  than  the  fluid  in  which  it  is  immerfed, 
will  ri'fe  to  the  furface  and  fwim. 

If  the  folid  RSMN  be  a body  fpecifically  lighter  than  water,  the  column  EHMN  will  Plate  5. 
weigh  lefs  as  it  confifls  of  the  column  of  water  EHRS  and  the  folid  RSMN,  than  if  Fl°’  l8‘ 
it  confided  entirely  of  water.  Confequently,  the  upward  prefTure  upon  MN,  which  is 
equal  to  the  weight  of  the  column  of  water  EPIMN,  will  be  equal  to  more  weight  than 
that  of  the  mixed  column  EHRS,  RSMN  : and  therefore  the  lighter  part  of  this  column, 
that  is,  the  folid  body,  will  be  carried  upwards  with  a force  equal  to  the  difference  of  the 
weights  of  the  column  of  fluid  EHMN,  and  the  mixed  column  EHRS,  RSMN. 

PROP.  XLIV. 

A body  which  has  the  fame  lpecific  gravity  with  the  fluid  in  which 
it  is  immerfed,  will  remain  fufpended  in  any  part  of  the  fluid. 

The  body  RMNS  being  of  the  fame  fpeciflc  gravity  with  the  fluid,  the  column  EHMN  p?ate 
preffes  downwards  with  the  fame  force,  whild  this  body  makes  a part  of  it,  as  if  the  FiS-  l8, 
column  confided 'wholly  of  water,  that  is,  with  a force  equal  to  the  upward  prefTure 
againd  MN.  Therefore  the  body  RSMN,  having  its  lower  furface  MN,  and  in  like 
manner  all  its  parts,  preffed  by  equal  forces  in  oppofite  directions,  will  remain  at  red. 

Exp.  Let  fmall  glafs  images  made  hollow,  and  of  fpeeific  gravity  fomewhat  lefs  than 
water,  having  a fmall  orifice  to  receive  water,  fwim  in  a large  glafs  veffel  nearly  filled 
with  water  and  covered  over  clofely  with  a piece  of  bladder : by  prefling  the  bladder  with 
the  hand,  the  air  on  the  furface  is  cOmprefled  ; this  prefTure  is  communicated  to  the  air  in 
the  images.,  which  confequently  receive  a larger  portion  of  water,  and  become  in  fpecific 
gravity  as  heavy  .as  the  water,  or  heavier,  and  either  float  in  the  water,  or  fink. 
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A body  fpecifically  heavier  than  the  fluid  in  which  it  is  immerfed, 
may  be  fupported  in  it  by  the  upward  preflure,  if  the  preflure  down- 
ward be  taken  away  : and  a body  fpecifically  lighter  than  the  fluid 
in  which  it  is  immerfed,  will  not  rife  in  the  fluid,  if  the  upward 
preflure  be  taken  away* 

For,  in  the  firft  cafe,  the  preflure  which  the  folid  RSMN  fuflains  from  the  weight  of  the 
fluid  being  removed,  the  folid  may  prefs  downwards  with  a force  equal  to,  or  lefs  than, 
that  of  the  column  of  fluid  EHMN,  that  is,  than  that  with  which  it  is  preifed  upwards, 
according  to  the  degree  of  depth  in  the  fluid  at  which  the  folid  is  placed.  ^ 

In  the  fecond  cafe,  as  the  upward  preflure  again!!  MN  is  diminifhed,  the  downward 
prelTure  of  the  mixed  column  EHMN  becomes  equal  to,  or  greater  than,  the  upward 
preiTure,  and  the  folid  will  either  float  in  the  fluid,  or  fink. 

Exp.  For  the  fir!!  part  of  the  propofition  fee  Prop.  III.  Exp.  2 and  5.  The  fecond 
part  may  be  thus  confirmed.  If  a plane  and  fmooth  piece  of  hard  wood,  or  of  cork,  be 
clofely  prefled  down  by  the  hand  upon  the  plane  and  fmooth  bottom  of  any  veflel,  whilft 
mercury  is  pouring  into  the  veflel ; upon  removing  the  preflure  of  the  hand,  the  down- 
ward preflure  of  the  mercury  will  prevent  the  wood  from  riflng. 

PROP.  XLVI. 

If  a body  floats  on  the  furface  of  a fluid  fpecifically  heavier  than 
itfelf,  it  will  fink  into  the  fluid  till  it  has  difplaced  a portion  of  fluid 
equal  in  weight  to  the  folid. 

Let  ptei  be  a body,  floating  on  a liquor  fpecifically  heavier  than  itfelf,  it  will  fink 
into  it,  till  the  immerfed  part,  rnei,  takes  up  the  place  of  fo  much  fluid  as  is  equal  to 
it  in  weight.  For,  in  that  cafe,  a,  that  part  of  the  furface  of  the  ftratum  upon  which 
the  body  refts,  is  prefled  with  the  fame  degree  of  force,  as  it  would  be,  was  the  fpace  met 
full  of  the  fluid  ; that  is,  all  the  parts  of  that  flratum  are  prefied  alike,  and  therefore  the 
body,  after  having  funk  fo  far  into  the  fluid,  is  in  equilibrio  with  it,  and  will  remain  at 
reft. 

Exp.  1.  Place  a cube  of  wood  on  a fmall  jar,  exactly  filled  with  water  ; a part  of  its 
bulk  will  be  immerfed,  and  will  difplace  a quantity  of  the  water  ; take  the  cube  out  of  the 
water,  and  put  it  into  a fcale,  with  which  an  empty  veflel  in  the  other  fcale  itands  balanced; 

then 
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then  pour  water  into  that  vefFel  till  the  equilibrium  is  reflored  ; that  portion  of  water 
will  fill  up  the  jar  in  which  the  cube  was  placed. 

2.  Let  a glafs  jar,  with  a weight  fuflicient  to  make  it  fink  in  water  to  about  two-thirds 
of  its  length,  be  placed  firft  in  a large  veflel  of  water,  and  afterwards  in  one  which  is  very- 
little  wider  than  the  jar,  and  which  has  in  it  a ftnall  quantity  of  water  ; the  jar  will  fink 
to  the  fame  depth  in  both  veffels,  that  is,  till  fo  much  of  the  vefFel  is  under  water  as  is 
equal  in  bulk  to  a quantity  of  the  fluid  whofe  weight  is  equal  to  that  of  the  whole  vefFel. 

. Cor.  Hence  arifes  a rule  for  effimatihg  the  fpecific  gravities  of  fluids  or  folids.  For, 
fince  (by  this  Prop.)  the  weights  of  the  water  difplaced  and  of  the  folid  are. equal,  their 
fpecific  gravities  are  inverfely  as  their  magnitudes  5 that  is,  the  magnitude  of  the  water  dif- 
placed  is  to  that  of  the  folid,  as  the  fpecific  gravity  of  the  folid  is  to  the  fpecific  gravity  of 
the  fluid  i pr  (fince  the  part  immerfed  is  equal  in  magnitude  to  the  fluid  difplaced)  the  part 
immerfed  ?f^to  the  whole,  as  the  fpecific  gravity  of  the  folid  to  the  fpecific  gravity  of  the 
fluid.  Consequently,  the  greater  portion  of  any  given  folid  is  immerfed  in  any  fluid,  the  lefs 
is  the  fpecific  gravity  of  the  fluid  : and  with  refpedf  to  folids,  inverting  the  propofition, 
as  the  whole  is  to  the  part  immerfed,  fo  is  the  fpecific  gravity  of  the  fluid  to  that  of  the 
folid : whenc-e,  the  greater  portion  of  any  folid  is  immerfed  in  a given  fluid,  the  greater 
is  its  fpecific  gravity. 

Exp.  I.  Let  an  hydrometer  (or  bulb,  with  a graduated  ffem,  fpecifically  lighter  than 
any  of  the  fluids  to  be  meafured)  be  immerfed  in  different  fluids  : the  deeper  it  finks, 
the  lef»  is  the  fpecific  gravity  of  the  fluid. 

2.  Let  two  cylinders  of  wood,  equal  in  length  and  diameter,  one  of  oak,  and  the 
other  of  fir,  be  immerfed  in  narrow  tall  jars  of  water;  their  different  fpecific  gravities  will 
be  feen  from  the  different  depths  to  which  they  fink. 


PROP.  XLVII. 

A folid  weighs  lefs  when  immerfed  in  a fluid  than  in  open  air, 
by  the  weight  of  a quantity  of  the  fluid  equal  in  bulk  to  the  folid. 

If  the  body  immerfed  were  of  the  fame  fpecific  gravity  with  the  fluid  (by  Prop.  XLIV.) 
it  would  be  fupported  in  the  fluid  by  the  upward  preffure.  The  fluid  therefore  fuftains 
fo  much  of  the  gravity  of  the  body,  or  takes  away  fo  much  of  its  weight,  as  is  equal  to 
the  weight  of  that  quantity  of  fluid  which  would  fill  the  place  taken  up  by  the  body. 

Or  thus  ; A body  endeavours  to  defcend  by  its  whole  weight ; but  (as  was  fhewn 
Prop.  XLI.)  when  it  is  immerfed  in  a fluid,  it  is  fupported  by  a force  equal  to  the 
weight  of  an  equal  bulk  of  that  fluid.  And  fince  thefe  two  forces  a£t  in  contrary  direc- 
tions, the  weight  which  the  body  retains  in  the  fluid  will  be  the  difference  between  them; 

that 
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that  is,  it  weighs  as  much  lefs  in  the  fluid  as  in  the  air,  as  the  weight  of  a quantity  or 
the  fluid  equal  in  bulk  to  the  foiid. 

Exp.  Having  provided  a foiid  cylinder  of  lead  which  exactly  fills  a hollow  cylinder 
of  brafs,  place  in  one  fcale  the  hollow  cylinder;  under  the  fame  fcale  fufpend  by  a firing 
the  foiid  cylinder,  and  balance  the  whole  by  weights;  then  immerfe  the  foiid  cylinder 
in  water,  and  the  equilibrium  will  be  reftored  by  filling  up  the  hollow  cylinder. 

Cor.  i.  Hence  the  fpecific  gravities  of  different  fluids  may  be  compared,  by  obferving 
how  much  the  fame  foiid  (fpecifically  heavier  than  the  fluids)  lofes  of  its  weight  in  each 
fluid ; that  fluid  having  the  greateft  fpecific  gravity  in  which  it  lofes  moft  of  its  weight, 

Exp.  Let  a cubic  inch  of  wood,  made  fufliciently  heavy  to  fink  in  water,  be  immerfed 
fucceflively  in  different  fluids  ; it  will  difplace  a cubic  inch  of  the  fluid  in  which  it  is 
immerfed  ; and  fince  the  cube  (by  Prop.  XLVIII.)  weighs  lefs  in  the  fluid,  by  the 
weight  of  a quantity  of  the  fluid  equal  in  bulk  to  the  cube,  its  lofs  of  weight  will  be 
the  weight  of  a cubic  inch  of  the  fluid. 

Cor.  2.  The  weights  which  bodies  lofe  in  any  fluid  are  proportional  to  their  bulks. 

Exp.  i.  Two  balls  of  equal  bulk,  one  of  ivory,  the  other  of  lead,  will  lofe  equal  weight 
in  water. 

2.  A piece  of  copper  and  a piece  of  gold  being  of  equal  weight  in  air,  the  gold  out- 
weighs the  copper  in  water. 

Cor.  3.  If  it  be  known  what  a cubic  inch  of  any  body  lofes  in  water,  the  foiid  con- 
tents of  any  irregular  mafs  of  the  fame  kind  may  be  known,  by  obferving  how  much 
more  or  lefs  it  lofes,  than  a cubic  inch  would  lofe. 

Exp.  Weigh  a cubic  inch  and  any  irregular  piece  of  wood  of  the  fame  kind,  and 
obferve  the  difference  of  their  weights. 

Cor.  4.  The  weight  of  a foiid  body  of  the  fame  fpecific  gravity  with  the  fluid,  or  of 
a portion  of  the  fluid  itfelf,  fufpended  in  the  fluid,  is  not  perceived,  becaufe  this  weight  is 
fupported,  and  not  becaufe  the  gravity  of  the  body  is  loft  or  deftroyed. 
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Of  PNEUMATICS. 


CHAP.  I. 

Of  the  Weight  and  Pressure  of  the  Air. 


Def.  The  Air,  or  Atmofphere,  is  that  fluid  which  encompafles 
the  earth. 


PROP,  XLVIII. 
The  air  has  weight. 


This  appears  from  experiment. 

Exp.  i.  The  air  being  exhaufted,  by  an  air-pump,  from  a glafs  receiver,  the  veflei 
will  be  held  faft  by  the  preflure  of  the  external  air. 

2.  If  a fmall  receiver  be  placed  under  a larger*  and  both  be  exhaufted,  the  larger  will 
be  held  faft,  whilft  the  fmaller  will  be  eafily  moved. 

3.  If  the  hand  be  placed  upon  a fmall  open  veflei,  in  fuch  manner  as  to  clofe  its  upper 
orifice,  it  will  be  held  down  with  great  force. 

4.  The  upper  orifice  of  an  open  receiver  being  clofely  covered  with  a piece  of  bladder, 
upon  exhaufting  the  receiver,  the  bladder  will  burft. 

5.  In  the  fame  fituation  a thin  plate  of  glafs  will  be  broken. 

6.  Let  a glafs  bulb,  having  a long  neck,  be  put,  with  the  neck  downwards,  into  a 
veflei  of  water ; put  the  whole  under  a receiver,  and  exhauft  the  air  : on  re-admitting  the 
air,  its  preflure  upon  the  furface  of  the  water  in  the  veflei  will  caufe  the  water  to  rife 
in  the  bulb. 

7.  Pour  mercury  into  a wooden  cup,  clofely  placed  upon  the  upper  orifice  of  an  open 
receiver : when  the  air  beneath  is  exhaufted,  the  preflure  of  the  external  air  will  force 
the  mercury  through  the  wood,  and  it  will  defcend  in  a Ihower. 

8.  On  a transferrer  let  the  air  be  exhaufted  from  a long  receiver ; then  let  water  be 
admitted  through  a pipe,  by  means  of  a cock  1 the  water  will  rife  in  a jet  d* mu 

9.  Con- 
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9.  Concknfe  the  air  within  a globular  veflel,  having  a long  neck,  by  blowing  through 
the  neck,  the  preflure  of  the  air  within  the  veflel  will  force  out  the  water. 

10.  The  glafs  bulb  and  veflel  (as  in  Exp.  6.)  being  placed  within  a condenfing  re- 
ceiver; on  increafing  the  quantity  of  air  in  the  receiver,  the  fluid  will  rife  into  the  bulb. 

11.  The  quickfilver  in  the  guage  of  the  condenfer  will,  by  the  increafing  preflure  of 
the  air,  be  forced  upwards  in  the  tube. 

12.  Any  quantity  of  air  may  be  transferred  from  one  veflel  to  another. 

13.  A thin  glafs  veflel,  of  a cubical  form  and  clofed  up,  may  be  broken  in  a condenfer. 

14.  Fill  a glafs  tube,  about  3 feet  long  and  clofed  at  one  end,  with  mercury ; then 
iftfert  the  open  end  in  a veflel  of  mercury;  the  mercury  will  remain  fufpended  in  the  tube, 
by  the  preflure  of  the  external  air  upon  the  furface  of  the  mercury  in  the  veflel  : when 
this  preflure  is  removed,  by  placing  the  tube  and  veflel  under  a receiver  and  exhaufting 
the  air,  the  mercury  will  fink  in  the  tube,  and  on  re-admitting  the  air,  will  rife. 

15.  If  the  fame  immerfed  tube  be  fufpended  from  the  beam  of  a balance,  the  weight 
neceflary  to  counterpoife  it,  exclufive  of  the  weight  of  the  tube,  is  equal  to  that  of  the 
mercury  fuftained  in  the  barometer  by  the  preflure  of  the  atmofphere  : for,  the  weight 
of  the  column  of  air  incumbent  upon  the  tube  not  being  counterbalanced  by  the  contrary 
preflure  from  below,  which  is  employed  in  bearing  up  the  mercury  within  the  tube, 
mull:  prefs  upon  the  beam. 

16.  Let  a barometer  tube,  inftead  of  being  hermetically  fealed  at  the  top,  be  clofely 
covered  with  a piece  of  bladder ; the  mercury  will  rife  to  the  fame  height  as  in  a common 
barometer ; and  on  piercing  the  bladder  with  a needle,  to  admit  the  air,  it  will  fall. 

Schol.  Hence  the  preflure  of  the  atmofphere  on  or  near  the  furface  of  the  earth 
is  known  : the  weight  of  any  column  of  air  being  equal  to  the  weight  of  the  column  of 
mercury,  of  the  fame  diameter,  fupported  in  the  barometer..  And,  fincc  the  height  of 
this  column  varies  with  the  weight  of  the  atmofphere,  the  varieties  in  the  weight  of 
the  atmofphere  are  known  by  the  barometer. 

18.  Let  the  air  be  exhaufted  from  a glafs  veflel,  and  by  means  of  a cock  let  the 
veflel  be  kept  exhaufted ; weigh  the  veflel  whilft  it  is,  exhaufted,  and  when  the  air  is  re- 
admitted ; the  difference  is  'the  weight  of  lb  much  air  as  the  veflel  contains. 

PRO  P.  XLIX, 

The  air  preffes  equally  in  all  directions. 

Exp.  1.  Let  a bladder,  filled  with  air,  be  placed  within  a condenfing  receiver,  the 
condenfed  air  will  make  the  bladder  flaccid. 

2.  In  a tall  phial  let  an  orifice  be  made  about  3 inches  above  the  bottom ; flop  this 
orifice ; through  a cork  in  the  neck  of  the  phial  inlert  a long  tube  open  at  each  end ; and 
let  its  lower  end  be  below  the  orifice  in  the  fide  of  the  phial.  The  mouth  of  the  phial 
being  clofed  up  about  the  tube,  pour  water  into  the  tube  till  it  is  full.  Upon  opening 
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the  orifice,  the  water  will  be  difcharged  till  its  furface  in  the  tube  is  level  with  the 
orifice;  after  which  it  will  ceafe  to  flow,  becaufe  the  external  lateral  preflfure  of  the  air 
balances  the  perpendicular  preflure  upon  the  water  in  the  tube. 

3.  If  a glafs  veflel  be  filled  with  water,  and  covered  with  a loofe  piece  of  paper,  on 
inverting  the  glafs,  the  water  will  be  kept  from  falling  by  the  upward  preflure  of  the  air. 

4.  If  a veflel  be  perforated  in  fmall  holes  at  the  bottom,  but  clofed  at  the  top, 
the  upward  preflure  of  the  air  will  keep  the  water  within  the  veflel ; as  will  appear  by 
fucceflively  flopping  and  unftopping  a fmall  hole  in  the  top  of  the  veflel. 

5.  Two  brafs  hemifpherical  cups  put  clofe  together,  when  the  air  between  them  is 
exhaufted,  will  be  prefled  together  with  confiderable  force. 

6.  A fyringe  being  faftened  to  a plate  of  lead,  and  the  pifton  of  the  fyringe  being 
drawn  upwards  with  one  hand,  whilft  the  lead  is  held  in  the  other,  the  air,  by  its  upward 
preflure,  will  drive  back  the  fyringe  upon  the  pifton  : whereas,  if  the  loaded  fyringe  be 
hung  in  a receiver,  and  the  air  be  exhaufted,  the  fyringe  and  lead  will  defeend  ; but  upon 
re-admitting  the  air,  they  will  again  be  driven  upwards. 

P R O P.  L. 

The  preflure  of  the  atmofphere  varies  at  different  altitudes. 

Exp.  Put  a glafs  tube,  open  at  both  ends,  through  a cork  into  a large  phial  containing 
a fmall  quantity  of  coloured  water ; let  the  lower  end  of  the  tube  be  in  the  water ; and  let 
the  cork  and  tube  be  clofely  cemented  to  the  neck  of  the  bottle.  Then,  blow  through  the 
tube,  till  the  quantity  of  air  within  the  phial  is  fo  increafed,  that  the  water  will  rife  above 
the  neck  of  the  phial.  Let  this  phial  be  placed  in  a veflel  of  fand,  to  keep  the  air  within 
of  the  fame  temperature  ; the  water  will  ftand  at  different  heights  in  the  tube,  according 
to  the  elevation  of  the  place  where  it  is  placed  : from  whence  it  appears,  that  the  preflure 
of  the  atmofphere  varies  at  different  altitudes. 

Cor.  Hence  the  proportion  of  the  fpecific  gravity  of  air  to  that  of  water  may  be 
determined.  If  the  difference  in  height  of  the  two  places  where  the  above  experiment 
is  made  be  54  feet,  and  that  difference  caufe  a difference  of  of  an  inch 'in  the  height  of 
the  water;  it  follows,  that  a column  of  water  of  of  an  inch  or  of  a foot,  is  equi- 
ponderant to  a column  of  air  of  54  feet  having  the  fame  bafe  : therefore  the  gravity  of  air 
to  that  of  water,  is  as  54  to  or  864  to  1.  In  afeending  the  mountain  of  Snowden 
in  Wales,  which  is  3720  feet  perpendicular  height,  it  was  found  that  the  barometer 
funk  3 inches  and 
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PROP.  LI. 

The  force  with  which  the  wind  ftrikes  upon  the  fail  of  a fhip, 
the  velocity  of  the  air  and  the  dimenfion  of  the  fail  being  given, 
will  be  as  the  fquare  of  the  cofine  of  the  angle  of  incidence,, 

Let  AD  reprefent  the  fail  of  a fhip,  with  its  edge  towards  the  eye;  and  let  a circle 
be  drawn  upon  the  center  K ; whence  K will  be  the  middle  of  the  fail,  and  AD  its  length. 
If  the  wind  blows  perpendicularly  againft  the  fail,  all  the  air  included  within  the  fpace 
FADG  will  ftrike  upon  it.  But  if  the  fail  is  inclined  in  the  pofition  BE,  all  the  air, 
which  ftrikes  upon  it,  is  included  within  the  fpace  HBEI. 

If  it  were  poftible  that  the  fail  fhould  be  ftruck  with  the  fame  quantity  of  air  in  the 
perpendicular  pofition  AD  as  in  the  oblique  pofition  BE,  yet  the  quantity  of  the  oblique 
ftroke  would  be  to  the  quantity  of  the  diredt  ftroke  (by  Book  II.  Prop.  XIX.)  as  the 
cofine  of  incidence  to  the  radius,  that  is,  fince  (fuppofing  LK  drawn  parallel  to  BH, 
the  diredlion  of  the  wind,  and  BC  perpendicular  to  KL)  BKL  is  the  complement  of  the 
angle  of  incidence  LKE,  and  BL  its  cofine,  as  BL  to  AK. 

Again,  if  it  were  poftible  that  the  oblique  ftroke  of  the  wind  upon  the  fail  BE  fhould 
be  equal  to  the  diredt  ftroke  upon  AD ; yet,  the  column  of  air  which  ftrikes  upon  the 
fail  diredlly,  having  AD  for  its  bafe,  and  the  column  which  ftrikes  obliquely,  having 
BC  for  its  bafe,  the  quantity  of  air  which  ftrikes  obliquely,  is  to  that  which  ftrikes  diredlly, 
as  BC  to  AD,  that  is,  as  BL  to  AK  ; but  the  velocities  in  either  cafe  are  fuppofed  to  be 
the  fame : therefore  the  momenta,  or  forces  with  which  the  fails  are  ftruck  will  be  as  the 
quantities  of  matter,  that  is,  as  BL,  the  cofine  of  incidence  to  AK  the  radius. 

Thus,  the  force  with  which  the  wind  ftrikes  the  fail  BE  obliquely,  is  to  the  force 
with  which  it  ftrikes  an  equal  fail  AD  diredtly,  as  BL  to  AK  on  two  accounts  ; firft, 
becaufe  an  oblique  ftroke  is  to  a direct  ftroke  in  this  ratio;  and  fecondly,  becaufe  the 
quantity  of  air  which  ftrikes  the  oblique  fail  is  to  that  which  ftrikes  the  diredf  one  in  the 
fame  ratio.  Confequently,  upon  both  accounts  together,  the  oblique  force  is  to  the  diredf 
one  as  BLxBL  to  AKxAK,  or  as  the  fquare  of  BL  the  cofine  of  incidence  to  the 
fquare  of  AK  the  radius.  But,  the  length  of  the  fail,  or  AD  being  given,  AK  the  radius 
is  a given  quantity.  Therefore  the  force  of  the  wind  in  different  obliquities  of  the  fail, 
will  be  as  BL  the  fquare  of  the  cofine  of  incidence. 
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CHAP.  II. 


Of  the  Elasticity  of  the  Air. 


PROP.  LII. 

• * t 

The  air  is  an  elaftic  fluid,  or  capable  of  comprefiion  and  expanflon. 

Exp.  1.  A blown  bladder,  prefTed  with  the'  hand,  will  return  into  the  form  which  it 
had  before  the  prefTure. 

2.  A flaccid  bladder,  put  under  a receiver,  when  the  external  air  is  exhaufted,  becomes 
extended  by  the  elafticity  of  the  internal  air. 

3.  A bladder  fufpended  within  the  receiver,  with  a fmall  weight  hanging  from  it 
which  touches  the  bottom,  when  the  external  air  is  exhaufted,  by  the  expanflon  of  the 
internal  air,  will  raife  the  weight. 

4.  The  bladder  being  put  into  a box,  and  a weight  laid  upon  the  lid,  the  weight,  on 
exhaufting  the  air,  will  be  lifted  up. 

5.  If  a tube,  clofed  at  one  end,  be  inferred  at  its  open  end  in  a veflel  of  water,  the 
fluid  in  the  tube  will  not  rife  to  the  level  of  the  water  in  the  veflel,  being  refilled  by  the 
elaftic  force  of  the  air  within  the  tube.  On  this  principle  the  diving  bell  is  formed. 

6.  If  a bladder  be  inclofed  in  a glafs  veflel  fo  clofely  that  the  air  in  the  veflel  without 
the  bladder  cannot  efcape,  but  the  air  within  the  bladder  communicates  w’ith  the  external 
air  through  the  neck  of  the  veflel ; the  external  air  being  exhaufted,  the  bladder  will  be 
clofely  prefled  by  the  air  in  the  veflel  5 and  when  the  air  is  re-admitted,  the  bladder  will  be 
diftended. 

7.  A fhrivelled  apple,  under  an  exhaufted  receiver  will  have  its  coat  diftended  by  the 
internal  air. 

8.  In  the  fame  fltuation,  the  air  contained  in  a frefh  egg  will  expel  its  contents  from 
an  orifice  made  in  its  fmaller  end. 

9.  On  green  vegetables,  and  other  fubftances,  placed  in  a veflel  of  water  under  a receiver, 
whilft  the  air  is  exhaufting,  bubbles  will  be  railed  by  the  expanflon  of  the  internal  air. 

10.  Beer,  a little  warmed,  will,  from  the  fame  caufe,  whilft  the  internal  air  is  exhauft- 
ing, have  the  appearance  of  boiling. 

11.  Let  a cylindrical  piece  of  wood  (made  juft  fpecifically  heavier  than  water  by 
faftening  to  it  a fmall  plate  oi  lead)  be  placed  in  a veflel  of  water  under  a receiver  : upon 

exhaufting 
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exhaufting  the  air  the  wood  will  fwim  ; fome  particles  of  air  efcaping  from  the  wood, 
and  hereby  diminilhing  its  fpecific  gravity. 

12.  The  bulb  inferted  in  a vefTel  of  water  (as  in  Prop.  XLYIII.  Exp.  6.)  being 
nearly  filled  with  water  by  exhaufting  the  air,  on  its  re-admiftion,  the  air  within  the 
bulb,  by  its  elafticity,  will  expel  the  water  from  the  bulb. 

13.  Place  a double  transferrer  upon  the  air-pump,  with  two  receivers;  exhauft  one- 
receiver;  then  open  the  pipe  between  the  two  receivers ; and  the  air  in  the  unexhaufted 
receiver  will,  by  its  elafticity,  be  in  part  driven  into  the  exhaufted  receiver;  and  both 
receivers  will  have  equal  portions  of  air ; but  this  air  will  be  rarer  in  both  than  the 
external  air ; whence  both  the  receivers  will  be  held  faft  by  the  external  prefture. 

PROP.  LIII. 

The  elaftic  fpring  of  the  air  is  equivalent  to  the  force  which  com- 
prefles  it. 

If  the  fpring  with  which  the  air  endeavours  to  expand  itfelf  when  it  is  comprefted  were 
lefs  than  the  comprefling  force,  it  would  yield  ftill  farther  to  that  force ; if  it  were  greater, 
it  would  not  have  yielded  fo  far.  Therefore,  when  any  force  has  comprefted  the  air  fo 
that  it  remains  at  reft,  the  fpring  of  the  air  arifing  from  its  elafticity  can  neither  be 
greater  nor  lefs  than  this  force  that  is,  muft  be  equal  to  it. 

Exp.  Let  the  air  be  exhaufted  from  an  open  tube,  whofe  lower  part  is  inferted  in  a 
vefiel  containing  a fmall  quantity  of  mercury,  and  let  the  air  within  the  veflel  be  pre- 
vented from  efcaping;  this  air,  by  its  elafticity,  will  force  the  mercury  up  the  tube 
nearly  to  the  height  to  which  it  would  be  raifed  by  the  prefiure  of  the  atmofphere. 

PROP.  LIT. 

The  fpace  which  any  given  quantity  of  air  fills  is  inverlely,  and 
its  denfity  diredtly,  as  the  force  which  compreffes  it. 

Exp.  Let  there  be  a bent  tube  of  the  form  nkg,  open  at  n and  clofed  at  g.  Let 
a fmall  portion  of  mercury  be  at  the  bottom  ki.  Then  gi  is  filled  with  air  comprefted 
by  the  weight  of  the  atmofphere,  equivalent  to  the  weight  of  a column  of  mercury  about 
29^  inches  in  height.  If  more  mercury  be  poured  into  the  orifice  7z,  the  weight  of 
this  mercury  is  an  additional  comprefting  force  acting  upon  the  air  ig.  Since  (by 
Prop.  V.)  the  columns  of  equal  heights  lk9  hi , balance  each  other,  the  air  in  the  fpace 
gh  is  prefled  both  by  the  weight  of  the  atmofphere  and  the  column  ml.  If  therefore 
?/?/  be  29 1-  inches,  the  air  in  gi  is  prefled  with  double  the  weight  of  the  atmofphere. 
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or  with  two  atmofpheres ; and  it  will  be  found,  that  it  will  be  comprefied  into  the 
fpace  gh,  half  the  fpace  which  the  fame  quantity  of  air  took  up  when  it  was  prefled 
only  with  the  weight  of  the  atmofphere  : therefore  the  fpace  is  inverfely  as  the  comprefling 
force.  And  its  denflty  (Def.  V.)  is  inverfely  as  its  bulk,  or  the  fpace  filled  by  it. 
Since  therefore,  both  the  com  prefling  Yorce  and  the  denflty  of  the  air  are  inverfely  as  the 
fpace,  the  denflty  tnuft  be  dire&Jy  as  the  comprefling  force. 

*■ 

• PROP.  LV. 

The  air  confifts  of  particles,  which  repel  each  other  with  forces 
which  are  inverfely  as  the  diftances  between  their  centers. 

An  elaftic  fluid  equally  comprefied  in  all  directions  mull  have  all  its  particles  at  equal 
diftances  from  each  other  : for  if  the  diftances  are  unequal,  where  it  is  the  leafh,  the 
repelling  force  will  be  greateft,  and  the  particles  will  move  towards  the  fide  where  there 
is  lefs  repulfion,  till  the  forces  become  equal,  that  is,  till  the  particles  are  equally  diftant, 
or  the  fluid  becomes  every  where  of  the  fame  denflty.  Suppofe,  then,  two  equal  cubes 
of  air,  A and  B ; it  is  manireft,  from  the  nature  of  the  cube,  that  the  number  of  particles 
in  the  whole  mafs  A is  equal  to  the  cube  of  the  number  of  particles  in  the  line  de\  and, 
in  like  manner,  that  the  number  of  particles  in  the  mafs  B is  equal  to  the  cube  of  the 
number  of  particles  in  the  line  hi . And  the  denflty  of  thefe  two  equal  cubes  of  air 
A and  B will  be  as  the  number  of  particles  contained  in  them.  Therefore  the  denflty 
of  the  cube  A is  to  the  denflty  of  the  cube  B,  as  the  cube  of  the  number  of  particles  in 
the  line  de  to  the  cube  of  the  number  of  particles  in  the  line  hi.  But,  flnce  thefe  lines 
de,  hi , are  of  a given  length,  the  number  of  particles  in  each,  will  be  greater  as  the 
diftances  between  their  centers  is  lefs,  that  is,  will  be  inverfely  as  thofe  diftances.  Whence, 

the  cube  of  the  number  of  particles  in  de,  hi , will  be  inverfely  as  the  cube  of  the  diftance 

* v ■*  ' . * 

between  their  centers.  And  it  has  been  ftiewn,  that  the  denflty  of  the  mafs  A is  to  the 
denflty  of  the  mafs  B,  as  the  cube  of  the  number  of  particles  in  de  to  the  cube  of  the 
number  of  particles  in  hi.  Therefore  the  denflty  of  A is  to  the  denflty  of  B,  inverfelv 
as  the  cube  of  the  diftance  between  the  centers  of  the  particles.1 

Alfo,  in  comprefling  any  mafs.  A,  every  furface,  as  defg,  is  prefied  clofer  to  the 
furface  next  beyond  it.  And  the  repulfion  of  the  furface  defg  againft.the  furface  next 
beyond  it  will  be  (all  other  circumftances  being  equal)  as  the  number  of  repelling  particles 
in  that  furface,  that  is,  as  the  fquare  of  the  number  of  particles  in  the  line  de.  But  the 
number  of  particles  in  the  line  de  is  inverfely  as  the  diftance  between  their  centers. 
Therefore  the  fquare  of  the  number  of  particles  in  de,  that  is,  the  number  of  repelling 
particles  in  the  furface  defg,  that  is,  the  repulfion  of  this  furface  againft  the  next  beyond 
it,  is  inverfely  as  the  fquare  of  the  diftance  between  the  particles.  Again,  where  the 
number  of  particles  in  each  furface  is  given,  if  it  be  fuppofed  that  the  particles  repel  each 
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other  with  a force  which  is  inverfely  as  the  diftance  between  their  centers,  fince  the 
furfaces  are  at  the  fame  diftance  from  each  other  with  the  particles  which  compofe 
them,  the  repulfion  of  the  furfaces  mull  be  in  the  fame  ratio.  Thus,  the  repulfion  in 
the  mafs  A is  to  that  in  the  mafs  B,  inverfely  as  the  diilances  of  the  particles,  if  only 
their  approach  to  each  other  be  considered.  And  it  has  been  fhewn  that  the  repulfion 
is  inverfely  as  the  fquare  of  thefe  diilances,  if  only  the  number  of  particles  be  confidered* 
Therefore  on  both  accounts  taken  together,  the  repulfion  is  inverfely  as  the  cube  of  the 
diftance  of  the  particles.  And  (by  Prop.  LIIL)  the  compreftion  is  as  the  repulfion: 
therefore  the  compreftion  is  inverfely  as  the  cube  of  tne  diftance  of  the  particles. 

Now  it  was  fhewn  above,  that  the  denfity  of  A is  to  the  denfity  of  B,  inverfely  as  the 
cube  of  the  diftance  of  the  particles.  Therefore,  when  a fluid  confifts  of  particles 
which  repel  each  other  with  forces  inverfely  as  the  diilances  between  the  centers  of 
the  particles,  the  denfity  of  the  fluid  will  be  as  the  comprefting  force.  But  it  was  fhewn 
(Prop.  LIV.)  that  the  denfity  of  the  air  is  as  the  comprefting  force.  Therefore  the  air 
confifts  of  particles  which  repel  each  other  with  forces  which  are  inverfely  as  the  diftances 

between  their  centers. 

Schol.  From  the  dodlrine  of  the  elafticity  cf  the  air,  the  phenomena  of  Sound 
may  be  explained. 

When  the  parts  of  an  elaftic  body  are  put  into  a tremulous  motion,  by  percuflion,  or 
the  like,  as  long  as  the  tremors  continue,  fo  long  is  the  air  included  in  the  pores  of 
that  body,  and  likewife  that  which  prefles  upon  its  furface,  afFedled  with  the  like  tremors 
and  agitations.  Now,  the  particles  of  air  being  fo  far  comprefted  together  by  the  weight 
of  the  incumbent  atmofphere  as  their  repulfive  forces  permit,  it  follows,  that  thofe 
which  are  immediately  agitated  by  the  reciprocal  motions  of  the  particles  of  the 
elaftic  body,  will,  in  their  approach  towards  thofe  which  lie  next  them,  impel  thefo 
alfo  towards  each  other,  and  hereby  caufe  them  to  be  more  condenfed  than  they  were 
by  the  weight  of  the  incumbent  atmofphere,  and  in  their  return  will  fuffer  them  to  ex- 
pand themfelves  again : hence  the  like  tremors  and  agitations  will  be  propagated  to 
them;  and  fo  ©n,  till  having  arrived  at  a certain  diftance  from  the  body,  the  vibrations 
ceafe,  being  gradually  deftroyed  by  a continual  fucceftive  propagation  of  motion  to  frefh 
particles  of  air  throughout  their  progrefs. 

Thus  it  is  that  found  is  communicated  from  a tremulous  body  to  the  organ  of  hearing. 
Each  vibration  of  the  particles  of  the  founding  body  is  fucceftively  propagated  to  the 
particles  of  the  air,  till  it  reaches  thofe  which  are  contiguous  to  the  tympanum  of  the  ear, 
(a  fine  membrane  diftended  acrofs  it)  and  thefe  particles,  in  performing  their  -vibrations. 
Impinge  upon  the  tympanum,  which  agitates  the  air  included  within  it;  which  being 
put  into  a like  tremulous  motion,  affe£ts  the  auditory  nerve,  and  thus  excites  in  the  mind 
the  fenfation  or  idea  of  what  we  call  found . 
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Now,  fxnce  the  repulftve  force  of  each  particle  of  air  is  equally  diflr'ufed  around  it  every 
way,  it  follows,  that  when  any  one  approaches  a number  of  others,  it  not  only  repels 
thofe  which  lie  before  it  in  a right  line,  but  the  reft  laterally,  according  to  their  refpeCtive 
fituations ; that  is,  it  makes  them  recede  every  way  from  itfelf,  as  from  a center.  And 
this  being  true  of  every  particle,  the  tremors  will  be  propagated  from  the  lounding  body 
in  all  directions,  as  from  a center  : and  further,  if  they  are  confined  for  fome  time  from 
fpreading  themfelves  by  palling  through  a tube,  or  the  like,  will,  when  they  have  palled 
through  it,  fpread  themfelves  from  the  end  in  every  direction.  In  like  manner,  thofe 
which  pafs  through  an  hole  in  an  obftacle  they  meet  v/ith  in  their  way,  will  afterwards 
fpread  themfelves  from  thence,  as  if  that  was  the  place  where  they  began  ; fo  that  the 
found  will  be  heard  in  any  fituation  whatever,  that  is  not  at  too  great  a diftance. 

Since  the  repulftve  force  with  which  the  particles  of  air  ad  upon  each  other,  is  re- 
ciprocally as  their  diftances  (by  Prop.  LV.)  it  follows,  that  when  any  particle  is  re- 
moved out  of  its  place  by  the  tremors  of  a founding  body,  or  the  vibrations  of  thofe  which 
are  contiguous  to  it,  it  will  be  driven  back  again  by  the  repulftve  force  of  thofe  towards 
which  it  is  impelled,  with  a velocity  proportional  to  the  diftance  from  its  proper  place, 
becaufe  the  velocity  will  be  as  the  repelling  force.  The  confequence  of  this  is,  that,  let 
the  diftance  be  great  or  fmall,  it  will  return  to  its  place  in  the  fame  time  ; for  the  time 
a body  takes  up  in  moving  from  place  to  place  will  always  be  the  fame,  whilft  the  velocity 
it  moves  with  is  proportional  to  the  diftance  between  the  places.  The  time  therefore  in 
which  each  vibration  of  the  air  is  performed,  depends  on  the  degree  of  repulfton  in  its 
particles,  and  fo  long  as  that  is  not  altered,  will  be  the  fame  at  all  diftances  from  the 
tremulous  body  ; confequently,  as  the  motion  of  found  is  owing  to  the  fucceftive  propa« 
gation  of  the  tremors  of  a founding  body  through  the  air,  and  as  that  propagation  depends 
on  the  time  each  tremor  is  performed  in,  it  follows,  that  the  velocity  of  found  varies 
as  the  elafticity  of  the  air,  but  continues  the  fame  at  all  diftances  from  the  founding  body. 

Moreover,  ftnce  the  undulatory  motion  of  the  air,  which  conftitutes  found,  is  propagated 
in  all  directions  from  the  founding  body  ; it  will  frequently  happen,  that  the  air,  in 
performing  its  vibrations,  will  impinge  againft  various  objeCts,  which  will  refleCt  it  back, 
and  fo  caufe  new  vibrations  the  contrary  way  ; now,  if  the  objeCts  are  fo  fituated,  as  to 
refleCt  a fufficient  number  of  vibrations  back  to  the  fame  place,  the  found  will  be 
there  repeated,  and  is  called  an  echo . And,  the  greater  the  diftance  of  the  objects  is, 
the  longer  will  be  the  time,  before  the  repetition  is  heard.  And  when  the  found  in 
its  progrefs  meets  with  objeCts,  at  different  diftances,  fufficient  to  produce  an  echo, 
the  fame  found  will  be  repeated  feveral  times  fucceffively,  according  to  the  different 
diftances  of  thofe  objects  from  the  founding  body  ; which  makes  what  is  called  a re~ 
f e aied  echo. 

If  the  vibrations  of  the  tremulous  body  are  propagated  through  a long  tube,  they  will 
be  continually  reverberated  from  the  Tides  of  the  tube  into  its  axis,  and  by  that  means 
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prevented  from  fpreading,  till  they  get  out  of  it ; whereby  they  will  be  exceedingly  in- 
creased, and  the  found  rendered  much  louder  than* it  would  otherwife  be;  as  in  the 
Speaking  Trumpet. 

The  difference  of  muftcal  tones  depend  on  the  different  number  of  vibrations  communi- 
cated to  the  air,  in  a given  time,  by  the  tremors  of  the  founding  body  ; and  the  quicker 
the  fucceffion  of  the  vibrations  is,  the  acuter  is  the  tone,  and  the  reverfe. 


PROP.  LVI. 

The  elafticity  of  air  is  increafed  by  heat. 

Exp.  To  the  bottom  of  a hollow  glafs  ball  let  an  open  bended  tube  be  affixed.  Let 
the  lower  part  of  the  bended  tube  and  part  of  the  ball  be  filled  with  mercury:  the 
external  furface  will  be  preffed  by  the  weight  of  the  atmofphere ; and  the  internal  furface 
will  be  equally  preffed  by  the  fpring  of  the  air  inclofed  within  the  veffel.  If  the  ball  be 
immerfed  in  boiling  water,  the  increafed  elafticity  of  the  included  air  will  raife  the 
mercury  in  the  fmall  tube.  The  fame  may  be  fhewn  by  immerfing  in  boiling  water 
a tube,  clofed  at  one  end,  into  which  a fmall  quantity  of  mercury  has  been  admitted, 
inclofing  a portion  of  air  within  the  tube. 

Schol.  i.  The  Wind  is  no  other  than  the  motion  of  the  air  upon  the  furface  of  the 
globe.  The  principal  caufe  of  the  wind  is,  that  the  atmofphere  is  heated  over  one  part  of 
the  earth  more  than  over  another.  For,  in  this  cafe,  the  warmer  air  being  rarefied,  becomes 
fpecifically  lighter  than  the  reft  ; it  is  therefore  overpoifed  by  it,  and  raifed  upwards, 
the  upper  parts  of  it  diftufing  themfelves  every  way  over  the  top  of  the  atmofphere ; while 
the  neighbouring  inferior  air  rufhes  in  from  all  parts  at  the  bottom ; which  it  continues 
to  do,  till  the  equilibrium  is  reftored.  Upon  this  principle  it  is,  that  moft  of  the  winds 
may  be  accounted  for. 

Under  the  Equator , the  wind  is  always  obferved  to  blow  from  the  eaft  point.  For, 
fuppofing  the  fun  to  continue  vertical  over  fome  one  place,  the  air  will  be  moft  rarefied 
there  5 and  confequently,  the  neighbouring  air  will  rufh  in  from  every  quarter  with  equal 
force.  But,  as  the  fun  is  continually  fluffing  to  the  weftward,  the  part  where  the  air 
is  moft  rarefied,  is  carried  the  fame  way  ; and  therefore  the  tendency  of  all  the  lower  air, 
taken  together,  is  greater  that  w^fy,  than  any  other.  Thus  the  tendency  of  the  air 
towards  the  weft,  becomes  general,  and  its  parts  impelling  one  another,  and  continuing 
to  move  till  the  next  return  of  the  fun,  fo  much  of  its  motion,  as  was  loft  by  his  abfence, 
is  again  reftored,  and  therefore  the  eafterly  wind  becomes  perpetual . 

On  each  fide  of  the  Equator , to  about  the  thirtieth  degree  of  latitude,  the  wind  is  found 
to  vary  from  the  eaft  point,  fo  as  to  become  north-eaft  on  the  northern  fide,  and  fouth-eaft: 
on  the  fouthern.  The  reafon  of  which  is,  that,  as  the  equatorial  parts  are  hotter  than, 
any  other,  both  the  northern  and  fouthern  air  ought  to  have  a tendency  that  way ; the 
northern  current  therefore,  meeting  in  this  paffage  with  the  eaftern,  produces  a north-eaft 

wind 


Chap.  II. 


OF  THE  ELASTICITY  OF  AIR. 


123 


wind  on  that  fide;  as  the  fouthern  current,  joining  with  the  fame,  on  the  other  fide  the 
Equator , forms  a fouth-eaft  wind  there. 

This  is  to  be  underftood  of  open  feas,  and  of  fuch  parts  of  them  as  are  diftant  from 
the  land  ; for  near  the  fhores,  where  the  neighbouring  air  is  much  rarefied,  by  the  re- 
flexion of  the  fun’s  heat  from  the  land,  it  frequently  happens  otherwife ; particularly 
on  the  Guinea  coaft,  the  wind  always  fets  in  upon  the  land,  blowing  wefterly  inftead  of 
eafterly.  This  is  becaufe  the  defarts  of  Africa  lying  near  the  Equator , and  being  a very 
Tandy  foil,  refleX  a greater  degree  of  heat  into  the  air  above  them  ; which  being  thus 
rendered  lighter  than  that  which  is  over  the  Tea,  the  wind  continually  rufhes  in  upon 
the  land  to  reftore  the  equilibrium. 

That  part  of  the  ocean,  which  is  called  the  Rains , is  attended  with  perpetual  calms, 
the  wind  fcarcely  blowing  fenfibly  either  one  way  or  other.  For  this  traX  being  placed 
between  the  weflerly  wind  blowing  from  the  ocean  towards  the  coaft  of  Guinea , and  the 
eafterly  wind  blowing  from  the  fame  coaft  to  the  weftward  thereof,  the  air  ftands  in 
equilibrio  between  both,  and  its  gravity  is  fo  much  diminifhed  thereby,  that  it  is  not 
able  to  fupport  the  vapour  it  contains,  but  lets  it  fall  in  continual  rain,  from  whence 
this  part  of  the  ocean  has  its  name. 

There  is  a fpecies  of  winds,  obfervable  in  fome  places  within  the  Tropics , called  by 
the  Tailors  Monfoons , or  Trade  Winds,  which,  during  fix  months  of  the  year,  blow  one 
way 5 and  the  remaining  fix  the  contrary.  The  occafton  of  them  in  general  is  this: 
when  the  fun  approaches  the  northern  Tropic , there  are  feveral  countries,  as  Arabia , Perfa , 
India , See.  which  become  hotter,  and  refleX  more  heat  than  the  Teas  beyond  the  Equator , 
which  the  fun  has  left ; the  winds  therefore,  inftead  of  blowing  from  thence  to  the  parts 
under  the  Equator , blow  the  contrary  way ; and  when  the  fun  leaves  thofe  countries, 
and  draws  near  the  other  Tropic , the  winds  turn  about,  and  blow  on  the  oppoflte  point 
of  the  compafs. 

From  the  folution  of  the  general  trade  winds,  we  may  fee  the  reafon,  why  in  the 
Atlantic  ocean,  a little  on  this  fide  the  thirtieth  degree  of  north  latitude,  there  is  generally 
a weft,  or  fouth-weft  wind.  For,  as  the  inferior  air,  within  the  limits  of  thofe  winds, 
is  conftantly  rufhing  towards  the  Equator , from  the  north-eaft  point,  or  nearly  fo,  the 
fuperior  air  moves  the  contrary  way  ; and  therefore,  after  it  has  reached  thefe  limits, 
and  meets  with  air,  that  has  little  or  no  tendency  to  any  one  point  more  than  to  another, 
it  will  determine  it  to  move  in  the  fame  direXion  with  itfelf. 

In  our  own  climate  we  frequently  experience,  in  calm  weather,  gentle  breezes  blowing 
from  the  fea  to  the  land,  in  the  heat  of  the  day  5 which  phsenomenon  is  very  agreeable  to 
the  principle  laid  down  above  : for  the  inferior  air  over  the  land  being  rarefied  by  the 
beams  of  the  fun,  refleXed  from  its  furface,  more  than  that  which  impends  over  the  water, 
the  latter  is  conftantly  moving  on  to  the  fhore,  in  order  to  reftore  the  equilibrium,  when 
not  difturbed  by  ftronger  winds  from  another  quarter. 

From  what  has  been  obferved,  nothing  is  more  eafy  than  to  fee,  why  the  northern 
and  fouthern  parts  of  the  world,  beyond  the  limits  of  the  trade  winds,  are  fubjeX  to  fuch 
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variety  of  winds.  For  the  air,  upon  account  of  the  lefTer  influence  of  the  fun  in  thofe 
parts,  being  undetermined  to  move  towards  any  fixed  point,  is  continually  fhifting  from 
place  to  place,  in  order  to  reftore  the  equilibrium,  wherever  it  is  deftroyed,  by  the  heat 
of  the  fun,  the  rifing  of  vapours  or  exhalations,  the  melting  of  fnow  upon  the  mountains, 
or  other  circumftances. 


Exp.  Fill  a large  difii  with  cold  water;  into  the  middle  of  this  put  a water-plate, 
filled  with  warm  water.  The  firft  will  reprefent  the  ocean  ; and  the  other  an  ifland, 
rarefying  the  air  above  it.  Blow  out  a wax  candle,  and  if  the  place  be  ftill,  on  applying 
it  fucceflively  to  every  fide  of  the  difh,  the  fmoke  will  be  feen  to  move  towards  the  plate. 
Again,  if  the  ambient  water  be  warmed,  and  the  plate  filled  with  cold  water,  let  the 
fmoking  wick  of  the  candle  be  held  over  the  plate,  and  the  contrary  will  happen. 

Schol.  2.  Heat  expands  all  bodies,  folid  as  well  as  fluid. 

Exp.  1,  2.  Water  may  be  rarefied  into  fleam,  and  will  become  exceedingly  elaflic, 
adling  with  great  power,  as  in  the  eolipile,  and  in  fleam  engines. 

3.  Metals  expand  by  heat  ; the  degrees  of  their  expanfion  are  meafured  by  the 
pyrometer. 

4.  Mercury,  expanding  or  contracting  by  an  increafe  or  decreafe  of  heat  in  the  air,  is 
made  the  meafure  of  heat  in  thermometers. 


Schol.  3.  It  is  found  by  experiment,  that  air  is  neceflary  to  the  exiflence  of  found, 
of  animal  life,  of  fire,  and  of  explofion. 

Exp.  1.  Let  a bell  ring  under  an  exhaufled  receiver,  and  in  a condenfer. 

2.  Let  a lighted  candle  be  extinguifhed  under  a receiver. 

3.  Let  gun-powder  fall  upon  red  hot  iron  placed  within  an  exhaufled  receiver. 


Schol.  4.  The  component  parts  of  that  heterogeneous  mafs  of  fluids  which  we  call 
the  atmofphere,  have  been  of  late  examined  with  great  fuccefs ; but  to  relate  the  refult  of 
thefe  inveftigations,  rather  belongs  to  the  fcience  of  chemiflry,  than  to  that  of  natural 
philofophy. 


PROP.  LVII. 

To  explain  the  nature  and  ufe  of  fundry  Hydraulic  and  Pneumatic 
Inftruments. 

I.  The  Syphon. 

Let  DEC  be  a bended  tube,  having  one  leg  longer  than  the  other.  This  inflrument, 
ufed  for  drawing  off  liquors,  is  called  the  fyphon.  If  the  fhorter  leg  of  the  tube  be 
inferted  in  a veffel  of  fluid,  and  if  by  fucking  with  the  mouth  a vacuum  be  produced  in 
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the  tube,  or, if  the  tube  be  filled  with  the  fluid  before  it  is  ufed,  the  fluid  will  run  off  from 
the  veflel.  The  caufe  of  which  may  be  thus  explained  : the  orifice  C,  of  the  longer  leg, 
is  expofed  to  the  preflfure  of  the  atmofphere  : alfo,  fince  the  fluid  within  the  fhorter  leg 
is  fupported  by  the  furrounding  fluid  in  the  veflel,  the  preflure  upon  the  orifice  D is  that 
of  the  atmofphere.  The  two  equal  orifices  are  then  adted  upon  by  equal  prefiures  ; the 
difference  of  the  lengths  of  the  columns  of  atmofphere  being  too  fmall  to  caufe  any 

1 

perceptible  difference  in  their  preflure.  But  thefe  equal  preflures  are  counteracted  by 
the  prefiures  of  two  unequal  columns  of  fluid  ED,  EC.  If  therefore  the  preflures  of  the 
columns  of  atmofphere  be  more  than  fufficient  to  balance  thofe  of  the  columns  of  fluid, 
that  which  adts  with  the  lefl'er  force,  that  is,  the  lefler  column  DE  is  more  prefled  againfl: 
the  column  CE,  than  the  column  CE  is  preffed  againfl:  DE  at  the  vertex  E.  Con- 
fequently,  the  column  EC  muff  yield  to  the  greater  preflure,  and  flow  off  through  the 
orifice  C. 

Exp.  i.  Draw  off  water  by  a fyphon. 

2.  Whilft  mercury  is  pafling  off  from  a veflel  by  a fyphon,  let  the  air  be  exhauffed 
from  the  veflel,  and  the  fluid  will  ceafe  to  run. 

3.  Intermitting  fountains  are  natural  fyphons. 

II.  The  Syringe. 

Let  a hollow  cylindrical  tube  have  a fmall  orifice  at  one  end  : at  the  other  end  infert 
a folid  cylinder  fo  exadlly  fitted  to  the  tube,  that  no  air  can  pafs  along  its  fides,  and  fix 
a handle  to  the  folid  cylinder.  If  that  end  of  this  inffrument  which  has  the  fmaller  orifice 
be  inferted  in  water,  and  the  folid  cylinder,  or  piffon,  be  drawn  back,  a vacuum  will  be 
produced  within  the  fyringe  ; and  the  preflure  of  the  atmofphere  on  the  furface  of  the 
water,  meeting  with  no  oppofite  preflure,  will  force  the  water  into  the  tube,  from  whence 
it  may  be  forcibly  expelled,  by  pufhing  down  the  piffon. 

III.  The  Common  Pump. 

In  this  ufeful  inffrument,  a handle,  adling  upon  a pin  as  a lever  of  the  firft  kind,  draws 
up  a piffon  AD,  fitted  to  the  fhaft  or  barrel  of  the  pump,  as  deferibed  in  the  fyringe. 
This  piffon  has  an  hole,  over  which  is  a valve  of  leather,  loaded  with  lead,  opening 
upwards.  Towards  the  lower  part  of  the  fhaft  is  inferted  a plug  C,  which  alfo  has  in 
it  a hole,  and  a valve  which  opens  upwards.  When  the  piffon,  or  fucker,  is  drawn  up 
from  the  plug,  a vacuum  is  produced  in  the  fhaft  between  D and  C,  into  which  the  air 
contained  in  the  lower  part  of  the  pipe  expands  itfelf.  By  repeated  ffrokes  the  air  efcapes 
through  the  upper  valve,  and  the  vacuum  becomes  fo  perfedf,  that  the  external  air, 
prefling  without  counteraction,  upon  the  furface  of  the  water,  in  the  well  or  refervoir  in 
which  the  fhaft  is  fuppofed  to  be  inferted,  forces  the  water  through  the  valves  at  C and  D, 
into  the  fpace  AD  ; from  whence  it  is  prevented  from  returning  downward,  by  the  valves, 
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which  are  dofely  prefled  down  by  the  incumbent  fluid.  If  therefore  the  handle  be  re- 
peatedly lifted  up,  the  column  of  water  will  increafe  upon  every  ftroke,  till  it  rifes  to 
the  level  of  the  fpout,  and  is  difcharged.  But  if  the  height  be  more  than  34  feet,  the 
water  cannot  be  railed  : for  fuch  a column  is.  equal  to  the  weight  of  a column  of  the 
atmofphere  of  the  fame  diameter. 

IV.  The  Forcing  Pump. 

In  this  pump,  the  pifton  is  one  entire  cylinder,  as  in  the  fyringe.  The  water  is  railed 
into  the  pipe  between  A and  D,  as  in  the  common  pump  : from  hence  it  is  forced,  by 
the  downward  preflure  of  the  pifton,  or  forcer,  through  a tube  inferted  in  the  fide  of  the 
main  fhaft.  In  this  ftde-tube  a valve  is  inferted  at  E to  prevent  the  water  from  return- 
ing, and  when  a fuflicient  quantity  is  raifed,  it  is  difcharged  by  the  fpout. 

The  common  engine  for  extinguijhing  fires  confifts  of  two  fuch  forcing  pumps,  which 
convey  the  water  into  a refervoir  made  air-tight,  into  which  a pipe-  is  inferted.  As  this 
refervoir  fills  with  water,  the  air  within  it  is  proportionally  condenfed,  and  therefore 
forces  the  water  up  a cylinder  from  which  it  is  conveyed,  at  pleafure,  by  leathern  pipes. 

V.  The  Condenser. 

This  inftrument,  which  is  ufed  to  force  air  into  any  veflel,  is  a fyringe,  having  a folid 
pifton,  and  a valve  in  the  lower  part  of  its  barrel  which  opens  downwards.  By  thrufting 
down  the  pifton,  the  air  is  forced  through  the  valve,  which  is  afterwards  held  clofe  by  the 
elafticity  of  the  condenfed  air.  When  the  pifton  is  lifted  up,  a vacuum  is  produced,  till 
it  is  raifed  above  a fmall  hole  in  the  barrel,  when  the  air  rufhes  in,  and  is  again  difcharged 
through  the  valve. 

Artificial  Fountains  are  formed  by  the  help  of  a condenfer,  which  throws  any 
quantity  of  air  into  a veflel  in  part  filled  with  water  ; which  by  its  elafticity  forces  the 
water  up  into  pipes  from  which  it  is  conveyed  at  pleafure. 

The  Air-Gun  is  an  inftrument,  in  the  form  of  a gun,  by  which  a quantity  of  con- 
denfed air  is  fuddenly  fet  free^  and  drives  a bail  through  the  barrel  with  great  force. 

VI.  The  Air-Pump. 

This  inftrument,  the  ufe  of  which  is  to  exhauft  the  air  from  any  veflel,  has  two  ftrono- 
barrels  ; within  each  of  which,  near  the  bottom,  is  fixed  a valve  opening  upwards,  and 
two  piftons,  one  in  each  barrel,  having  a valve  which  likewife  opens  upwards.  Thefe 
piftons  are  moved  by  means  of  a cog-wheel,  to  the  axis  of  which  the  handle  is  fixed 
and  whofe  teeth  catch  in  the  racks  of  the  piftons,  and  move  them  upwards  or  downwards. 
^ the  handle  is  turned,  one  of  the  piftons  is  raifed,  and  a vacuum  produced  in  its 
barreL  By  means  of  a pipe,  which  pafles  from  an  orifice  in  the  plate  upon  which  the 
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receiver,  or  veflel  to  be  exhaufted,  ftands,  to  the  part  of  the  barrel  beneath  the  lower 
valve,  the  air  contained  in  the  receiver,  communicating  with  the  barrel,  raifes  the  lower 
valve  by  its  elaftic  fpring,  and  expands  into  the  vacuum.  Thus  a part  of  the  air  in 
the  receiver  is  extracted.  By  turning  the  handle  the  contrary  way,  the  fame  efFedl  is 
produced  in  the  other  barrel  ; whilft  the  firft  pifton,  being  deprefied,  the  air  which  had 
paded  from  the  receiver  is  comprefled,  and  efcapes  through  the  valve  in  the  pifton.  This 
operation  is  continued  till  the  air  is  nearly  exhaufted  from  the  receiver  : for  it  can  never 
be  perfe&ly  exhaufted,  fince  at  each  ftroke  only  fuch  a part  of  the  air  which  remained 
is  taken  away,  as  is  to  the  quantity  before  the  ftroke,  as  the  capacity  of  the  barrel,  to 
that  of  the  receiver,  pipe  and  barrel,  taken  together. 

Exp.  Exhibit  the  feveral  inftruments  dcfcribed  in  this  propofttion. 
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The  LAWS'  of  LIGHT  and  VISION. 
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CHAP.  I. 

O f LIGHT. 

Def.  .L  J IGHT  is  that  which,  proceeding  from  any  body  to 
-Li  the  eye,  produces  the  perception  of  feeing . 

Def.  II.  A Ray  of  Light,  is  any  exceedingly  fmall  portion  of 
light,  as  it  comes  from  a luminous  body. 

Def.  III.  A body  which  is  tranfparent,  or  affords  a palfage  for 
the  rays  of  light,  is  called  a Medium . 

Def.  IV.  Rays  of  light  which,  coming  from  a point,  continually 
feparate  as  they  proceed,  are  called  Diverging  Rays . 

Def.  V.  Rays  which  tend  to  a common  point  are  called  Con- 
verging Rays . The  divergency,  or  convergency,  of  rays  is  meafured 
by  the  angle  contained  between  the  lines  which  the  rays  defcribe. 

Def.  VI.  Rays  of  light  are  parallel , when  the  lines  which  they 
defcribe  are  parallel. 
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Def.  VII,  A Beam  of  light,  is  a body  of  parallel  rays  ; a Pencil 
of  rays,  is  a body  of  diverging  or  converging  rays. 

D ef.  VIII.  The  point  from  which  diverging  rays  proceed,  is 
called  the  radiant  point  j that  to  which  converging  rays  are  dire&ed, 
is  called  the  focus . 

Plate  6.  If  the  rays  proceed  from  B,  RD,  BA,  BC,  BE,  are  diverging  rays,  and  B is  the  radiant : 
F,gf  If  if  the  rays  tend  towards  B,  DB,  AB,  &c.  are  converging  rays,  and  B is  the  focus. 

F;g<  2t  If  the  rays  AC,  BC,  converge  to  the  focus  C,  pafting  on  from  thence  in  a right  line, 
they  become  diverging,  and  C becomes  a radiant. 

Def.  IX.  A ray  of  light  bent  from  a ftraight  courfe  in  the  fame 
medium,  is  faid  to  be  infiedied . 

PROPOSITION  I. 

- . 1 

Rays  of  light  coniift  of  particles  of  matter. 

For  they  are  capable  of  being  inflected  out  of  their  courfe  by  attraction. 

Exp.  1.  If  a beam  of  light  be  admitted  into  a dark  room  through  a fmall  hole,  and  the 
edge  of  a knife  be  brought  near  the  beam,  the  rays,  which  would  otherwife  have  been  in 
a ftraight  line,  will  be  infleCted  towards  the  knife.  The  edge  of  any  other  thin  plate  of 
metal,  &c.  produces  the  fame  effeCt. 

2.  The  fhadow  of  a fmall  body,  as  a hair,  a thread,  &c.  placed  in  a beam  of  the  fun’s 
light,  will  be  much  broader  than  it  ought  to  be  if  the  rays  of  light  pafled  by  thefe  bodies 
in  right  lines. 

3.  A beam  of  light  palling  through  an  exceedingly  narrow  flit,  will  be  fplit  into  two, 
and  leave  a dark  fpace  in  the  middle. 

PROP.  II. 

* 

Every  vifible  body  emits  particles  of  light  from  its  furface  in  all 

directions,  which,  paffing  without  obftrudtion,  move  in  right  lines. 

< * • • 

Wherever  a fpeCtator  is  placed  with  refpeCt  to  a luminous  body,  every  point  of  that 

part  of  the  furface  which  is  turned  towards  him  is  vifible  to  him  : they  are  therefore 
fmitted  in  all  directions,  and  thofe  rays  only  are  intercepted  in  their  paflage  by  an  jn- 
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terpofed  object,  which  would  be  intercepted  upon  the  fuppofition  that  the  rays  move  in 
right  lines. 

Exp.  i.  Let  a portion  of  a beam  of  light  be  intercepted  by  any  body:  the  fhadow 
of  that  body  will  be  bounded  by  right  lines  palling  from  the  luminous  body,  and  meeting 
the  lines  which  terminate  the  opaque  body. 

2.  A ray  of  light,  palling  through  a fmall  orifice  into  a dark  room,  proceeds  in  a 
ftraight  line. 

3.  Rays  will  not  pafs  through  a bended  tube. 

Schol.  Rays  of  light  are  properly  reprefented  by  right  lines, 

J l 

PROP.  III. 

The  rays  of  light  move  with  great  velocity. 

This  is  proved  by  obfer'vations  made  on  the  fatellites  of  the  planet  Jupiter,  and  on 
the  aberration  of  the  rays  of  light  from  the  fixed  liars,  as  will  be  fhewn  in  treating  up qh 
Ailronomy. 


PRO  P.  IV. 

The  particles  of  light  are  exceedingly  fmall. 

Otherwife  their  velocity  would  render  their  momentum  too  great  to  be  endured  by 
the  eye  without  pain. 

Exp.  1.  If  a candle  be  lighted,  and  there  be  no  obllacle  to  obllru£l  the  progrefs  of  its 
rays,  it  will  fill  all  the  fpace  within  two  miles  every  way  before  it  has  loll  the  leall  fenfible 
part  of  its  fubllance. 

2.  Rays  of  light  will  pafs  without  confufion  through  a fmall  pun£lure  in  a piece  of 

paper,  from  feveral  candles  in  a line  parallel  to  the  paper,  and  form  dillin£l  images  on  a 

% 

Iheet  of  pafleboard  placed  behind  the  paper. 

3 ' 


PROP.  V. 

The  quantities  of  light,  received  from  a luminous  body  upon  a 
given  furface,  are  inverfely  as  the  fquares  of  the  diftances  of  the 
furface  from  the  luminous  body. 

Let  ABD,  EFG,  be  two  concentric  fpherical  furfaces ; of  which  let  ELFI,  AHBK,  Plate  6, 
be  two  fimilar  portions.  Let  the  rays  CE  and  CF,  with  the  relt  proceeding  from  the 
center  C,  fall  upon  the  portion  ELFI,  and  cover  it : it  is  evident  from  infpedtion,  that 
the  fame  rays  at  the  diftance  CH  will  cover  the  portion  AHBK  only;  now  thefe  rays 
being  the  fame  in  number  at  each  place,  will  be  as  much  thinner  in  the  former,  than 
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they  are  in  the  latter,  as  ELFI  is  larger  than  AHBK;  but  thefe  fpaces  being  fimilar 
portions  of  the  furfaces  of  fpheres,  have  the  fame  ratio  to  each  other,  that  the  furfaces 
themfelves  have,  that  is,  they  are  to  each  other  as  the  fquares  oflheir  radii  CL,  CH : 
the  denfity  of  the  rays  is  therefore  inverfely  as  the  fquares  of  thefe  radii,  or  of  their 
diftances  from  the  luminous  point  C. 

Exp.  The  light,  pafting  from  a candle  through  a fquare  orifice,  will  diverge  as  it  pro- 
ceeds, and  will  illuminate  furfaces  which  will  be  to  each  other  as  the  fquares  of  their 
diftances  from  the  candle, 

PROP.  VI. 

If  the  diftance  between  rays  diverging  from  different  radiant  points 
be  the  fame,  the  diftances  of  the  radiant  points  are  inverfely  as  the 
divergency  of  the  rays. 

Plate  6.  Let  D and  E be  two  different  radiants;  and  let  the  rays  diverging  from  D defcribe 
the  lines  DA,  DB,  and  the  rays  diverging  from  E defcribe  the  lines  EA,  EB  ; fo  that,  at 
the  points  A and  B,  the  diftance  between  the  former  rays  fhall  be  the  fame  with  the 
diftance  between  the  latter,  and  let  EC,  DC,  be  the  perpendicular  diftances  of  the 
radiants  E,  D.  At  the  point  E make  the  angle  ZEC  equal  to  ADC,  which  is  half  ADB  : 
whence  ZEC  and  ADC  (El.  V.  7.)  have  the  fame  ratio  to  AEC.  But  if  thefe  angles 
are  fmall,  they  are  very  nearly  in  the  porportion  of  their  fines  ZC,  AC.  And  becaufe 
the  angle  ADC  is  equal  to  the  angle  ZEC  (El.  I.  28.)  AD  is  parallel  to  ZE  : and  becaufe 
thefe  lines  are  parallel  (El.  1.  29.)  the  angles  CAD,  CZE,  are  equal  : whence  the  two 
triangles  ZEC,  ADC,  are  equiangular,  and  (El.  VI.  4.)  EC  is  to  DC,  as  ZC  to  AC, 
or  (from  what  was  {hewn  above)  as  ADC  to  AEC  : that  is,  the  diftance  of  the  radiant 
E is  to  the  diftance  of  the  radiant  D,  as  half  the  angle  of  divergency  of  the  rays  which 
proceed  from  D is  to  half  the  divergency  of  the  rays  which  proceed  from  E,  or  as  the 
whole  angle  of  divergency  ADB  to  the  whole  angle  of  divergency  AEB  ; that  is,  the 
diftances  of  the  radiants  are  inverfely  as  the  divergency  of  the  rays. 


PROP.  VII. 


Plate  6. 
Vig.  4. 


If  the  diftance  between  converging  rays  tending  to  different  foci 
be  the  fame,  the  diftances  of  the  foci  are  inverfely  as  the  convergency 
of  the  rays. 

Let  AD,  BD,  be  lines  deferibed  by  rays  converging  to  the  focus  D,  and  AE,  BE, 
lines  deferibed  by  other  rays  converging  to  E,  and  let  the  diftance  AB,  at  the  points  A 
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and  B,  be  the  fame  between  the  former  and  the  latter  rays.  The  angles  ADB,  AEB,  are 
in  this  cafe  the  angles  of  convergency ; and  EC,  DC,  are  diftances  of  the  foci  to  which 
they  refpe&ively  tend.  Now,  it  was  proved  in  the  laft  Prop,  that  EC  is  to  DC  as  ADB 
to  AEB.  Therefore  the  diftances  of  the  foci  are  inverfely  as  the  convergency  of  the 

rays. 

PROP.  VIIL 

If  rays  proceed  from  a radiant  at  an  infinite  diftance,  their  diver- 
gency is  nothing,  and  the  rays  are  confidered  as  parallel. 

Since  (by  Prop.  VI.)  the  divergency  of  rays  is  inverfely  as  the  diftance  of  the  radiant, 
when  the  diftance  of  the  radiant  is  infinitely  great,  the  angle  of  divergency  is  infinitely 
fmall,  and  the  rays  may  be  confidered  as  parallel. 

Cor.  Hence  all  the  rays  which  come  from  the  center,  or  any  other  given  point,  of 

the  fun’s  furface,  are  confidered  as  parallel. 

/ 

PROP.  IX, 

If  rays  tend  to  a focus  at  an  infinite  diftance*  their  convergency  is 
nothing,  and  the  rays  are  confidered  as  parallel. 

Since  (by  Prop.  VII.)  the  convergency  is  inverfely  as  the  diftance  of  the  focus,  when 
that  diftance  is  infinitely  great,  the  angle  of  convergency  is  infinitely  fmall. 
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Plate  6. 
Fig.  6. 


Plate  6. 
Fig.  5. 


CHAP.  II. 

Of  REFRACTION. 

SECT.  I. 

t 

Of  the  Laws  of  Refraction. 

Def.  X.  A ray  of  light  bent  from  a ftraight  courfe  by  paffing 
out  of  one  medium  into  another,  is  faid  to  be  refraffied* 

Def.  XL  The  Angle  of  Incidence , is  that  which  is  contained  be- 
tween the  line  defcribed  by  the  incident  ray,  and  a line  perpendicular 
to  the  furface  on  which  the  ray  ftrikes,  raifed  from  the  point  of 
incidence. 

Def.  XII.  The  Angle  of  Refradiion , is  that  which  is  contained 
between  the  line  defcribed  by  the  refrafted  ray,  and  a line  perpen- 
dicular to  the  refradting  furface  at  the  point  in  which  the  ray  palfes 
through  that  furface. 

Def.  XIII.  The  Angle  of  Deviation , is  that  which  is  contained 
between  the  line  of  direction  of  an  incident  ray,  and  the  direction 
of  the  fame  ray  after  it  is  refradted. 

AC  is  a ray  of  light;  HK  the  furface  of  the  refraCting  medium  ; CF  the  refraCted  ray; 
OP  the  perpendicular ; ACO  the  angle  of  incidence ; PCF  the  angle  of  refraCtion, 
and  FCL  the  angle  of  deviation. 

Schol.  The  radiant  point  and  focus  may  be  either  real  or  imaginary.  If  the  rays 
r<?,  diverging  from  the  radiant  r,  pafs  into  a refracting  medium,  and  move  on  in  the 
directions  of  the  lines  «A,  which  produced  in  the  contrary  direction  would  meet  in 
R,  this  radiant  point  is  imaginary. 

If  the  rays  Ip , L q,  tending  towards  the  point  F,  be  refraCted  at  p and  and  acquire 
a direction  towards  f \ the  focus  f is  imaginary. 

1 
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PROP.  X. 

The  attracting  force  of  any  medium,  acting  upon  a ray  of  light, 
is  every  where  perpendicular  to  the  refracting  furface. 

If  the  medium  be  uniform  in  all  its  parts,  its  immediate  power  upon  the  ray  of  light  P?.ate 
will  be  equally  ffrong  in  every  point  of  a plane  drawn  parallel  to  the  refracting  furface  ; 
though  its  ffrength  may  be  different  in  the  next  parallel  plane,  and  fo  onwards  as  far 
as  that  power  is  extended  on  each  fide  of  the  furface  of  the  medium.  The  extent  of  this 
power  will  therefore  be  terminated  by  two  planes,  parallel  to  one  another  and  to  the 
refracting  furface.  Let  R be  a particle  of  light,  acted  upon  by  the  refractive  power  of: 
the  medium  whofe  refracting  furface  is  DC.  It  is  evident  that  the  refractive  power  at  O 
will  move  the  particle  R in  the  direction  RO  : and  taking  any  two  points  D,  C,  at 
equal  diftances  on  each  fide  of  O,  the  powers  at  D and  C being  equal,  and  acting  at 
equal  diftances,  RD,  RC,  equally  inclined  to  RO,  cannot  move  R in  any  direction 
but  that  of  RO.  The  fame  may  be  fhewn  of  the  powers  at  every  point  of  the  line  DC, 
and  in  every  line  parallel  to  DC,  that  is  of  the  whole  power  of  the  medium. 

PROP.  XI. 

A ray  of  light,  in  paffing  out  of  a rarer  into  a denfer  medium, 
is  refrafted  towards  a perpendicular  to  the  furface  of  the  denfer, 
raifed  from  the  point  in  which  the  ray  meets  the  medium  : in 
paffing  out  of  a denfer  into  a rarer  medium,  it  is  refracted  from  the 
fame  perpendicular. 

Let  a ray  of  light,  AC,  pafs  obliquely  out  of  a rarer  medium  X,  into  a denfer  medium  Plate  6. 
Z ; let  HK  be  the  plane  furface  of  the  denfer  medium ; from  the  point  C,  in  which  Fl§’ 

the  ray  AC  paffes  into  the  denfer  medium,  raife  the  perpendicular  OCP  : the  ray  will 
be  refracted  out  of  the  direction  ACL,  towards  the  perpendicular  OCP. 

Becaufe  the  ray  is  more  attracted  by  the  denfer  medium  than  by  the  rarer,  it  will  be 
accelerated  on  entering  the  medium  Z : for  whilft  the  rav  is  fo  near  the  furface  of  the 
medium  Z as  to  be  within  its  attraction,  and  more  attracted  downwards  than  upwards, 
this  attraction  confpires  with  the  motion  of  the  ray,  and  confequently  increafes  its 
velocity.  And,  fince  the  action  of  the  attracting  force  of  the  medium  Z,  muff  (by 
Prop.  X.)  be  in  the  direction  of  a line  OCP  perpendicular  to  its  furface,  if  the 
oblique  motion  of  the  ray  in  the  direction  AC  be  refolved  into  two  others,  AD  parallel 
to  the  furface  HK,  and  AB,  or  DC,  perpendicular  to  it,  the  parallel  motion  AD  cannot 
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be  accelerated  or  retarded  by  the  attraction  which  acts  in  the  direction  OC  : the  change 
of  velocity  therefore  which  the  ray  receives  from  the  attracting  force,  muff  be  made  in 
the  perpendicular  part  of  its  motion  DC.  Take  CG  greater  than  DC  reprefenting 
the  perpendicular  motion  of  the  ray  after  palling  into  the  denfer  medium  ; and  take  CE 
equal  to  AD  reprefenting  the  parallel  part  of  the  motion  of  the  ray,  which,  becaufe  it  is 
parallel  to  AB,  remains  the  fame  when  the  ray  enters  the  denfer  medium.  The  ray 
therefore,  at  its  entering  the  medium  Z,  may  be  confidered  as  adled  upon  by  two  forces 
CE,  CG,  and  confequently  (Book  II.  Prop.  XIV.)  will  defcribe  the  diagonal  CF  of 
a parallelogram,  the  Tides  of  which  are  CE,  CG.  Now,  of  thefe  Tides  CE  remain- 
ing the  fame,  whilft  CG  becomes  greater  than  CD,  the  angle  GCF  (from  the  nature 
of  the  parallelogram)  will  be  lefs  than  the  angle  NCL,  equal  (EL  i.  15.)  to  ACD. 
Therefore  the  ray  after  it  has  palled  into  the  denfer  medium,  makes  a lefs  angle  with  the 
perpendicular  OCP  than  AC,  the  ray  before  it  paffes  into  the  denfer  medium  3 that  is, 
the  ray  in  palling  out  of  the  rarer  into  the  denfer  medium,  is  refradfed  towards  the  per- 
pendicular. On  the  contrary,  whilft  the  ray  of  light  FC  is  palling  out  of  the  denfer 
medium  Z into  the  rarer  medium  X,  it  is  more  attracted  by  the  denfer  than  by  the  rarer 
medium,  and  is  therefore  more  drawn  downwards  than  upwards  : whence  the  attraction 
oppofes  the  motion  of  the  ray,  and  will  retard  it  as  much  as  in  palling  out  of  the  rarer 
into  the  denfer  medium  it  was  accelerated  : and  confequently,  the  effect  will  be  the  re- 
verfe  of  that  which  was  fhewn  in  the  former  cafe. 

Plate  6.  Exp.  1.  Let  a perpendicular  cylindrical  veffel  be  fo  placed  that  the  fun,  fhining  upon 

FlS*  7*  its  fide  NA,  may  caff  the  fhadow  of  the  fide  to  a point  L in  the  bottom  of  the  veffel. 
This  fhadow  is  terminated  by  SNL,  a ray  which  paffes,  in  a right  line,  by  the  edge  of 
the  veffel.  If  the  veffel  be  filled  with  water,  the  fhadow  will  recede,  as  the  water  is 
poured  into  the  veffel,  from  the  point  L which  terminated  it  when  the  veffel  was  empty, 
towards  the  fide  NA,  on  which  the  fun  fhines,  and  will  be  terminated  by  the  ray  ONC  ; 
that  is,  the  ray  SNL,  which  firft  terminated  the  fhadow,  by  palling  out  of  the  air  into  the 
water,  is  refracted  towards  AN,  a line  drawn  perpendicular  to  the  furface  of  the  water, 
at  the  point  in  which  the  ray  enters  the  water  : or  the  angle  of  refraction  is  lefs  than 
the  angle  of  incidence. 

2.  Let  a fmall  bright  objedt  be  laid  upon  the  bottom  of  a cylindrical  veffel  NBAL 
at  C.  Let  the  fpedtator’s  eye  be  fo  placed  at  S,  as  juft  to  lofe  fight  of  the  object  at  C9 
that  is,  fo  that  a ray  palling  in  a right  line  from  the  remote  edge  of  the  objedt  towards 

the  eye  at  S will  be  intercepted  by  the  edge  of  the  veffel,  or  that  the  firft  ray  which  is 

not  intercepted  paffes  in  the  direction  ONC  above  the  eye.  Whilft  the  eye  continues 
in  the  fame  fituation,  if  the  veffel  be  filled  with  water,  the  objecSb  will  become  vifibTe  5 
that  is,  the  ray  which  paffed  from  the  remote  edge  of  the  objedf,  in  a right  line  CNO^. 
by  the  veffel,  in  entering  the  air  is  refradled  into  the  direction  NS,  towards  the  eye, 
or  from  the  perpendicular  PNA. 
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PROP.  XII. 

All  refraction  is  reciprocal. 

The  ray  AC,  in  palling  out  of  the  medium  X into  Z,  is  refraCted,  into  CF,  becaufe  Plate  t>. 
it  is  accelerated  at  its  entrance  into  Z by  the  greater  attraction  of  the  denfer  medium  : 
and  the  ray  FC  in  palling  out  of  Z into  X is  refraCted  into  CA,  becaufe  it  is  retarded 
by  the  fame  attraction.  Since  then  the  acceleration  and  retardation  are  produced  by  the 
fame  degree  of  attraction  in  oppofite  directions,  they  will  be  equal  to  one  another,  and 
the  refraCtions  produced  by  them  will  be  equal,  but  in  oppofite  directions  : that  is, 
if  the  refraded  ray  becomes  the  incident  ray,  the  incident  ray  will  become  the  refraCted 
one  -3  or,  the  refraCtions  are  reciprocal. 


P R O P.  XIII. 

In  any  two  given  mediums,  the  fine  of  any  one  angle  of  incidence 
has  the  fame  ratio  to  the  line  of  the  correfponding  angle  of  refraction, 
as  the  fine  of  any  other  angle  of  incidence  has  to  the  fine  of  its 
correfponding  angle  of  refraCtion. 

The  oblique  motion  of  the  ray  AC,  in  palling  out  of  the  rarer  medium  X into  the  Place  6, 
denfer  medium  Z,  may  be  refolved  into  AD  parallel  to  the  furface  UK,  and  AB  or  DC  1 3S*  b’ 
perpendicular  to  it.  Of  thefe  (as  wTas  fhewn  in  Prop.  XI.)  only  the  perpendicular 
motion  DC  is  accelerated.  Take  CN  equal  to  CD,  and  continue  the  refraCted  ray  CS 
to  F,  fo  that  if  FG  is  drawn  perpendicular  to  OP,  FG  may  be  equal  to  AD  j and  draw 
NS  the  line  of  the  angle  of  refraCtion  NCS.  The  perpendicular  velocity  of  the  ray  in 
the  medium  Z (by  Prop.  XI.)  is  CG,  that  is,  the  ray  is  accelerated  in  the  ratio  of 
CN  to  CG.  But,  becaufe  CGF,  CNS,  are  equiangular  triangles,  (El.  VI.  4.)  GF  the 
fine  of  the  angle  of  incidence  is  to  NS  the  fine  of  the  angle  of  refraCtion,  as  CG  the 
velocity  of  the  ray  in  the  denfer  medium  Z,  is  to  CN  the  velocity  of  the  ray  in  the  rarer 
medium  X ; that  is,  the  fines  of  the  angles  of  incidence  are  inverfely  as  the  velocities  of 
the  ray.  But  where  the  two  mediums  are  given,  as  X and  Z,  their  denfities,  and  con- 
fequently  the  differences  of  their  attractions  are  given  : and,  fince  the  ratio  of  the  velocities 
in  different  mediums  depends  upon  the  difference  of  their  attracting  force,  where  this 
difference  is  given,  the  ratio  of  the  velocities  cannot  be  altered  by  changing  the  obliquity 
of  the  ray,  fo  that,  if  the  velocity  in  one  medium  is  to  that  in  another,  as  CG  to  CN, 
and  the  fine  of  the  angle  of  incidence  be  to  that  of  refraCtion  in  any  one  degree  of  obliquity, 
as  GF  to  NS,  this  ratio  will  continue  the  fame  in  every  degree  of  obliquity  | for  GF 
will  always  be  to  NS  in  the  ratio  of  CG  to  CN, 
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Plate  6. 
Fig.  6. 


Cor.  i.  Hence,  when  the  angle  of  incidence  is  increafed,  the  correfponding  angle  of 
refra&ion  will  alfo  be  increafed  : becaufe  the  ratio  of  their  fines  cannot  continue  the 
fame,  unlefs  they  be  both  increafed  : and,  if  two  angles  of  incidence  be  equal,  the  angles 
of  refraction  will  alfo  be  equal. 

Cor.  2.  Hence  the  angle  of  deviation  varies  with  the  angle  of  incidence. 

Schol.  If  a ray  of  light,  AC,  pafs  obliquely  out  of  air  into  glafs,  AD  the  fine  of 
the  angle  of  incidence  ACD,  is  to  NS  the  fine  of  the  angle  of  refraCtion  NCD,  nearly 
as  3 to  2 : therefore,  fuppofing  the  fines  proportional  to  the  angles,  the  fine  of  NCL  the 
angle  of  deviation,  is  as  the  difference  between  AD  and  NS,  that  is,  as  3 — 2,  or  1,  whence 
the  fine  of  incidence  is  to  the  fine  of  the  angle  of  deviation  as  3 to  1.  In  like  manner 
it  may  be  fhewn,  that,  when  the  ray  paffes  obliquely  out  of  glafs  into  air,  the  fine  of  the 
angle  of  incidence  will  be  to  that  of  deviation,  as  NS  to  AD— NS,  that  is,  as  2 to  1. 
In  palling  out  of  air  into  water,  the  fine  of  the  angle  of  incidence  is  to  that  of  refraction, 
as  4 to  3,  and  to  that  of  deviation,  as  4 to  4—3,  or  1 : and  in  palling  out  of  water  into 
air,  the  fine  of  the  angle  of  incidence  is  to  that  of  refraction,  as  3 to  4,  and  to  that  of 
deviation,  as  3 to  1. 

Exp.  Upon  a fmooth  board,  about  the  center  C,  deferibe  a circle  HOKP  ; draw  two 
diameters  of  the  circle  OP,  HK,  perpendicular  to  each  other;  draw  ADM  perpendicular 
to  OP;  cutoff  DT  and  Cl  equal  to  -J-  DA;  through  TI,  draw  TIS,  cutting  the  cir- 
cumference in  S ; NS  drawn  from  S perpendicularly  upon  OP,  will  be  equal  to  DT,  or 
| of  DA.  Then  if  pins  be  ftuck  perpendicularly  at  A,  C and  S,  and  the  board  be  dipped 
in  the  water  as  far  as  the  line  HK,  the  pin  at  S will  appear  in  the  fame  line  with  the 
pins  at  A and  C.  This  {hews,  that  the  ray  which  comes  from  the  pin  S is  fo  refra&ed 
at  C,  as  to  come  to  the  eye  along  the  line  CA  : whence  the  fine  of  incidence  AD  is  to 
the  fine  of  refraction  FE,  as  4 to  3.  If  other  pins  were  fixed  along  CS,  they  would  all 
appear  in  AC  produced ; which  fhews  that  the  ray  is  bent  at  the  furface  only.  The  fame 
may  be  fhewn,  at  different  inclinations  of  the  incident  ray,  by  means  of  a moveable  rod 
turning  upon  the  center  C,  which  always  keep  the  ratio  of  the  fines  AD,  NS,  as  4 to  3. 
Alfo  the  fun’s  fhadow,  coinciding  with  AC,  may  be  fhewn  to  be  refraCted  in  the  fame 
manner. 


P R O P.  XIV. 

Rays  of  light  which  pafs  perpendicularly  out  of  one  medium 
into  another,  fuffer  no  refraction. 

When  AC,  the  incident  ray,  coincides  with  OC,  the  perpendicular,  the  a&ion  of  the 
medium  Z or  X to  accelerate  or  retard  the  motion  of  the  ray,  being  perpendicular  to  its 
furface,  cannot  turn  the  ray  out  of  its  perpendicular  path, 
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PROP.  XV. 

When  parallel  rays  pafs  obliquely  out  of  one  medium  into  another 
through  a plane  furface,  they  will  continue  parallel  after  refraftion. 

Let  AB,  CD,  be  parallel  rays,  falling  on  the  plane  furface  RBD  of  a medium  of 
different  denfity  : becaufe  they  make  equal  angles  of  incidence  with  their  refpeCtive  per- 
pendiculars OP,  ST,  they  will  fuffer  an  equal  degree  of  refraction ; that  is,  the  angles  of 
refraCtion,  EBP,  FDT,  will  be  equal ; whence  the  refraCted  rays  BE,  DF  will  be  parallel. 

P R O P.  XVI. 

Through  a plane  furface,  if  diverging  rays  pafs  out  of  a rarer 
into  a denfer  medium,  they  are  made  to  diverge  lefs ; and  if  they 
pafs  out  of  a denfer  into  a rarer  medium,  they  are  made  to  diverge 
more  : if  converging  rays  pafs  out  of  a rarer  into  a denfer  medium, 
they  will  be  made  to  converge  lefs ; if  out  of  a denfer  into  a rarer, 
to  converge  more. 

Let  the  diverging  rays  AB,  AE,  AF,  pafs  out  of  a rarer  into  a denfer  medium,  through 
the  plane  furface  GH,  and  let  the  ray  AB  be  perpendicular  to  that  furface  j the  reft 
being  refraCted  towards  their  refpeCtive  perpendiculars  IK,  LM,  and  that  the  moll  which 
falls  the  fartheft  from  B,  they  will  proceed  in  the  directions  EN  and  FO,  diverging  in  a 
lefs  degree  from  the  ray  AP,  than  they  did  before  refraCtion  : whereas  had  they  proceeded 
out  of  a denfer  into  a rarer  medium,  they  would  have  been  refraCted  from  their  perpen- 
diculars  EK,  FM,  and  thofe  the  moft  which  were  the  moft  oblique,  and  therefore  would 
have  diverged  more  than  before.  Again,  let  the  converging  rays  AB,  CD,  EF,  pafs  out 
of  a rarer  into  a denfer  medium,  through  the  plane  furface  GH,  and  let  the  ray  AB 
be  perpendicular  to  that  furface ; the  other  rays  being  refraCted  towards  their  refpeCtive 
perpendiculars  IK,  LM,  and  EF  being  refraCted  more  than  CD,  they  will  proceed  in 
the  directions  DN,  FN,  converging  in  a lefs  degree  towards  the  ray  AN,  than  they 
did  before  : whereas,  had  the  firft  medium  been  the  denfer,  they  would  have  been  re- 
fraCted the  other  way,  and  therefore  have  converged  more. 

D EF.  XIV.  A Lens  is  a round  piece  of  polifhed  glafs,  which 
has  both  its  lides  fpherical,  or  one  fpherical,  and  the  other  plane. 

A lens  may  either  be  convex  on  both  Tides,  plano-convex,  concave,  plano-concave,  or 
convex  on  one  fide,  and  concave  on  the  other  ; which  laft  is  called  a menifeus . 
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In  plate  6.  fig.  12.  Sedlions  of  thefe,  formed  by  a plane  paffing  perpendicularly  through 
their  centers,  are  reprefented. 


Def.  XV.  The  Axis  of  a Lens , is  a right  line,  paffing  through 
its  center,  perpendicular  to  both  its  furfaces,  and  the  extremities 
of  the  axes  are  its  poles. 

Each  kind  of  lens  is  generated  by  the  revolution  of  a feCHon  of  the  lens  about  this 
line.  Thus,  in  the  firfi:  lens,  if  acby  adby  revolve  about  cd,  the  convex  lens  will  be  formed, 

Def.  XVI.  In  every  beam  of  light,  the  middle  ray  is  called 
the  Axis . 

Def.  XVII.  Rays  are  faid  to  fall  direffly  upon  a lens,  if  their 
axis  coincides  with  the  axis  of  the  lens  ; other  wife,  they  are  faid 
to  fall  obliquely , 

Def.  XVIII.  The  point  in  which  parallel  rays  are  colledlea  by 
paffing  through  a lens,  is  called  the  Focus  of  parallel  rays  of  that  lens. 

PROP.  XVII. 

Through  a convex  furface  of  the  denfer  medium,  parallel  rays, 
paffing  out  of  a rarer  into  a denfer  medium,  will  become  con- 
verging ; diverging  rays  will  be  made  to  diverge  lefs,  to  become 
parallel,  or  to  converge,  according  to  the  degree  of  divergency  before 
refradtion,  or  of  the  convexity  of  the  furface ; rays  converging 
towards  the  center  of  convexity,  will  fuffer  no  refradtion ; rays 
converging  to  a point  beyond  the  center  of  convexity,  will  be  made 
more  converging ; and  rays  converging  towards  a point  nearer  the 
furface  than  the  center  of  convexity,  will  be  made  lefs  converging 
by  refradtion  : and  when  the  rays  proceed  out  of  a denfer  into  a 
rarer  medium,  the  contrary  occurs  in  each  cafe. 

Let  AB,  ID,  be  parallel  rays  entering  a denfer  medium  through  the  convex  furface 
CDE,  whofe  center  of  convexity  is  L ; and  let  one  of  thefe,  ID,  be  perpendicular  to  the 
furface.  This  will  pafs  on  through  the  center  without  fuffering  any  refraction,  but  the 
other  being  oblique  to  the  furface,  will  be  refradted  towards  the  perpendicular  LB,  and 

will 
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will  therefore  be  made  to  proceed  in  fome  line,  as  PK,  converging  towards  the  other 
ray,  and  meeting  it  in  K,  the  focus.  Had  one  ray  diverged  from  the  other,  fuppofe  in 
the  line  MP,  it  would,  by  being  refradted  towards  its  perpendicular  LB,  have  been  made 
either  to  diverge  lefs,  be  parallel,  or  to  converge.  Let  the  line  ID  be  produced  to  K ; 
and  if  the  ray  had  converged,  fo  as  to  have  defcribed  the  line  NBL,  it  v/ould  then  have 
been  coincident  with  its  perpendicular,  and  have  fuffered  no  refradlion.  If  it  had  pro- 
ceeded with  lefs  convergency  towards  any  point  beyond  L in  the  line  IK,  it  would  have 
been  made  to  converge  more  by  being  refradted  towards  the  perpendicular  LB,  which 
converges  more  than  it;  and  had  it  proceeded  with  more  convergency  than  BL,  that  is, 
towards  any  point  between  D and  L,  being  refradted  towards  the  perpendicular,  it  would 
have  been  made  to  converge  lefs. 

And  the  contrary  happens,  when  rays  proceed  out  of  a denfer  into  a rarer  medium, 
through  a concave  furface  of  the  denfer.  For  being  now  refradted  from  their  refpedtive 
perpendiculars,  as  they  were  before  towards  them,  if  they  are  parallel  before  refradtion,  they 
diverge  afterwards  ; ii  they  diverge,  their  divergency  is  increafed  ; if  they  converge  in 
the  direction  of  their  perpendiculars,  they  fuller  no  refradtion ; if  they  converge  lefs 
than  their  refpedtive  perpendiculars,  they  are  made  to  converge  Hill  lefs,  to  be  parallel, 
or  to  diverge;  if  they  converge  more,  their  convergency  is  increafed.  All  which  may 
clearly  be  feen  by  the  figure,  imagining  the  rays  AB,  ID,  &c.  bent  the  contrary  way 
in  their  refradtions  to  what  they  were  in  the  former  cafes. 

Exp.  Let  parallel,  diverging,  and  converging  rays,  pafs  through  a convex  lens ; the 
feveral  cafes  of  this  propofition  will  be  confirmed. 

If  CDEH  be  a convex  lens,  whofe  axis  is  IK,  let  L be  the  center  of  the  firfit  con- 
vexity CDE,  and  M that  of  the  other  CHE  ; and  let  the  ray  AB  be  parallel  to  the  axis ; 
through  B draw  the  line  LN,  which  will  be  perpendicular  to  the  furface  CDE  at  that 
point.  The  ray  AB  in  entering  the  denfer  fubHance  of  the  lens  will  be  refradted  towards 
the  perpendicular,  and  therefore  proceed  after  it  has  entered  the  furface  at  B in  fome 
diredtion  inclined  towards  the  axis,  as  BP.  Through  M the  center  of  convexity  of  this 
furface  and  the  point  P draw  the  line  MR,  which  palling  through  the  center  will  be  per- 
pendicular to  the  furface  at  P,  and  the  ray  now  entering  a rarer  medium  will  be  refradted 
from  the  perpendicular  into  fome  diredtion  as  PK.  In  like  manner,  and  for  the  fame 
reafons,  the  parallel  ray  ST  on  the  other  fide  the  axis,  and  alfo  all  the  intermediate  ones, 
as  XZ,  &c.  will  meet  it  in  the  fame  point,  unlefs  the  rays  AB  and  ST  enter  the  fur- 
face of  the  lens  at  too  o;reat  a diftance  from  the  axis  IK,  the  reafo-n  of  which  will  be 
afterwards  explained. 

The  point  K where  the  parallel  rays  AB,  ST,  &c.  are  fuppofed  to  be  colledled  by 
palling  through  the  lens  CE,  is  called  the  focus  of  parallel  rays  of  that  lens. 

If  the  rays  come  diverging  from  a point  equally  difirant  from  the  furface  as  the 
focus  of  parallel  rays,  they  will  be  rendered  parallel;  if  from  a point  farther  from  the 
furface  than  L,  they  will  be  brought  to  a point  beyond  L ; if  from  a point  nearer  than 
L,  they  will  diverge  lefs  ; as  may  be  inferred  from  Prop,  XIL 
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If  the  rays  come  converging  towards  L,  they  will  fufrer  no  refraction  ; if  towards  a 
point  beyond  L,  they  will  become  more  converging  ; if  towards  a point  nearer  the 
furface  than  L,  the'y  will  become  lefs  converging  : as  is  fufficiently  explained  in  the 
proof  of  this  propofition. 

Schol*  If  the  rays  AB,  CD,  EF,  be  parallel  to  each  other,  but  oblique  to  GH 
the  axis  of  the  lens  IK,  or  if  the  diverging  rays  CB,  CF,  proceed  as  from  fome  point  C 
which  is  not  fituated  in  the  axis  of  the  lens,  they  will  be  collected  into  fome  point  as  L, 
not  direCtly  oppofite  to  the  radiant  C,  but  nearly  fo  : for  the  ray  CD,  which  pafles  through 
the  middle  of  the  lens,  and  falls  upon  the  furface  of  it  with  fome  obliquity,  will  itfelf 
fuffer  a refraCtion  at  D and  N ; but  it  will  be  refraCted  the  contrary  way  in  one  place 
from  that  in  the  other,  and  thefe  refraCtions  will  be  equal  in  degree  if  the  lens  has 
an  equal  convexity  on  each  fide,  as  we  may  eafily  perceive  if  we  imagine  ND  to  be 
a ray  palling  out  of  the  lens  both  at  N and  D,  for  it  is  evident  the  line  ND  has  an  equal 
inclination  to  each  furface  at  both  its  extremities.  Upon  which  account  the  difference 
between  the  fituation  of  the  point  L,  and  one  direCtly  oppofite  to  C,  is  fo  fmall,  that 
it  is  generally  negleCted  $ and  the  focus  is  fuppofed  to  be  in  that  line,  in  which  a ray, 
that  would  pafs  through  the  middle  point  of  the  lens,  were  it  to  fuffer  no  refraCtion, 
would  proceed® 

PROP.  XVIIL 

When  rays  pafs  out  of  a rarer  into  a denfer  medium,  through  a 
concave  furface  of  the  denfer,  if  the  rays  are  parallel  before  refraction, 
they  are  made  to  diverge  : if  they  are  divergent,  they  are  made 
to  diverge  more,  to  fuffer  no  refraCtion,  or  to  diverge  lefs,  ac- 
cording as  they  proceed  from  fome  point  beyond  the  center,  from 
the  center,  or  from  fome  point  between  the  center  and  the  furface  : 
if  they  are  convergent,  they  are  either  made  lefs  converging,  parallel, 
or  diverging,  according  to  their  degree  of  convergency  before  re- 
fraction : and  the  reverfe,  in  palling  out  of  a denfer  into  a rarer 
medium. 

Let  MF,  OI,  be  two  parallel  rays  entering  a concave  and  denfer  medium,  the  center 
of  whole  convexity  is  H,  and  the  perpendicular  to  the  refraCting  furface  at  the  point  F is 
LHj  the  ray  OI,  if  we  fuppofe  it  perpendicular  to  the  furface,  will  proceed  on  directly 
without  refraCtion,  but  the  oblique  ray  MF,  being  refracted  towards  the  perpendicular 
HL,  will  recede  from  the  other  ray  OI.  If  the  ray  MF  had  proceeded  from  a point  in  TO 
farther  from  the  furface  than  Id,  it  would  have  been  bent  nearer  to  the  perpendicular,  and 
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therefore  have  diverged  more  : if  it  had  diverged  from  the  center  H,  it  would  have  fallen 
in  with  the  perpendicular  HL,  and  not  have  been  refracted  at  all  : and  had  it  proceeded 
from  a point  nearer  the  furface  than  the  center  H,  it  would  by  being  refracted  towards  the 
perpendicular  HL,  have  proceeded  in  fome  line  nearer  it  than  it  otherwife  would  have  done, 
and  fo  would  diverge  lefs  than  before  refradtion.  Laftly,  if  it  had  converged,  it  would 
have  been  rendered  lefs  converging,  parallel,  or  diverging,  according  to  the  degree  of  con- 
vergency,  which  it  had  before  it  entered  into  the  refradling  furface. 

If  the  fame  rays  proceed  out  of  a denfer  into  a rarer  medium  through  a convex  furface 
of  the  denfer,  the  contrary  happens  in  each  fuppofition  : the  parallel  rays  are  made  to  con- 
verge ; thofe  which  diverge  lefs  than  their  refpedlive  perpendiculars,  that  is,  thofe  which 
proceed  from  a point  beyond  the  center,  are  made  lefs  diverging,  parallel,  or  converging, 
according  to  the  degree  in  which  they  diverge  before  refraction ; thofe  which  diverge  more 
than  their  refpedtive  perpendiculars,  that  is,  thofe  which  proceed  from  a point  between 
the  center  and  the  refradting  furface,  are  made  to  diverge  (till  more.  And  thofe  which 
converge,  are  made  to  converge  more.  All  which  may  eafily  be  feen  by  confidering  the 
fituation  of  the  rays  with  refpedt  to  the  perpendicular  HL. 

Exp.  Let  parallel,  diverging,  and  converging  rays  pafs  through  a concave  lens  : the 
ieveral  cafes  of  this  propofition  will  be  confirmed  : thus,  let  ABCD  reprefent  a concave 
lens,  EO  its  axis,  FH  the  radius  of  the  firft  concavity,  IK  that  of  the  iecond  ; produce 
HF  to  L,  and  let  ME  be  a ray  of  light  entering  the  lens  at  the  point  F.  This  ray  being 
refradted  towards  the  perpendicular  FL,  will  pafs  on  to  fome  point,  as  K in  the  other 
furface,  more  diftant  from  the  axis  than  F,  and  being  there  refradted  from  the  perpendicular 
IK,  will  be  diverted  farther  ftill  from  the  axis,  arid  proceed  on  the  diredtion  KN,  as  from 
fome  point  O,  on  the  firft  fide  of  the  lens.  In  like  manner  other  rays,  as  PQ^  parallel  to 
the  former,  will  proceed  after  refradtion  at  both  furfaces  as  from  the  fame  point  O j which 
upon  that  account  will  be  the  imaginary  focus  of  parallel  rays  of  this  lens. 

If  the  rays  diverge  before  they  enter  the  lens,  their  imaginary  focus  is  then  nearer  the 
lens  than  that  of  the  parallel  rays.  If  they  converge  before  they  enter  the  lens  proceeding 
towards  fome  diftant  point  in  the  axis,  as  E,  they  are  then  rendered  lefs  converging  : if 
they  converge  to  a point  at  the  fame  diftance  from  the  lens  with  the  focus  of  parallel  rays, 
they  then  go  out  parallel ; if  to  a point  at  a lefs  diftance,  they  remain  converging,  but 
in  a lefs  degree  than  before  they  entered  the  lens. 

Schol.  If  the  lens  is  plane  on  one  fide,  and  convex  or  Concave  on  the  other,  the 
refradtion  is  fimilar,  but  in  a lefs  degree.  In  a menifcus,  if  the  convexity  on  one  fide  is 
equal  to  the  concavity  on  the  other,  the  two  iides  will  produce  equal  and  contrary  effedts, 
and  the  inclination  of  the  rays  to  each  other  will  be  the  fame  after  refradtion.  as  before. 
If  the  convexity  is  greater  than  the  concavity,  the  menifcus  will  have  the  effedt  of  a lens 
which  has  its  convexity  equal  to  the  excefs  of  the  convexity  of  the  menifcus  above  its 
concavity  ; and  the  reverfe,  if  its  concavity  exceeds  its  convexity. 
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P R O P.  XIX. 

When  diverging  rays  are  made  to  converge  by  palling  through  a 
convex  lens,  as  the  radiant  approaches  towards  the  lens  on  one  fide, 
the  focus  departs  from  it  on  the  other  •,  and  the  reverfe. 

For,  the  nearer  the  radiant  point  is  to  the  lens,  the  more  the  rays  which  fall  upon  the 
lens  diverge  before  refraction  3 whence  (the  power  of  the  refracting  medium  being  given) 
they  will  converge  thelefs  after  refraction,  and  have  their  focal  point  at  the  greater  diftance 
from  the  furface : on  the  contrary,  the  more  remote  the  radiant  point  is  from  the  lens, 
the  lefs  the  incident  rays  will  diverge,  and  confequentlv  the  more  will  the  refracted  rays 
converge,  and  the  nearer  will  the  focus  be  to  the  furface,  till,  at  an  infinite  diftance  of  the 
radiant,  the  rays  are  collected  in  the  focus  of  parallel  rays. 

PROF.  XX. 

When  the  radiant  point  is  at  that  diftance  from  the  furface,  at 
which  parallel  rays  coming  through  it  from  the  other  fide  would  be 
collected,  rays  flowing  from  that  point  become  parallel  on  the  other 
fide* 

It  manifeftly  follows  from  Prop.  XII.  that  if  the  parallel  rays  AB,  ID,  ST,  in  pafting 
through  CDE,  are  brought  to  a focus  in  K,  rays  from  K as  a radiant  point  will,  after 
refradfion,  proceed  in  the  parallel  lines  BA,  DI,  TS. 

PROP.  XXL 

When  rays  pafs  out  of  one  medium  into  another  of  different  denfity 
through  a plane  furface,  if  they  diverge,  the  focal  diftance  will  be  to 
that  of  the  radiant  point ; if  they  converge,  it  will  be  to  that  of  the 
imaginary  focus  of  the  incident  rays,  as  the  fine  of  the  angle  of  inci- 
dence is  to  that  of  the  angle  of  refradtioru 

* 1 

This  proportion  admits  of  four  cafes. 

Cafe  1.  Of  diverging  rays  pafting  out  of  a rarer  into  a denfer  medium. 

Let  X reprefent  a rarer,  and  Z a denfer  medium,  feparated  from  each  other  by  the 
plane  furface  AB  3 fuppofe  CD  and  CE  to  be  two  diverging  rays  proceeding  from  the 
point  C,  the  one  perpendicular  to  the  furface,  the  other  oblique  3 through  E draw  the 

perpendicular 
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perpendicular  PK.  The  ray  CD  being  perpendicular  to  the  furface,  will  proceed  on 
in  the  right  line  CQ_,  but  the  other  falling  upon  it  obliquely  at  E,  and  there  entering 
a denfer  medium,  will  fuffer  a refraction  towards  the  perpendicular  EK.  Let  then  EG 
be  the  refracted  ray,  and  produce  it  back  till  it  interfects  DC  produced  alfo  in  F ; this 
will  be  the  focal  point.  On  the  center  E with  the  radius  EF,  defcribe  the  circle  AFBQj, 
and  produce  EC  to  H j draw  HI  the  fine  of  the  angle  of  incidence,  and  GK  that  of 
refraction ; equal  to  this  is  FP  or  CM,  which  let  be  drawn.  Now  if  we  fuppofe  the 
points  D and  E contiguous,  or  nearly  fo,  then  will  the  line  FIE  be  almoft  coincident 
with  FD,  and  therefore  FD  will  be  to  CD,  as  HE  to  CE,  or  (El.  VI.  4.)  as  HI  to  CMj 
that  is,  the  focal  diftance  of  the  ray  CE  is  to  the  diftance  of  the  radiant  point,  as  the  fine 
of  the  angle  of  incidence  is  to  that  of  the  angle  of  refraction.* 

Cafe  2.  Of  diverging  rays  proceeding  out  of  a denfer  into  a rarer  medium. 

Let  X be  the  denfer,  Z the  rarer  medium,  FD  and  FE  two  diverging  rays  proceeding 
from  the  point  F ; and  fuppofing  the  perpendicular  PK  drawn  as  before,  FP  will  be  the 
fine  of  the  angle  of  incidence  of  the  oblique  ray  FE,  which  in  this  cafe  being  refraded 
from  the  perpendicular,  will  pafs  on  in  fome  line  as  ER,  which  being  produced  back  to 
the  circumference  of  the  circle  will  cut  the  ray  FD  fomewhere,  fuppofe  in  C,  this  there- 
fore will  be  the  imaginary  focus  of  the  refraCted  ray  ER  ; draw  RO  the  fine  of  the  angle 
of  refraCtion,  to  which  HI  will  be  equal  : but  here  alfo  FP  or  its  equal  CM,  is  to  HI, 
as  EC  to  EH,  or  (if  the  point  D and  E be  confidered  as  contiguous)  as  DC  to  DF  ; 
that  is,  the  fine  of  the  angle  of  incidence  is  to  the  fine  of  the  angle  of  refraction,  as  the 
focal  diftance  to  that  of  the  real  radiant  point. 

* Whereas  IE  is  to  ME,  or  ND  to  CD,  as  HI  to  CM,  that  Is,  as  the  ratio  of  the  fine  of  the  angle  of  incidence 
to  that  of  the  angle  of  refradion,  which  (Prop.  XIII,)  is  always  the  fame,  the  line  IN  is  in  all  inclinations  of  the 
ray  CE,  at  the  fame  diftance  from  CM.  Confequently,  had  CE  been  coincident  with  CD,  the  point  H had  fallen 
upon  N 5 and  becaufe  the  circle  pafies  through  both  H and  F,  F would  alfo  have  fallen  upon  N ; upon  which, 
account  the  focus  of  the  ray  CE  would  have  been  there.  But  the  ray  CE  being  oblique  to  the  furface  DB,  the  point 
H is  at  fome  diftance  from  N ; and  therefore  the  point  F is  necelfarily  fo  too,  and  the  more  fo,  the  greater 
that  diftance  is.  Hence  it  is  manifeft,  that  no  two  rays  flowing  from  the  radiant  point  C,  and  falling  with 
different  obliquities  on  the  furface  BD,  will  after  refradion  there,  proceed  as  from  the  fame  point  5 therefore 
ftridly  fpeaking,  there  is  no  one  point  in  the  line  D produced,  that  can  more  properly  be  called  the  focus  of  rays 
flowing  from  C,  than  another:  for  thofe  which  enter  the  refrading  furface  near  D,  will,  after  refradion,  proceed, 
as  has  been  obferved,  from  the  parts  about  N 3 thofe  which  enter  near  E,  will  flow  as  from  the  parts  about  F 3 
thofe  which  enter  about  T,  as  from  fome  points  in  the  line  DF  produced,  &c.  And  it  is  farther  to  be  obferved, 
that  when  the  angle  DCE  becomes  large,  the  line  NF  increafes  apace  3 whence  thofe  rays  which  fall  near  T, 
proceed,  after  refradion,  as  from  a more  diffufed  fpace,  than  thofe  which  fall  at  the  fame  diftance  from  each  other 
near  the  point  D.  Upon  which  account  it  is  ufual  with  optical  writers  to  fuppofe  the  diftance  between  the  points 
where  the  rays  enter  the  plane  furface  of  a refrading  medium,  to  be  inconflderable  with  regard  to  the  diftance  of 
the  radiant  point,  if  they  diverge  5 or  to  that  of  their  imaginary  focus,  if  they  converge  : and  unlefs  there  be  fome 
particular  reafon  to  the  contrary,  they  confrder  them,  as  entering  the  refrading  medium  in  a diredion  as  nearly 
perpendicular  to  its  furfaces  as  may  be. 
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Cafe  3.  Of  converging  rays  palling  out  of  a denfer  medium  into  a rarer. 

Next;  Let  Z be  the  denfer,  X the  rarer  medium,  and  GE  the  incident  ray;  this  will 
be  refraCted  from  the  perpendicular  into  a line  as  EH  ; then  all  things  remaining  as  before, 
GK,  or  its  equal  FP,  or  CM  will  be  the  fine  of  the  angle  of  incidence,  and  HI  that  of 
refra&ion  : but  thefe  lines,  as  before,  are  to  each  other,  as  DC  to  DF ; that  is,  the  focal 
diftance  is  to  the  diftance  of  the  imaginary  focus,  as  the  fine  of  the  angle  of  incidence 
to  that  of  the  angle  of  refraction. 

Cafe  4.  Of  converging  rays  palling  out  of  a rarer  into  a denfer  medium. 

Let  Z be  the  rarer,  X the  denfer  medium,  and  RE  the  incident  ray;  this  will  be  refraCleci 
towards  the  perpendicular  into  a line,  as  EF  ; C will  be  the  imaginary  focus,  and  F the 
real  one,  HI  which  (El.  I.  26.)  is  equal  to  RO,  will  be  the  fine  of  the  angle  of  incidence, 
and  FP  that  of  the  angle  of  refradion  : but  thefe  are  to  each  other  (El.  VI.  2.)  as  DF 
to  DC  ; and  therefore  the  focal  diftance  is  to  that  of  the  imaginary  focus,  as  the  fine  of 
the  angle  of  incidence  is  to  that  of  the  angle  of  refraCtion. 

PROP.  XXII. 

When  parallel  rays  fall  upon  a fpherical  furface  of  different  denfity* 
the  focal  diftance  will  be  to  the  diftance  of  the  center  of  convexity* 
as  the  fine  of  the  angle  of  incidence  is  to  the  difference  between  that 
fine  and  the  fine  of  the  angle  of  refraction. 

Cafe  1.  Of  parallel  rays  palling  out  of  a rarer  into  a denfer  medium  through  a convex 
furface  of  the  denfer. 

Let  AB  reprefent  a convex  furface  ; C its  center  of  convexity  ; HA  and  DB  two 
parallel  rays,  palling  out  of  a rarer  medium  into  a denfer,  the  one  perpendicular  to  the 
refracting  furface,  the  other  oblique:  draw  CB ; this  being  a radius,  will  be  perpendicular 
to  the  furface  at  the  point  B ; and  the  oblique  ray  DB  being  in  this  cafe  refraCted  towards 
the  perpendicular,  will  proceed  in  fome  line,  as  BF,  meeting  the  other  ray  in  F,  which 
will  therefore  be  the  focal  point;  produce  CB  to  N,  then  will  DBN,  or  (El.  I.  29.)  its 
equal  BCA  be  the  angle  of  incidence,  and  FBC  that  of  refraction.  Now,  fince  any 
angle  has  the  fame  fine  with  its  complement  to  two  right  ones,  the  angle  FCB  being  the 
complement  of  ACB,  which  is  equal  to  the  angle  of  incidence,  may  here  be  taken  for 
that  angle  ; and  therefore,  as  the  Tides  of  a triangle  have  the  fame  relation  to  each  other, 
as  the  fines  of  their  oppofite  angles  have,  FB  being  oppofite  to  this  angle,  and  FC  being 
oppofite  to  the  angle  of  refraCtion,  they  may  here  be  confidered  as  the  fines  of  the  angles 
of  incidence  and  of  refraction ; and  for  the  fame  reafon  CB  may  be  confidered  as  the 

X 

fine  of  the  angle  CFB,  which  angle,  being,  together  with  the  angle  FBC,  equal  to  the 
external  one  ACB  (El.  I,  32.}  it  is  itfelf  equal  to  the  difference  between  thofe  two  laft 
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angles;  and  therefore  the  line  FB  is  to  CB,  as  the  fine  of  the  angle  of  incidence  is  to  the 
fine  of  an  angle  which  is  equal  to  the  difference  between  the  angle  of  incidence  and  of 
refradtion.  Now  becaufe  in  very  fmall  angles  as  thefe  are,  for  we  fuppofe  in  this  cafe 
alfo  the  diflance  AB  to  vanifh,  (the  reafon  of  which  will  be  fh|wn  in  the  note,)  their  fines 
have  nearly  the  fame  ratio  to  each  other  that  they  themfelveslSi^ethe  diflance  FB  will 
be  to  CB  as  the  fine  of  the  angle  of  incidence  is  to  the  difference  between  that  fine  and 
the  fine  of  the  angle  of  refradlion  : but  becaufe  BA  vanifhes,  FB  and  FA  are  equal,  and 
therefore  FA  is  to  C A in  that  ratio.  * 

Cafe  2.*  Of  parallel  rays  palling  out  of  a denfer  into  a rarer  medium  through  a concave 
fur  face  of  the  denfer. 

Let  AB  be  the  concave  furface  of  the  denfer  medium,  C the  center  of  convexity,  and 
FIA  and  DB  two  parallel  rays.  Through  B the  point  where  the  oblique  ray  DB  enters 
the  rarer  medium,  draw  the  perpendicular  CN  ; and  let  the  ray  DB,  being  in  this  cafe 
refra&ed  from  the  perpendicular,  proceed  in  the  direction  BM  ; produce  BM  back  to  H; 
this  will  be  the  imaginary  focus,  and  DBN,  or  its  equal  ACB?  will  be  the  angle  of 
incidence,  and  CBM,  or  its  equal  (El.  I.  15.)  HBN  that  of  refradlion  ; produce  DB 
to  L,  and  draw  BF  fuch,  that  the  angle  LBF  may  be  equal  to  DBH  : then  becaufe 
NBD  and  DBH  together  are  equal  to  NBH  the  angle  of  refradfion,  therefore  BCA  which 
is  equal  to  the  flrft,  and  LBF  which  is  equal  to  the  fecond,  are  together  equal  to 
the  angle  of  refradtion  ; but  LBF  is  equal  to  BFA  (El.  I.  29.)  confequently,  BFA 
and  BCA  together  are  equal  to  the  angle  of  refradlion  ; and  therefore  fince  one  of  them, 
BCA,  is  equal  to  the  angle  of  incidence,  the  other,  BFA,  is  the  difference  between 
that  angle,  and  the  angle  of  refradtion.  Now  FB  the  fine  of  the  angle  FCB,  or  which 
is  the  fame  thing,  of  its  complement  to  two  right  ones,  BCA,  the  angle  of  incidence,  is 
to  CB  the  fine  of  the  angle  BFC,  as  FB  to  CB,  that  is,  as  HB  to  CB  ; for  the  angles 
DBH  and  LBF  being  equal,  the  lines  BF  and  BH  are  fo  too;  but  the  diflance  BA 
vanifhing,  HB  is  to  CB,  as  HA  to  CA  : that  is,  the  fine  of  the  angle  of  incidence  is  to 
the  fine  of  an  angle  which  is  the  difference  between  the  angle  of  incidence  and  refradlion. 


# It  appears  from  the  above  proportion,  that  the  focal  diflance  of  the  oblique  ray  DB,  is  fuch,  that  the 
line  BF  fhall  be  to  the  line  CB  or  CA  as  the  fine  of  the  angle  of  incidence  to  the  fine  of  an  angle  equal  to 
the  difference  between,  the  angle  of  incidence  and  refradtion  ; therefore  fo  long  as  the  angles  BCA,  &c.  are 
fmall,  fo  long  the  line  FB  is  nearly  of  the  fame  length,  becaufe  fmall  angles  have  nearly  the  fame  ratio  to  each 
other  that  their  fines  have.  But  when  the  point  B is  removed  far  from  A,  fo  that  the  ray  DB  enters  the  furface, 
fuppofe  about  O,  the  angles  BCA,  &c.  becoming  large,  the  fine  of  the  angle  of  incidence  begins  to  bear  a confiderably 
lefs  ratio  to  the  fine  of  an  angle  which  is  equal  to  the  difference  between  the  angle  of  incidence  and  refradlien 
than  before,  and  therefore  the  line  BF  begins  to  bear  a much  lefs  ratio  to  BC  ; wherefore  its  length  decreafes 
apace  : upon  which  account  thofe  rays  which  enter  the  furface  about  O,  not  only  meet  nearer  the  center  of  con- 
vexity than  thofe  which  enter  at  A,  but  are  colledied  into  a more  diffufed  fpace.  From  hence  it  is,  that  the  point 
where  thofe  only  which  enter  near  A,  are  colledfed,  is  reckoned  the  true  focus ; and  the  diflance  AB  in  all  demon- 
flrations  relating  to  the  foci  of  parallel  rays  entering  a fpherical  furface,  whether  convex  or  concave,  is  fuppofed 
to  vanifh, 
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or  becaufe  the  angles  are  fmall,  to  the  difference  between  the  fine  of  the  angle  of  incidence 
and  that  of  refraction,  as  the  diftance  of  the  focus  from  the  furface  is  to  that  of  the  center 
from  the  fame. 

Cafe  3.  Of  parallel  :rays  palling  out  of  a rarer  into  a denfer  medium  through  a concave 
furface  of  the  denfer. 

Let  AB  be  the  concave  furface  of  the  denfer  medium,  and  let  LB  and  FA  be  the 
incident  rays.  Now  whereas,  when  DB  was  the  incident  ray,  and  paffed  out  of  a rarer 
into  a denfer  medium,  as  in  Cafe  the  firft,  it  was  refracted  into  a line  BF,  this  ray  LB 
having  the  fame  inclination  to  the  perpendicular,  will  alfo  fufrer  the  fame  degree  of 
refraction,  and  will  therefore  pafs  on  afterwards  in  the  line  FB  produced,  towards  P. 
So  that,  whereas  in  that  cafe  the  point  F was  the  real  focus  of  the  incident  ray  DB,  the 
fame  point  will,  in  this  cafe,  be  the  imaginary  focus  of  the  incident  ray  LB  : but  it  was 
there  demonftrated,  that  the  diftance  FA  is  to  CA,  as  the  fine  of  the  angle  of  incidence 
is  to  the  difference  between  that  and  the  fine  of  the  angle  of  refradtion,  therefore  the  focal 
diftance  of  the  refradted  ray  BP  is  to  the  diftance  of  the  center  of  convexity  in  that 
ratio. 

Cafe  4.  Of  parallel  rays  palling  out  of  a denfer  into  a rarer  medium  through  a convex 
furface  of  the  denfer. 

Let  AB  be  the  convex  furface  of  the  denfer  medium,  and  let  LB  and  FA  be  the  incident 
rays,  as  before.  Now  whereas,  when  DB  was  the  incident  ray  palling  out  of  a denfer  into 
a rarer  medium,  it  was  refradted  into  BM,  as  in  Cafe  the  fecond,  having  a point  as  H in 
the  line  MB  produced  for  its  imaginary  focus  ; therefore  LB,  for  the  like  reafon  as  was 
given  in  the  laft  cafe,  will  in  this  be  refradted  into  BH,  having  the  fame  point  H for  its 
real  focus.  So  that  here  alfo  the  focal  diftance  will  be  to  that  of  the  center  of  convexity, 
as  the  fine  of  the  angle  of  incidence  is  to  the  difference  between  that  and  the  line  of  the 
angle- of  refradtion. 

Cor.  Hence,  the  fines  of  the  angles  of  incidence  and  of  refradtion  of  parallel  rays  being 
given,  and  alfo  the  diftance  of  the  center  of  convexity  from  the  furface,  the  focus  of  any 
lens  may  be  eafily  found. 

PROP.  XXIII. 

When  diverging  oi^converging  rays  enter  into  a medium  of  differ- 
ent denfity  through  a fpherical  furface,  the  ratio  compounded  of  that 
which  the  focal  diftance  bears  to  the  diftance  of  the  radiant  point 
(or  of  the  imaginary  focus  of  the  incident  rays,  if  they  converge) 
and  of  that,  which  the  diftance  between  the  fame  radiant  point  (or 
imaginary  focus)  and  the  center,  bears  to  the  diftance  between  the 
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center  and  the  focus,  is  equal  to  the  ratio,  which  the  fine  of  the  angle 
of  incidence  bears  to  the  fine  of  the  angle  of  refraction. 

Cafe  1.  Of  diverging  rays  palling  out  of  a rarer  into  a denfer  medium  through  a con- 
vex furface  of  the  denfer,  with  fuch  a degree  of  divergency,  that  they  fhall  converge  after 
refradtion.  ^ 

Let  BD  reprefent  a fpherical  furface,  and  its  center  of  convexity ; and  let  there  be  two 
diverging  rays  AB  and  AD,  proceeding  from  the  radiant  point  A,  the  one  perpendicular 
to  the  furface,  the  other  oblique.  Through  the  center  C produce  the  perpendicular  ray 
AD  to  F,  and  draw  the  radius  CB  and  produce  it  to  K,  and  let  BF  be  the  refradfed  ray; 
then  will  F be  the  focal  point:  produce  AB  to  H,  and  through  the  point  F draw  the  line 
FG  parallel  to  CB.  AB  being  the  incident  ray,  and  CK  perpendicular  to  the  furface  at 
the  point  B,  the  angle  ABIC,  or  which  is  equal  to  it,  becaufe  of  the  parallel  lines  CB  and 
FG,  FGH  is  the  angle  of  incidence.  Now,  fince  the  complement  of  any  angle  to  two 
right  ones  has  the  fame  fine  with  the  angle  itfelf,  the  fine  of  the  angle  FGB,  which  is 
the  complement  of  FGH  to  two  right  ones,  may  be  confidered  as  the  fine  of  the  angle 
of  incidence;  for  which  fine  the  line  FB,  as  the  fides  of  a triangle  have  the  fame  ratio  to 
each  other,  that  the  fines  of  their  oppofite  angles  have,  may  be  taken.  Again,  the 
angle  FBC  is  the  angle  of  refraction,  or  its  equal,  becaufe  alternate  to  it,  BFG,  to  which 
EG  being  an  oppofite  fide,  may  be  taken  as  the  fine.  But  FB  is  to  BG  in  a ratio 
compounded  of  FB  to  BA,  and  of  BA  to  BG,  for  the  ratio  that  any  two  quantities  bear  to 
each  other,  is  compounded  of  the  ratio  which  the  firft  bears  to  any  other,  and  of  the  ratio 
which  that  other  bears  to  the  fecond.  Now7  FB  is  to  BA,  fuppofing  BD  to  vanifh,  as 
FD  to  DA ; and  BA  is  to  BG,  becaufe  of  the  parallel  lines  CB  and  FG,  as  AC  to  CF. 
That  is,  the  ratio  compounded  of  FD,  the  focal  difiance,  to  DA,  the  difiance  of  the 
radiant  point,  and  of  AC,  the  difiance  between  the  radiant  point  and  the  center,  to  CF, 
the  difiance  between  the  center  and  the  focus,  is  equal  to  that  which  the  fine  of  the 

* -i 

angle  of  incidence  bears  to  the  fine  of  the  angle  of  refraction.* 


* Since  the  focal  difiance  of  the  oblique  ray  AB  is  fuch  that  the  compound  ratio  of  FB  to  BA  and  of  AC 
to  CF  fnall  be  the  fame,  whatever  be  the  diilance  between  B and  D ; it  is  evident,  that,  AC  being  always  of  the 
fame  length,  the  more  the  line  AB  lengthens,  the  more  FB  mull  lengthen  too,  or  elfe  FC  mull  Ihorten ; but 
if  BF  lengthens,  CF  will  do  fo  too,  and  in  a greater  ratio  with  refpedl  to  its  own  length  than  BF  will, 
therefore  the  lengthening  of  BF  will  conduce  nothing  towards  preferving  the  equality  of  the  ratio  : but  as  AB 
lengthens,  BF  and  CF  mull  both  Ihorten,  which  is  the  only  pofhble  way  in  which  the  ratio  can  be  continued 
the  fame.  And  it  is  alfo  apparent,  that  the  farther  B moves  from  D towards  O,  the  faller  AB  lengthens,  and 
therefore  the  farther  the  rays  enter  from  D,  the  nearer  to  the  refradling  furface  is  the  place  where  they  meet, 
but  the  fpace  they  are  collefled  in,  is  the  more  diffufed  : and  therefore  in  this  cafe,  as  well  as  thofe  taken 
notice  of  in  the  two  preceding  notes,  different  rays,  though  flowing  from  the  fame  point,  will  conllitute  different 
foci ; and  none  are  fo  effedlual  as  thofe  which  enter  at  or  very  near  the  point  D.  And  fince  the  fame  is  obfervable 
of  converging  as  well  as  of  diverging  rays,  none,  except  thofe  which  enter  very  near  that  point,  are  ufually  taken 
into  confideration  ; upon  which  account  it  is,  that  the  diilance  DB,  in  determining  the  focal  dillances  of  diverging 
or  converging  rays  entering  a convex  or  concave  furface,  is  fuppofed  to  vanifh. 
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Plate  6. 
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Cafe  2.  Of  converging  rays  pacing  out  of  a rarer  into  a denfer  medium  through  a 
concave  furface  of  the  denfer  with  fuch  a degree  of  convergency,  that  they  fhall  diverge 
after  refraction. 

Let  the  incident  rays  be  HB  and  FD  palling  out  of  a rarer  into  a denfer  medium  through 
the  concave  furface  BD,  and  tending  towards  the  point  A,  from  whence  the  diverging 

ft 

rays  flowed  in  the  other  cafe  ; then  the  oblique  ray  HB  having  its  angle  of  incidence  HBC 
equal  to  ABK  the  angle  of  incidence  in  the  former  cafe,  will  be  refracted  into  the  line  BL 
fuch,  that  its  angle  of  refradlion  KBL  will  be  equal  toFBC  the  angle  of  refradtion  in  the 
former  cafe  ; that  is,  it  will  proceed  after  refradtion  in  the  line  FB  produced,  having  the 
fame  focal  diftance  FD  with  the  diverging  rays  AB,  AD,  in  the  other  cafe.  But,  by 
what  has  been  already  demonftrated,  the  ratio  compounded  of  FD,  the  focal  diftance,  to 
DA,  in  this  cafe,  the  diftance  of  the  imaginary  focus  of  the  incident  rays,  and  of  AC, 
the  diftance  between  the  fame  imaginary  focus  and  the  center,  to  CF,  the  diftance  between 
the  center  and  the  focus,  is  equal  to  that  which  the  fine  of  the  angle  of  incidence  bears 
to  the  fine  of  the  angle  of  refraction. 

Cafe  3.  Of  diverging  rays  palling  out  of  a rarer  into  a denfer  medium  through  a con- 
vex furface  of  the  denfer,  with  fuch  a degree  of  divergency  as  to  continue  diverging. 

Let  AB,  AD,  be  the  diverging  rays,  and  let  their  divergency  be  fo  great,  that  the 
refradted  ray  BL  {hall  alfo  diverge  from  the  other  ; produce  LB  back  to  F,  which  will 
be  the  focal  point;  draw  the  radius  CB,  and  produce  it  to  K,  produce  BA  likewife 
towards  G,  and  draw  FG  parallel  to  BC.  Then  will  ABK'  be  the  angle  of  incidence, 
whofe  fine  BF  may  be  taken  for,  as  being  oppofite  to  the  angle  BGF,  which  is  the 
complement  of  the  other  to  two  right  ones.  And  LBC  is  the  angle  of  refraction,  or 
its  equal  KBF,  or  which  is  equal  to  this,  BFG,  as  being  alternate  ; therefore  BG,  the 
oppofite  fide  to  this,  may  be  taken  for  the  fine  of  the  angle  of  refradtion.  But  BF  is 
to  BG,  for  the  like  reafon  as  was  given  in  Cafe  the  firft,  in  a ratio  compounded  of  BF 
to  BA,  and  of  BA  to  BG.  Now  BF  is  to  BA,  (DB  vanifhing)  as  DF  to  DA,  and 
becaufe  of  the  parallel  lines  FG  and  BC,  the  triangles  CBA  and  AGF  are  fimilar, 
therefore  BA  is  to  AG,  as  CA  to  AF ; confequentdy,  BA  is  to  BA  together  with  AG, 
that  is,  to  BG,  as  CA  is  to  CA  together  with  AF,  that  is,  CF.  Therefore  the  ratio 
compounded  of  DF  the  focal  diftance  to  DA  the  diftance  of  the  radiant  point,  and  of 
CA  the  diftance  between  the  radiant  point  and  the  center,  to  CF,  the  diftance  between  the 
center  and  the  focus,  is  equal  to  that  which  the  fine  of  the  angle  of  incidence  bears  to  the 
fine  of  the  angle  of  refraction. 

Schol.  By  making  HB  and  CD  the  incident  rays,  the  propofition  may  be  proved 
of  converging  rays  palling  out  of  a rarer  into  a denfer  medium,  through  a concave  furface 
of  the  denfer,  with  fuch  convergency,  that  they  fhall  continue  to  converge.  Alfo,  by  the 
fame  method  of  reafoning  as  in  the  preceding  cafes,  the  propofition  may  be  proved,  of 
diverging  rays  palling  out  of  a denfer  into  a rarer  medium  through  a concave  furface  of 
the  denfer,  and  of  converging  rays  palling  out  of  a denfer  into  a rarer  medium  through 
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a convex  furface  of  the  denfer.  And  all  thofe  cafes  which  are  the  converfe  of  the  pre- 
ceding, admit  of  a fimilar  proof ; for,  when  rays  pafs  out  of  one  medium  into  another, 
the  fine  of  the  angle  of  incidence  has  the  fame  ratio  to  the  fine  of  the  angle  of  refraction, 
as  the  fine  of  the  angle  of  refraCfion  has  to  the  fine  of  the  angle  of  incidence,  when  they 
pafs  through  the  fame  lines  of  diredfion  the  contrary  way. 

Cafe  4.  Of  rays  palling  out  of  a denfer  into  a rarer  medium,  from  a point  between  the 
center  of  convexity  and  the  furface. 

Let  AB,  AD,  be  two  rays  palling  out  of  a denfer  into  a rarer  medium  from  the  point  A, 
which  is  taken  between  C the  center  of  convexity  and  the  refradting  furface  BD  ; 
through  B draw  CK,  and  let  BL  be  the  refraded  ray;  produce  BL  back  to  F,  and  draw 
FG  parallel  to  BC.  Then  will  ABC  be  the  angle  of  incidence,  of  which  BF,  being 
oppofite  to  its  alternate  and  equal  angle  BGF,  is  the  fine.  LBK  will  be  the  angle 
of  refradion,  or  its  equal  FBC,  of  which  BG,  being  oppofite  to  its  complement  to  two 
right  angles  BFG,  is  the  flne.  But,  BF  is  to  BG  in  the  compound  ratio  of  BF  to  BA, 
and  of  BA  to  BG  ; and  (BD  vanifhing)  BF  is  to  BA  as  DF  to  DA,  and  becaufe  the 
lines  CB  and  FG  are  parallel,  BA  is  to  BG  as  CA  to  CF. 

Cafe  5.  Of  rays  palling  out  of  a rarer  into  a denfer  medium  from  a point  between 
the  center  of  convexity  and  the  furface. 

Let  AB,  AD,  be  two  diverging  rays  palling  out  of  a rarer  into  a denfer  medium  through  Plate  6 , 

the  reffaCting  furface  BD,  whofe  center  of  convexity  is  C,  a point  beyond  that  from  F*s‘  21, 
whence  the  rays  flow.  Through  B draw  CK,  and  let  BL  be  the  refraCted  ray,  produce 
it  back  to  F,  and  draw  FG  parallel  to  BC  meeting  BA  in  G.  ABC  will  be  the  angle 
of  incidence,  of  which  BF,  being  oppofite  to  its  complement  to  two  right  angles  BGF, 
is  the  fine.  The  angle  of  refraCtion  is  LBK,  or  its  equal  FBC,  of  which  BG,  being 
oppofite  to  its  alternate  and  equal  angle  BFG,  is  the  fine.  But  BF  is  to  BG  in  the 
compound  ratio  of  BF  to  BA  and  of  BA  to  BG ; and  (BD  vanifhing)  BF  is  to  BA  as 
DF  to  DA  ; and  becaufe  of  the  parallel  lines  CB  and  GF,  the  triangles  AFG  and  ABC 
are  fimilar.  BA  therefore  is  to  AG,  as  CA  to  AF  ; confequently,  BA  is  to  BA  — AG, 
that  is,  to  BG,  as  CA  is  to  CA  — AF,  that  is,  to  CF. 

In  like  manner  the  Propofition  may  be  proved  of  rays  pafling  out  of  a denfer  into  a 
rarer  medium  towards  a point  between  the  center  of  convexity  and  the  furface,  and  in 
all  other  fuppofable  cafes. 

Cor.  Hence  the  diflance  of  the  radiant  point,  or  of  the  imaginary  focus,  being  given, 
and  alfo  the  radius  of  convexity,  and  the  fines  of  the  angles  of  incidence  and  refradfion 
of  diverging  or  converging  rays,  the  focus  of  any  lens  may  be  thus  found. 

Let  it  be  required  to  determine  the  focal  diflance  of  diverging  rays  pafling  out  of  air 
into  glafs  through  a convex  furface,  and  let  the  diflance  of  the  radiant  point  be  20,  and 
the  radius  of  convexity  be  5 : let  the  focal  diflance  be  exprefled  by  a:  : then,  becaufe  by 
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Plate  6. 
Fig,  22, 


the  preceding  Propofition  the  ratio  compounded  of  that  which  the  focal  diftance  bears  to 
the  diftance  of  the  radiant  point  (that  is,  in  this  fuppofition,  of  * to  20;)  and  of  the 
ratio  which  the  diftance  of  the  fame  radiant  point  from  the  center  bears  to  the  diftance 
between  the  center  and  the  focus  (in  this  cafe,  of  25  to  * — 5)  is  equal  to  the  ratio 
which  the  fine  of  the  angle  of  incidence  bears  to  the  fine  of  the  angle  of  refraction 
(that  is,  of  17  to  11,)  we  fhall  have  in  the  inftance  before  us,  the  following  proportion, 

X * 20 

i ::  17  : 11,  and  compounding  them  into  one,  which  is  done  by  multiplying 
25  • x 5 3 

the  two  ftrft  parts  together,  we  have  25*  : 20*— 100  ::  17  : 11,  and  multiplying  the 
extream  terms  and  middle  terms  together,  340  .v — 1700  zz275**b  which  equation  after  due 
reduction  gives  x — 


SECT.  II. 

Of  Images  produced  by  Refraction. 

PROP.  XXIV. 

Rays  of  light  flowing  from  the  feveral  points  of  any  objeft,  farther 
from  a convex  lens  than  its  principal  focus,  by  palling  through  the 
lens,  will  be  made  to  converge  to  points  correfponding  to  thofe  from 
which  they  proceeded,  and  will  form  an  image. 

Let  ABC  be  a luminous  or  illuminated  object.  From  every  point,  as  A,  B,  C,  rays 
diverge  in  all  directions.  Let  fome  of  thefe  rays  fall  upon  a convex  lens  GHK  placed 
in  a hole  GK,  in  the  window  fhutter  of  a dark  room  ML,  at  a greater  diftance  from  the 
object  than  the  principal  focal  diftance  of  the  lens.  BH  being  the  axis,  will  (by  Prop. 
XIV.)  pafs  through  the  lens  without  refraction  in,  the  direction  BHE.  But  the  col- 
lateral rays  BG,  BK,  made  equally  convergent  by  the  lens,  will  crofs  the  axis  at  E ; 
that  is,  all  the  rays  which  come  from  the  point  B in  the  object,  will  be  united  behind  the 
lens  in  the  focus  E.  In  like  manner,  among  the  rays  AG,  AH,  AK,  which  diverge  from 
the  point  A,  whilft  AH  the  axis  (as  was  {hewn  Prop.  XVII.  Schol.)  may  be  conftdered 
as  if  it  went  ftraight  through  the  lens,  the  other  rays  will  be  made  to  converge,  and  will 
be  united  in  a focus  at  F : and  alfo,  the  rays  from  C will  be  united  in  D.  The  fame  may 
be  {hewn  concerning  every  other  point  in  the  object.  Confequently,.  there  will  be  as 
many  correfpondent  foci  in  the  image  as  there  are  radiant  points  in  the  object : and  thefe 
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foci  will  be  difpofed  in  the  fame  manner  with  refpe&  to  one  another  as  the  radiants,  and 
, will  therefore  form  an  image.  The  objea  muft  be  farther  from  the  lens  than  its  principal 
focus,  elfe  the  rays  from  the  feveral  radiants  would  not  converge,  but  either  become 
parallel  or  diverging,  (by  Prop*  XVII.  ) w’hence  no  image  would  be  formed. 

Exp.  i.  Let  the  rays  of  the  fun  pafs  through  a convex  lens  into  a dark  room,  and 
fall  upon  a fheet  of  white  paper  placed  at  the  diftance  of  the  principal  focus  from  the  lens. 

2.  The  rays  of  a candle,  in  a room  from  which  all  external  light  is  excluded,  palling; 
through  a convex  lens,  will  form  an  image  on  white  paper. 

PROP.  XXV. 

The  image  produced  by  rays  of  light  pafiing  through  a convex  lens 
is  inverted. 

The  focus  in  which  the  rays  that  come  from  any  point  A,  or  B,  are  united,  is,  in  the 
axis  AHF,  or  BHE,  of  the  beam,  whether  it  fall  dire£tly  or  obliquely  upon  the  lens.  But 
the  axis  (by  Prop.  XVII.)  is  the  middle  ray  of  a cone  of  rays  whofe  bafe  is  the  furface  of 
the  lens,  and  vertex  the  radiant  point.  Every  axis,  therefore,  as  AHF,  BHE,  muft  pafs 
through  H the  middle  point  of  the  lens,  and  confequently  muft  crofs  one  another  in  that 
point : from  which  it  is  manifeft,  that  the  rays  from  the  loweft  point  C of  the  objedft 
will  become  the  higheft  point  of  the  image  D ; and  that  the  image  will  be,  with  refpedf  to 
the  original  objedf,  inverted. 
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PROP.  XXVI. 

The  image  will  not  be  diftindl,  unlefs  the  plane  furface,  on  which 
it  is  received,  be  placed  at  the  diftance  of  the  principal  focus  of  the 
lens. 

t t i ’ » .1  / »•  * ' 

For  otherwife  the  rays  which  come  from  a fingle  point  in  the  obje&,  will  not  have  its 
correfponding  point  in  the  image,  but  will  be  fpread  over  a larger  furface. 

PROP.  XXVII. 

As  an  objedt  approaches  a convex  lens,  its  image  departs  from  it, 
and  as  the  objedt  departs  the  image  approaches. 

As  the  objedl  ABC  approaches  the  lens,  the  feveral  radiants  approach  it : and  confe- 
quently (by  Prop.  XIX.)  the  feveral  foci  which  form  the  image  FED  recede;  and  the 
reverfe.  But  the  image  can  never  be  nearer  the  lens  than  its  focus  of  parallel  rays,  ft  nee 
this  is  the  place  of  the  image,  when  the  object  is  infinitely  diftant. 
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Plate  6. 
Fig.  22. 


PROP.  XXVIII. 

When  the  objedt  is  placed  parallel  tp  the  image,  the  diameter  of 
the  objedt  is  to  the  diameter  of  the  diftindt  image,  as  the  diftance  of 
the  objedt  from  the  lens,  is  to  the  diftance  of  the  image  from  the 
lens. 

The  radiant  A (as  appears  from  Prop.  XXV.)  is  reprefented  by  its  focus  in  the  point  F 
where  the  line  AH,  produced  behind  the  lens,  cuts  a plane  palling  through  the  focus  of 
parallel  rays  parallel  to  the  lens.  In  like  manner  the  radiant  C is  reprefented  by  its 
correfponding  focus  in  the  point  D,  in  which  the  fame  plane  is  cut  by  the  line  CH  pro- 
duced. If  therefore  the  diftance  of  the  extremities  of  the  objedt,  or  its  length,  be  AC, 
the  length  of  its  image  will  be  DF.  Since  therefore  AC  is  parallel  to  DF,  the  alternate 
angles  ACD,  CDF,  (El.  I.  29.)  are  equal ; and  alfo  the  alternate  angles  CAF,  AFD  : 
whence  (El.  VI.  4.)  AC  is  to  FD,  as  CH  to  DH,  that  is,  the  height  of  the  objedt  is  to 
that  of  the  image,  as  the  diftance  of  the  objedt  from  the  lens,  to  the  diftance  of  the  image 
from  the  lens.  Any  diameter  or  line  drawn  acrofs  the  objedt  may  be  proved,  in  like 
manner,  to  have  the  fame  ratio  to  any  correfponding  diameter  or  line  drawn  acrofs  the 
image. 

1 PROP.  XXIX. 

When  the  image  appears  confufed,  it  is  larger  than  when  it  is 
diftindt.  . 

For  the  rays,  in  this  cafe,  are  not  received  upon  the  white  furface  exadtly  at  the  diftance 
from  the  lens  at  which  they  are  brought  to  a focal  point,  but  either  at  a diftance  greater 
or  lefs : and  in  either  cafe  the  rays  which  come  from  any  radiant  points  at  the  extremities 
A and  C,  will  not  be  collected  into  points  on  the  plane  at  F and  D,  but  be  fpread  over 
a fmall  circular  fpace  round  thefe  points  : whence  the  confufed  image  will  be  larger  than 
the  diftindt  image. 

PROP.  XXX. 

The  objedt  and  the  diftindt  image  are  fimilar  furfaees. 

Though  the  ftde  of  any  objedt  which  is  towards  the  lens  be  not  a plane  furface,  yet 
the  light  is  reflected  from  it  in  the  fame  manner  as  if  the  figure  of  the  objedt  were  drawn 
upon  the  plane  furface  of  a piece  of  canvas,  and  differently  fhaded.  Therefore  the  fide 
of  the  objedt  next  to  the  lens  may  be  confidered  as  a plane  figure.  And  fince  (by  Prop. 
XXVIII.)  the  height  of  the  objedt  is  to  that  of  the  pidture,  as  the  diftance  of  the  objedt 
from  the  lens,  to  the  diftance  of  the  image  from  the  lens,  and  alfo  the  breadth  of  the  objedt 
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in  any  part,  to  the  breadth  of  the  image  in  the  correfponding  part  in  the  ratio  of  thefe 
diftances;  it  follows  (El.  V.  n.)  that  the  height  of  the  object  is  to  the  height  of  the 
image,  as  the  breadth  of  the  objedl  in  any  part  is  to  the  breadth  of  the  image  in  its  cor- 
refponding part ; that  is,  the  object  and  image  are  fimilar  furfaces. 


PROP.  XXXI. 

The  diameter  of  an  image  formed  by  rays  paffing  from  a given 
objedt  through  a convex  lens,  increafes  as  the  objedt  approaches  the 

lens,  and  decreafes  as  the  objedt  recedes  from  the  lens. 

% 

The  diameter  of  the  image  (by  Prop.  XXVIII.)  increafes  as  its  diftance  increafes,  and 
decreafes  as  its  diftance  decreafes.  And  (by  Prop.  XXVII.)  the  diftance  of  the  image 
increafes  as  the  diftance  of  the  objedt  decreafes,  and  the  reverfe.  Whence  the  diameter  of 
the  image  increafes  as  the  diftance  of  the  objedt  decreafes,  and  decreafes  as  the  diftance  of 
the  object  increafes. 


PROP.  XXXII. 


When  the  diftance  of  the  obje<£t  is  given,  the  diameter  of  the 
image  is  as  the  diameter  of  the  objedt. 

If  the  objedt  AC  remains  at  the  diftance  BH  from  the  lens,  the  image  (by  Prop.  XXVII.) 
will  remain  at  the  diftance  EH  : whence  the  ratio  of  BH  to  EH,  and  confequently  (by 
Prop.  XXVIII.)  the  ratio  of  the  diameter  AC  to  its  correfpondent  diameter  DF,  is  given, 
or  is  invariable.  Confequently,  if  AC  increafes  or  decreafes,  DF  muft  proportionally 
increafe  or  decreafe,  that  is,  the  diameter  of  the  image  is  diredtly  as  the  diameter  of  the 
objedt. 


Plate  6. 
Fig.  22. 


PROP.  XXXIII. 

f " / 

When  the  diameter  and  diftance  of  the  objedt  are  given,  the  diameter 
of  the  image  will  be  as  its  diftance  from  the  lens. 

If  the  diameter  and  diftance  of  the  objedt  are  given,  it  is  manifeft  that  the  diameter  of 
the  image  cannot  be  varied  without  changing  the  lens.  But  if,  inftead  of  the  lens  GHK, 
one  lefs  convex,  or  more  convex,  be  ufed,  the  rays  will  be  brought  to  a focus,  and  the 
image  (by  Prop.  XXIV.)  will  be  formed  at  a greater  or  lefs  diftance  from  the  lens. 
And  fince  (by  Prop.  XXVIII.)  the  diftance  of  the  objedt  is  always  to  the  diftance  of  the 
image,  as  the  diameter  of  the  objedt  to  the  diameter  of  the  image;  the  firft  and  third 
terms  remaining  invariable,  the  fecond  and  fourth  muft  be  increafed  or  diminiftied  pro- 
portionally, that  is,  the  diameter  of  the  image  will  be  diredtly  as  its  diftance  from  the  lens. 
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P R O P.  XXXIV. 

When  the  diameter  and  diftance  of  the  objedt  are  given,  the  area 
of  the  image  is  as  the  fquare  of  its  diftance  from  the  lens. 

Becaufe  the  furface  of  the  image  (by  Prop.  XXX.)  is  fimilar  to  the  furface  of  the  objedl, 
whilft  the  furface  of  the  object  remains  the  fame,  the  image,  in  every  variation  of  its 
magnitude,  mud  be  fimilar  to  itfelf.  But  the  areas  of  fimilar  Airfares  (El.  VI.  20.  Cor.  1.) 
are  as  the  fquares  of  their  homologous  diameters,  that  is,  as  the  fquares  of  their  heights 
or  breadths.  Therefore  the  area  of  the  image  is  always  as  the  fquare  of  its  diameter. 
And  the  diameter  of  the  image,  when  the  diameter  and  diftanCe  of  the  objedl  are  given, 
is  (by  Prop.  XXXIII.)  as  its  diftance  from  the  lens  : therefore  the  fquare  of  its  diameter, 
or  its  area,  is  as  the  fquare  of  its  diftance  from  the  lens. 

PROP.  XXXV. 

Though  the  diftance  of  the  objedt  from  the  lens  be  varied,  the 
image  may  be  preferved  diftindt  without  varying  the  diftance  of  the 
plane  furface  which  receives  it. 

This  will  be  the  cafe,  if  as  much  as  the  image  is  brought  forwards  by  the  removal  of  the 
objedl,  it  is  thrown  backwards  by  diminifhing  the  convexity  of  the  lens,  and  the  reverfe  : 
or  the  image  may  be  preferved  diftindt  without  changing  the  lens,  by  increafing  or 
diminifhing  the  diftance  of  the  lens  from  the  plane  furface  which  receives  the  image,  in 
the  fame  ratio  as  the  diftance  of  the  objedt  from  the  lens  is  increafed  or  diminifhed  $ which 
may  be  done  either  by  moving  the  lens  or  the  plane  furface. 

PROP.  XXXVI. 

The  diftances  of  the  objedt  and  image,  and  the  diameter  of  the 
objedt  being  given,  the  diameter  of  the  image  will  not  be  altered  by 
changing  the  area  of  the  lens. 

The  height  of  the  image  DF  is  the  diftance  between  the  two  extreme  foci  F and  D; 
the  former  of  which  is  always  in  the  axis  AHF  of  the  cone  which  has  A for  its  vertex, 
and  the  latter  in  the  axis  CHD  of  the  cone  whofe  vertex  is  C,  which  axes  crofs  each 
other  in  H.  Since  therefore  DF,  the  height  of  the  image,  is  the  diftance  between  thefe 
two  lines  AHF,  CHD,  where  they  meet  the  plane  furface,  the  height  of  the  image  will 
he  the  fame,  whether  the  whole  area  GHK  is  ppen,  or  only  a An  all  part  of  it  at  H. 
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PROP.  XXXVII. 

When  the  objeft  is  near  the  lens,  but  not  fo  near  as  the  principal 
focus,  in  order  to  make  the  image  diftindt,  the  area  of  the  lens  muft 
be  fmall. 

If  the  objedl:  was  as  near  to  the  lens  as  the  principal  focus,  or  nearer,  no  image  (by 
Prop.  XVII.)  could  be  formed.  But  let  the  obje&  A be  at  a diftance  from  the  lens  NP, 
very  little  greater  than  that  of  the  principal  focus  : then  the  extreme  rays  AN,  AP,  of  the 
cone  NAP,  diverging  more  than  the  rays  AD,  AE,  if  the  plane  furface  which  is  to 
receive  the  rays,  is  placed  where  thefe  rays  are  colle&ed  to  a focus,  the  extreme  rays 
AN,  AP,  diverging  more,  will  not  be  colle&ed,  and  the  image  on  the  plane  furface 
will  be  confufed.  To  prevent  this,  the  extreme  rays  muft  be  excluded  by  diminiftiing 
the  area  of  the  lens,  or  of  the  hole  where  it  is  placed.  If  the  radiant  A were  at  a greater 
diftance,  this  would  be  unneceftary.  Suppofing  the  lens  at  SR,  the  extreme  rays  AN,  AP, 
would  pafs  above  or  below  the  lens,  and  only  the  middle  rays,  which  are  brought  to  a 
focus  on  the  plane  furface,  would  pafs  through  the  lens. 


PROP.  XXXVIII. 


The  brightnefs  of  an  image,  when  its  diftance  from  the  lens  is 
given,  is  as  the  area  of  the  lens. 


When  the  whole  area  GHK  is  open,  the  entire  cone  of  rays  AGK  pafles  through  the 
lens  from  the  point  A,  and  is  brought  to  a focus  at  F : but  when  the  area  is  diminifhed  to 
a fmall  furface  at  H,  the  greateft  part  of  the  cone  is  excluded,  and  no  rays,  but  the  axis 
A.H  and  thofe  which  are  near  it,  can  pafs  through  the  lens  : whence  it  is  manifeft,  that 
the  focal  point  F muft  be  more  illuminated  by  the  rays  from  A when  the  area  of  the  lens 
is  GHK,  than  when  the  area  is  diminiftied.  The  fame  may  be  faid  of  every  other  cone 
of  rays,  and  of  every  other  point  in  the  image.  Therefore  the  whole  image,  although 
(by  Prop.  XXXVII.)  made  more  diftindt  by  diminifhing  the  area,  will  be  made  fainter 
or  lefs  bright. 


PROP.  XXXIX. 

The  brightnefs  of  the  image,  when  the  area  of  the  lens  and  the 
diftance  of  the  objed  are  given,  is  inverfely  as  the  fquare  of  its 
diftance  from  the  lens* 
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1 he  area  of  the  lens  and  diftance  of  the  object  being  given,  the  number  of  rays  which 
pafs  through  the  lens  and  form  the  image,  is  given.  Now  the  fame  number  of  rays  fpread 
over  a larger  furface  will  not  illuminate  it  fo  ftrongly  as  they  w’ould  a fmaller  furface : 
that  is,  the  brightnefs  will  be  inverfely  as  the  illuminated  area  : and  the  area  of  the 
image  is  (by  Prop.  XXXIV.)  as  thefquare  of  its  diftance  from  the  lens  : whence  its  bright- 
nefs is  inverfely  as  the  fquare  of  its  diftance, 

r f ; . , ! 

PROP.  XL. 

‘ ^ I 

The  heat  at  the  focus  of  a burning  glafs,  when  the  area  of  the 
glafs  is  given,  is  inverfely  as  the  fquare  of  the  focal  diftance. 

The  diftance  of  the  burning  fpot,  that  is  the  image  of  the  fun,  from  the  lens,  is  the 
focal  diftance,  becaufe  the  fun’s  rays  are  parallel.  And  becaufe  the  heat  and  the  bright- 
nefs at  the  focus  are  as  the  number  of  rays  collected,  the  heat  is  as  the  brightnefs.  But 
the  brightnefs  (by  Prop.  XXXIX.)  is  inverfely  as  the  fquare  of  the  diftance  of  the  image 
from  the  lens : therefore  the  heat  is  in  the  fame  ratio,  that  is,  in  this  cafe,  inverfely  as 
the  fquare  of  the  focal  diftance  of  the  glafs. 

PROP.  XLI. 

The  heat  at  the  focus  of  a burning  glafs,  when  the  focal  diftance 

is  given,  is  as  the  area  of  the  glafs. 

* • * 1 

The  brightnefs  is  (by  Prop.  XXXVIII.)  as  the  area  of  the  lens,  and  the  heat  is  as  the 
brightnefs  : therefore  the  heat  is  alfo  as  the  area  of  the  lens. 

r . c.  * 
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PRO  P.  XLII. 

The  heat  at  the  focus  of  a burning  glafs  is  to  the  common  heat 
of  the  fun,  inverfely  as  the  area  of  the  focus  to  the  area  of  the  glafs. 

The  brightnefs,  or  the  heat,  muft  be  inverfely  as  the  fpace  or  area  over  which  the 
rays  which  caufe  them  are  fpread,  that  is  inverfely  as  the  area  of  the  focus  to  the  area  of 
the  glafs. 

Schol.  This  Proportion  fuppofes  all  the  rays  which  fall  upon  the  lens  to  pafs 
through  it  to  the  focus, 

Exp, 
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Exp.  Moft  of  the  preceding  Propofitions,  from  Prop.  XIX.  to  XXXIX.  may  be  con- 
firmed, in  a room  from  which  all  external  light  is  excluded,  by  placing  a convex  lens,  fixed 
in  a frame  which  moves  perpendicularly  upon  an  oblong  bar  of  wood,  at  diftances,  fuch 
as  the  Propofitions  require,  from  a lighted  candle  placed  perpendicularly  on  the  fame 
bar  of  wood,  and  receiving  the  images  upon  white  paper.  Upon  this  bar  of  wood,  on 
one  fide  of  a line  over  which  the  convex  lens  is  placed,  let  a line  perpendicular  to  the 
laft  mentioned  line  be  divided  into  parts  i,  2,  3,  4,  &c.  each  equal  to  the  diftance  of  the 
focus  of  parallel  rays  ; and  on  the  other  fide  of  the  lens,  let  a line  be  divided  in  the  fame 
manner,  and  let  the  firft  divifion  which  is  farther  from  the  lens  than  the  focus  be  fub- 
divided  into  parts  refpe£tively  equal  to  4?  -J?  finance  of  the  focus  of  parallel 

rays : if  a candle  be  placed  over  the  divifion  2,  it  will  form  a diftindl  image  on  a paper 
held  over  the  divifion  4 ; if  the  candle  be  over  3,  the  image  will  be  at  J,  &c.  whence 
it  appears,  that  the  diftances  of  the  correfpondent  foci  vary  reciprocally.  Prop.  XL, 
XLI,  XLII,  may  be  confirmed  by  holding  a large  double  convex  lens,  or  burning  glafs, 
in  the  fun’s  rays,  and  receiving  the  image  on  white  paper,  or  other  fubftances. 
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Of  the  Laws  of  Reflection. 


Def.  XIX.  A Ray  of  Light,  turned  back  into  the  fame  medium 

in  which  it  moved  before  its  return,  is  faid  to  be  reflected . 

s * 

D ef.  XX.  The  Angle  of  Reflection,  is  that  which  is  contained 
between  the  line  defcribed  by  a reflected  ray  and  a line  perpendicular 
to  the  reflecting  furface  at  the  point  of  reflection. 

3 

Plate  6.  Let  AC  be  the  incident  ray  falling  upon  the  reflecting  furface  DE,  CB  will  be  the 
refleded  ray,  OC  the  perpendicular,  AGO  the  angle  of  incidence,  and  OCB  the  angle 
of  reflexion. 

PROP.  XLIII. 

The  refledtion  of  light  from  tranfparent  bodies  is  either  partial  or 
total  : the  partial  refledtion  happens  either  at  the  firft  or  fecond 
furface,  the  total,  at  the  fecond  furface  only. 

When  a beam  of  light  falls  upon  a thick  piece  of  polifhed  glafs,  all  the  rays  will  not 
pafs  through  it ; but  fome  of  them  will  be  reflected  from  the  firft  furface  of  the  glafs, 
where  the  beam  enters.  At  the  fecond  furface,  fome  of  the  rays  will  alfo  be  reflected. 
Thefe  partial  reflections  happen,  whatever  is  the  obliquity  of  the  rays.  The  total  re- 
flection happens  when  the  angle  of  incidence,  or  the  obliquity,  is  greater  than  41  degrees. 
All  the  light  which  then  comes  to  the  fecond  furface  will  be  reflected. 
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Schol.  The  rays  of  light  are  not  reflected  by  ftriking  upon  the  folid  parts  of  bodies. 

At  leaft  as  many  rays  are  reflected  from  the  fecond  furface  when  the  light  paffes  out  of 
glafs  into  air,  as  from  the  firft  when  it  paffes  out  of  air  into  glafs  : but  if  the  reflection 
were  caufed  by  the  ftriking  of  the  rays  upon  folid  parts  of  bodies,  fince  glafs  is  denfer 
than  air,  that  is,  has  more  folid  parts  in  a given  fpace,  a greater  quantity  of  rays  would 
be  reflected  from  the  firft  furface  than  from  the  fecond.  Befides,  it  feems  improbable 
that,  at  the  fecond  furface,  with  one  degree  of  obliquity,  the  rays  fhould  meet  with  nothing 
but  pores  or  interftices  in  the  air,  and  pafs  freely  into  it,  and  that  with  a greater  degree  of 
obliquity,  it  fhould  meet  with  nothing  but  folid  parts,  and  be  totally  reflected.  Again, 
fince  water  is  denfer  than  air,  if  the  reflection  were  owing  to  the  ftriking  of  the  rays  upon 
the  folid  body,  it  might  be  expeCted  that  the  light  would  be  more  perfectly  reflected  in 
palling  out  of  glafs  into  water  than  into  air ; whereas  it  is  found,  that  if  water  be  placed 
behind  the  glafs  inftead  of  air,  rays  will  not  be  reflected  at  the  fecond  furface,  though  their 
obliquity  be  greater  than  41  degrees  : from  hence  alfo  it  is  manifeft,  that  the  reflection 
is  not  owing  to  the  ftriking  of  the  rays  upon  the  fecond  furface  of  the  glafs  ; for  then  it 
would  be  the  fame  whatever  were  the  medium  beyond  it. 

PROP.  XLIV. 

Reflexion  is  caufed  by  the  powers  of  attraction  and  repulfion  in 
the  reflecting  bodies. 

Suppofing  that  bodies  attraCt  thofe  rays  which  are  very  near  them,  and  repel  thofe  a Plate  6. 

little  farther  from  them;  and  calling  the  fpace  contiguous  to  the  furface  of  the  glafs,  Fis' *4’ 

where  the  rays  are  attracted,  the  attracting  furface;  and  the  fpace  next  to  this,  the  repelling 
furface,  the  propofition  may  be  thus  proved. 

Let  GG,  MM,  be  the  repelling  furface  of  a piece  of  glafs,  and  R a a ray  falling  upon  it. 

This  ray  when  it  enters  the  furface  will  be  retarded  by  the  repulfion,  and  confequently 
refraCted  from  the  perpendicular  at  a . And  this  repulfion  increafing  till  the  ray  gets  into 
the  furface  of  attraction,  the  ray  will  be  conftantly  retarded,  that  is,  turned  out  of  its 
ftraight  courfe  at  £,  c,  d , &c.  till  it  become  parallel  to  MM  at  / the  limit  of  the  repelling 
furface.  And  in  this  fituation  of  the  ray,  the  repelling  force,  which  had  retarded,  will 
now  conftantly  accelerate  it,  and  confequently  it  will  be  continually  refraCted  towards 
the  perpendicular,  at  g9  /;,  /,  &c.  till  it  emerge  from  the  furface  at  / ; when,  the  repelling 
force  ceafing  to  aCt,  the  ray  will  proceed  in  a right  line.  Thus  the  ray,  by  reflection,  is 
made  to  defcribe  the  curve  afl. 


Y PROP. 


1 


O F 


O P T I 


c s. 


Book  IV 


PROP.  XLV. 

The  angle  of  reflection  is  equal  to  the  angle  of  incidence,  and  alfo 
their  complements. 

In  all  cafes  of  refledtion,  the  rays  (by  Prop.  XLIV.)  defcribe  fuch  a curve  at  afL 
And  fince  they  defcribe  one  half  of  this  curve  by  being  retarded,  and  one  half  by  being 
fimilarly  accelerated,  one  half  will  be  fimilar  to  the  other;  whence  one  half  will  make  the 
fame  angle  with  a perpendicular  at  f as  the  other  half  makes  with  it*  And  the  bending 
of  the  rays  is  made  within  fo  very  fmall  a compafs,  that  is,  the  curve  a fl  is  fo  fmall  that 
it  may  be  negledted,  as  in  fig.  25.  where  the  angle  ACO  is  equal  to  the  angle  BCO, 
and  confequently,  the  angle  ACD  equal  to  BCD. 

Exp.  r.  Having  defcribed  a femicircle  on  a fmooth  board,  and  from  the  circumference 
let  fall  a perpendicular  bifedting  the  diameter,  on  each  fide  of  the  perpendicular  cut  off 
equal  parts  of  the  circumference ; draw  lines  from  the  points  in  which  thofe  equal 
parts  are  cut  off  to  the  center  ; place  three  pins  perpendicular  to  the  board,  one  at 
each  point  of  fedtion  in  the  circumference,  and  one  at  the  center;  and  place  the  board 
perpendicular  to  a plane  mirror.  Then  look  along  one  of  the  pins  in  the  circumference 
to  that  in  the  center,  and  the  other  pin  in  the  circumference  will  appear  in  the  fame  line 
produced  with  the  firff,  which  fhews  that  the  ray  which  comes  from  the  fecond  pin,  is 
reflected  from  the  mirror  at  the  center  to  the  eye,  in  the  fame  angle  in  which  it  fell  on  the 
mirror. 

2.  Let  a ray  of  light  palling  through  a fmall  hole  into  a dark  room,  be  refledted  from 
a plane  mirror;  at  equal  diftances  from  the  point  of  refledtion,  the  incident,  and  the  re- 
flected ray,  will  be  at  the  fame  height  from  the  furface. 

PROP.  XLVI. 

All  reflection  is  reciprocal. 

% 

If  the  ray  AC,  after  it  has  been  refledted  in  the  line  CB,  is  turned  back  again  in  the 
direction  CB,  it  will  be  reflected  (by  Prop.  XLV.)  into  AC.  Therefore  if  ACO  is 
the  angle  of  incidence,  OCB  will  be  the  angle  of  refledtion  ; and  if  OCB  be  the  angle  of 
incidence,  ACO  will  be  the  anode  0f  refledtion. 

Schol.  Sir  Ifaac  Newton  explains  the  caufe  of  refledtion  by  fuppofing,  that  light,  in 
its  paffage  from  the  luminous  body,  is  difpofed  to  be  alternately  refledted  by,  and  tranf- 
mitted  through  any  refradting  furface  it  may  meet  with  ; that  thefe  difpofitions,  which  he 
calls  Fits  of  eafy  refledtion  and  eafy  tranfmiflion,  return  fucceflively  at  equal  intervals  : 
and  that  they  are  communicated  to  it,  at  its  firft  emifiion  out  of  the  luminous  body  it  pro- 
ceeds 
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ceeds  from,  probably  by  fome  very  fubtle  and  elaftic  fubftance  diffufed  through  the  univerfe, 
in  the  following  manner.  As  bodies  falling  into  water,  or  palling  through  the  air,  caufe 
undulations  in  each,  fo  the  rays  of  light  may  excite  vibrations  in  this  elaftic  fubftance. 
The  quicknefs  of  thefe  vibrations  depending  on  the  elafticity  of  the  medium  (as  the  quick- 
nefs  of  the  vibrations  in  the  air,  which  propagate  found,  depend  folely  on  the  elafticity 
of  the  air,  and  not  upon  the  quicknefs  of  thofe  in  the  founding  body)  the  motion  of  the 
particles  of  it  may  be  quicker  than  that  of  the  rays;  and  therefore  when  a ray,  at  the 
inftant  it  impinges  upon  any  furface,  is  in  that  part  of  a vibration  of  this  elaftic  fubftance 
which  confpires  with  its  motion,  it  may  be  eafily  tranfmitted,  and  when  it  is  in  that  part 
of  a vibration  which  is  contrary  to  its  motion,  it  may  be  reflected.  He  farther  fuppofes, 
that  when  light  falls  upon  the  firft  furface  of  a body,  none  is  reflected  there,  but  all  that 
happens  to  it  there  is,  that  every  ray  that  is  not  in  a fit  of  eafy  tranfmiftion,  is  there  put 
into  one,  fo  that  when  they  come  at  the  other  fide  (for  this  elaftic  fubftance  eafily  pervading 
the  pores  of  bodies,  is  capable  of  the  fame  vibrations  within  the  body  as  without  it)  the 
rays  of  one  kind  fhall  be  in  a fit  of  eafy  tranfmiftion,  and  thofe  of  another  in  a fit  of  eafy 
reflection,  according  to  the  thicknefs  of  the  body,  the  intervals  of  the  fits  being  different 
in  rays  of  a different  kind. 


PROP.  XLVII. 

Rays  of  light  reflected  from  a plane  furface,  have  the  fame  degree 
of  inclination  to  each  other  that  their  refpedtive  incident  ones  have. 

The  angles  of  reflection  of  the  rays  AC,  AI,  AK,  being  equal  to  that  of  their 
refpeCtive  incident  ones,  it  is  evident  that  each  reflected  ray  will  have  the  fame  degree 
of  inclination  to  the  furface  DE,  from  whence  it  is  reflected,  that  its  incident  one  has; 
but  it  is  here  fuppofed  that  all  thofe  portions  of  furface,  from  whence  the  rays  are  re- 
flected, are  fituated  in  the  fame  plane  ; confequently,  the  reflected  rays  FC,  LI,  MK, 
will  have  the  fame  degree  of  inclination  to  each  other  that  their  incident  ones  have, 
from  whatever  part  of  the  furface  they  are  reflected. 

0 

PROP.  XLVII  I. 

Parallel  rays  reflected  from  a concave  furface  are  made  converging. 

Let  AF,  CD,  EB,  reprefent  three  parallel  rays  falling  upon  the  concave  furface  FB, 
whofe  center  is  C.  To  the  points  F and  B draw  the  lines  CF,  CB  ; thefe  being  drawn 
from  the  center  will  be  perpendicular  to  the  furface  at  thofe  points.  The  incident  ray 
CD  alfo  palling  through  the  center  will  be  perpendicular  to  the  furface,  and  therefore 
will  return  after  reflection  in  the  fame  line  ; but  the  oblique  rays  AF  and  EB  will  be 
reflected  into  the  lines  FM,  BM,  fituated  on  the  contrary  fide  of  their  refpeCtive  perpen- 
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diculars  CF  and  CB.  They  will  therefore  proceed  converging  after  reflection  towards 
fome  point,  as  M,  in  the  line  CD. 

PROP.  XLIX. 


Converging  rays  falling  upon  a concave  furface  are  made  to  con- 
verge more. 

Let  GB,  HF,  be  the  incident  rays.  Now,  becaufe  thefe  rays  have  larger  angles  of 
incidence  than  the  parallel  ones,  AF,  EB,  in  the  foregoing  cafe,  their  angles  of  re- 
flection will  alfo  be  larger  than  theirs  : they  will  therefore  converge  after  reflection, 
fuppofe  in  the  lines  FN,  and  BN,  having  their  point  of  concourfe  N farther  from  C 
than  the  point  M,  to  which  the  parallel  rays  AF  and  EB  converged  m in  the  fore- 
going cafe. 

PROP.  L* 

Diverging  rays,  falling  upon  a concave  furface,  if  they  diverge 
from  the  focus  of  parallel  rays,  become  parallel ; if  from  a point 
nearer  the  furface  than  that  focus,  will  diverge  lefs  than  before  re- 
flexion ; if  from  a point  between  that  focus  and  the  center,  will 
converge  after  reflection  to  fome  point,  on  the  contrary  fide  of  the 
center,  and  farther  from  the  center  than  the  point  from  which  it 
diverged  ; if  from  a point  beyond  the  center,  the  reflected  rays  will 
converge  to  a point  on  the  contrary  fide,  but  nearer  to  it  than  the 
point  from  which  they  diverged ; if  from  the  center,  they  will  be 
reflected  thither  again. 

Let  the  incident  diverging  rays  be  MF,  MB,  proceeding  from  M the  focus  of  parallel 
rays  ; then  as  the  parallel  rays  AF  and  EB  were  reflected  into  the  lines  FM  and  BM, 
thefe  rays  will  now  on  the  contrary  be  reflected  into  them. 

Let  them  diverge  from  N,  a point  nearer  to  the  furface  than  the  focus  of  parallel 
rays,  they  will  then  be  reflected  into  the  diverging  lines  HF  and  BG,  which  the  incident 
rays  GB  and  HF  defcribed,  which  were  fhewn  to  be  reflected  into  them  in  the  foregoing 
propofition  but  the  degree  wherein  they  diverge,  will  be  lefs  than  that  wherein  they 
diverged  before  reflection. 

Let  them  proceed  diverging  from  X,  a point  between  the  focus  of  parallel  rays  and 
the  center,  they  then  make  lefs  angles  of  incidence  than  the  rays  MF  and  MB,  which 
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became  parallel  by  reflection,  they  will  confequently  have  lefs  angles  of  reflexion,  and 
proceed  therefore  converging  towards  fome  point,  as  Y ; which  point  will  always  fall  on 
the  contrary  fide  the  center,  becaufe  a reflected  ray  always  falls  on  the  contrary  fide  the 
perpendicular  with  refpeCt  to  that  on  which  its  incident  one  falls ; and  therefore  will 
be  farther  diftant  from  the  center  than  X. 

If  the  incident  ones  diverge  from  Y,  they  will  after  reflection  converge  to  X,  thofe 
which  were  the  incident  rays  in  the  former  cafe  being  the  reflected  ones  in  this. 

Laftly,  if  the  incident  rays  proceed  from  the  center,  they  fall  in  with  their  refpeCtive 
perpendiculars,  and  for  that  reafon  are  reflected  thither  again. 

Exp.  Place  a concave  mirror  at  proper  diftances  from  an  open  orifice,  or  a convex, 
or  a concave  lens,  through  which  a beam  of  folar  rays  paflfes,  according  to  the  three 
preceding  proportions. 


PROP.  LI. 

Parallel  rays  reflected  from  a convex  furface  are  made  diverging. 

Let  AB,  GD,  EF,  be  three  parallel  rays  falling  upon  the  convex  furface  BF,  whofe 
center  of  convexity  is  C,  and  let  one  of  them,  GD,  be  perpendicular  to  the  furface. 
Through  B,  D,  and  F,  the  points  of  reflection,  draw  the  lines  CV,  CG,  and  CT,  which 
becaufe  they  pafs  through  the  center  will  be  perpendicular  to  the  furface  at  thofe  points. 
The  incident  ray  GD,  being  perpendicular  to  the  furface,  will  return  after  reflection  in  the 
fame  line,  but  the  oblique  ones  AB  and  EF  in  the  lines  BK  and  FL  fituated  on  the 
contrary  fide  their  refpeCtive  perpendiculars  BV  and  FT.  They  will  therefore  diverge 
after  reflection,  as  from  fome  point  M in  the  line  GD  produced. 


PROP.  LII. 

Diverging  rays  reflected  from  a convex  furface  are  made  more 
diverging. 

Let  GB,  GF,  be  the  incident  rays.  Thefe  having  larger  angles  of  incidence  than  the 
parallel  ones  AB  and  EF  in  the  preceding  cafe,  their  angles  of  reflection  will  alfo  be  larger 
than  theirs  ; they  will  therefore  diverge  after  reflection,  fuppofe  in  the  lines  BP  and  FO, 
as  from  fome  point  N farther  from  C than  the  point  M ; and  the  degree  wherein  they 
"will  diverge,  will  exceed  that  wherein  they  diverged  befoer  reflection. 
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Plate  6. 
Fig.  28, 


PROP.  LIII. 

Converging  rays  refletfled  from  a convex  furface,  if  they  tend 
towards  the  focus  of  parallel  rays,  will  become  parallel  ; if  to  a point 
nearer  the  furface  than  that  focus,  will  converge  lefs  than  before 
reflection  ; if  to  a point  between  that  focus  and  the  center,  will 
diverge  as  from  a point  on  the  contrary  fide  of  the  center  farther 
from  it  than  the  point  towards  which  they  converged  ; if  to  a point 
beyond  the  center,  they  will  diverge  as  from  a point  on  the  contrary 
fide  of  the  center  nearer  to  it  than  the  point  towards  which  they  fir  ft 
converged;  and  if  towards  the  center,  they  will  proceed,  on  reflection, 
as  from  the  center. 

Let  the  converging  rays  be  KB,  LF,  tending  towards  M the  focus  of  parallel  rays  ; 
then,  as  the  parallel  rays  AB,  EF,  were  reflected  into  the  lines  BK  and  FL,  thofe  rays 
will  now  on  the  contrary  be  refledted  into  them. 

Let  them  converge  in  the  lines  PB,  OF,  tending  towards  N,  a point  nearer  the  furface 
than  the  focus  of  parallel  rays,  they  will  then  be  reflected  into  the  converging  lines  BG 
and  FG,  in  which  the  rays  GB,  GF,  proceeded,  which  were  fhewn  to  be  reflected  into 
them  in  the  laft  propofition  immediately  foregoing ; but  the  degree  wherein  they  will 
converge,  will  be  lefs  than  that  wherein  they  converged  before  refledtion. 

Let  them  converge  in  the  lines  RB  and  SF  proceeding  towards  X,  a point  between 
the  focus  of  parallel  rays  and  the  center ; their  angles  of  incidence  will  then  be  lefs  than 
thofe  of  the  rays  KB  and  LF,  which  became  parallel  after  refledtion,  their  angles  of 
reflection  will  therefore  be  lefs,  on  which  account  they  muft  neceflarily  diverge,  fuppofe 
in  the  lines  BH  and  FI,  from  fome  point,  as  Y 3 which  point  will  fall  on  the  contrary 
fide  the  center  with  refpedt  to  X,  and  will  be  farther  from  it  than  X. 

If  the  incident  rays  tend  towards  Y,  the  refledted  ones  will  diverge  as  from  X,  thofe 
which  were  the  incident  ones  in  one  cafe,  being  the  reflected  ones  in  the  other. 

And  laftly,  if  the  incident  rays  converge  towards  the  center,  they  fall  in  with  their 
refpedlive  perpendiculars  ; on  which  account  they  proceed  after  reflection,  as  from  thence. 

Exp.  Uluftrate  the  three  preceding  propofltions  by  receiving  upon  a convex  mirror, 
a folar  ray  pafling  through  an  open  orifice,  or  a concave  or  convex  lens. 


PROP. 


Chap.  hi. 


O F 


167 


\ 


REFLECTION. 

PROP.  LIV. 

\ 

When  rays  fall  upon  a plane  furface,  if  they  diverge,  the  focus  of 
the  refledted  rays  will  be  at  the  fame  diftance  behind  the  furface,  that 
the  radiant  point  is  before  it  : if  they  converge,  it  will  be  at  the 
fame  diftance  before  the  furface,  that  the  imaginary  focus  of  the 
incident  rays  is  behind  it. 

Cafe  1.  Of  diverging  rays.  Let  AB,  AC,  be  two  diverging  rays  incident  in  the  plane  Plate  6. 

^ t t , Fl8[  2 

furface  DE,  the  one  perpendicularly,  the  other  Obliquely;  the  perpendicular  one  AB  will 
be  reflected  to  A proceeding  as  from  fome  point  in  the  line  AB  produced  ; the  oblique 
one  AC  will  be  reflected  into  fome  line  CF,  fuch  that  the  point  G,  where  the  line  FC 
produced  interfe&s  the  line  AB  produced  alfo,  fhall  be  at  an  equal  diftance  from  the 
furface  DE  with  the  radiant  A.  For  the  perpendicular  CH  being  drawn,  ACH  and  HCF 
will  be  the  angles  of  incidence  and  reflection,  which  being  equal,  their  complements  ACB 
and  FCE  are  fo  too  : but  the  angle  BCG  is  equal  (El.  I.  15.)  to  FCE  : therefore  in  the 
triangles  ABC  and  GBC  the  angles  at  C are  equal,  the  fide  BC  is  common,  and  the  angles 
at  B are  alfo  equal  to  each  other,  as  being  right  ones ; therefore  (El.  I.  26.)  the  lines 
AB  and  BG,  oppofite  to  the  equal  angles  at  C,  are  alfo  equal,  and  confequently  the  point 
G,  the  focus  of  the  incident  rays  AB,  AC,  is  at  the  fame  diftance  behind  the  furface, 
that  the  point  A is  before  it. 

Cafe  2.  Of  converging  rays.  Suppoflng  FC  and  AB  to  be  two  converging  incident 
rays,  CA  and  BA  will  be  the  reflected  ones  (the  angles  of  incidence  in  the  former  cafe 
being  now  the  angles  of  reflection,  and  the  reverfe)  having  the  point  A for  their  focus ; 
but  this,  from  what  was  demonftrated  above,  is  at  an  equal  diftance  from  the  reflecting 
furface  with  the  point  G,  which  in  this  cafe  is  the  imaginary  focus  of  the  incident  rays 
FC  and  AB.  What  is  here  demonftrated  of  the  ray  AC,  holds  equally  of  any  other, 
as  Al,  AK,  &c. 

Schol.  The  cafe  of  parallel  rays  incident  on  -a  plane  furface,  is  included  in  this 
propofition  ; for  in  that  cafe  we  are  to  fuppofe  the  radiant  to  be  at  an  infinite  diftance 
from  the  furface,  and  then  by  the  propofition,  the  focus  of  the  reflected  rays  will  be  fo  too; 
that  is,  the  rays  will  be  parallel  after  reflection,  as  they  were  before. 

PROP.  LV. 

When  parallel  rays  are  incident  upon  a fpherical  furface,  the  focus 
of  the  reflected  rays  will  be  the  middle  point  between  the  center  of 
convexity  and  the  furface. 
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Cafe  1.  Of  parallel  rays  falling  upon  a convex  furface.  Let  AB,  DH,  reprefent  two 
parallel  rays  incident  on  the  convex  furface  BH,  the  one  perpendicularly,  the  other 
obliquely;  and  let  C be  the  center  of  convexity;  fuppofe  HE  to  be  the  refle&ed  ray  of 
the  oblique  incident  one  DH  proceeding  as  from  F,  a point  in  the  line  AB  produced. 
Through  the  point  H draw  the  line  Cl,  which  will  be  perpendicular  to  the  furface  at  that 
point,  and  the  angles  DHI  and  IHE,  being  the  angles  of  incidence  and  refledfion,  will  be 
equal.  But  HCF  is  equal  (El.  I.  29.)  to  DHI,  and  CHF  (El.  I.  15.)  to  IHE;  where- 
fore the  triangle  CFH  is  ifofceles ; and  confequently  the  fides  CF  and  FH  are  equal: 
but  fuppofing  BH  to  vanifh,  FH  is  equal  to  FB,  and  therefore  upon  this  fuppofition 
FC  and  FB  are  equal,  that  is,  the  focus  of  the  reflected  rays  is  the  middle  point  between 
the  center  of  convexity  and  the  furface. 

Cafe  2.  Of  parallel  rays  falling  upon  a concave  furface.  Let  AB,  DH  be  two  parallel 
rays  incident,  the  one  perpendicularly,  the  other  obliquely,  on  the  concave  furface  BH, 
whofe  center  of  concavity  is  C.  Let  BF  and  HF  be  the  reflected  rays  meeting  each 
other  in  F ; this  will  be  the  middle  point  between  B and  C.  For  drawing  through  C 
the  perpendicular  CH,  the  angles  DHC  and  FHC,  being  the  angles  of  incidence  and 
refledtion,  will  be  equal,  to  the  former  of  which  the  angle  HCF  is  equal,  as  alternate  ; 
and  therefore  the  triangle  CFH  is  ifofceles.  Wherefore  CF  and  FH  are  equal  : but  if 
we  fuppofe  BH  to  vanifh,  FB  and  FH  are  alfo  equal,  and  therefore  CF  is  equal  to  FB  ; 
that  is,  the  focal  diftance  of  the  refledled  rays  is  the  middle  point  between  the  centre  and 
the  furface.* 

Schol.  The  converfe  of  thefe  two  cafes  may  be  demonftrated  in  a fimilar  manner,  by 
making  the  incident  rays  the  remedied  ones. 


* It  is  here  obfervable,  that  the  farther  the  line  DH  is  taken  from  AB,  the  nearer  the  point  F falls  to  the  furface. 
For  the  farther  the  point  H recedes  from  B,  the  larger  the  triangle  CFH  will  become;  and  confequently  fince  it  is 
always  an  ifofceles  one,  and  the  bafe  CH,  being  the  radius,  is  every  where  of  the  fame  length,  the  equal  legs  CF 
and  FH  will  lengthen;  but  CF  cannot  grow  longer  unlefs  the  point  F approach  towards  the  furface.  And  the 
farther  H is  removed  from  B,  the  fatter  F approaches  to  it.  This  is  the  reafon,  that  whenever  parallel  rays  are 
confidered,  as  reflected  from  a fpherical  furface,  the  diftance  of  the  oblique  ray  from  the  perpendicular  ray  is 
taken  fo  fmall  with  refpedl  to  the  focal  diftance  of  that  furface,  that,  without  any  phyfical  error,  it  may  be  fuppofed 
to  vanifh.  From  hence  it  follows,  that  if  a number  of  parallel  rays,  as  AB,  CD,  EG,  &c.  fall  upon  a convex  furface, 
and  if  BA,  DK,  the  reflected  rays  of  the  incident  ones  AB,  CD,  proceed  as  from  the  point  F,  thofe  of  the  incident 
ones  CD,  EG,  namely,  DK,  GL,  will  proceed  as  from  N,  thofe  of  the  incident  ones  EG,  HI,  as  from  O,  &c.  becaufe 
the  farther  the  incident  ones  CD,  EG,  &c.  are  from  AB,  the  nearer  to  the  furface  are  the  points  F,  f,  f,  in  the 
line  BF,  from  which  they  proceed  after  refledlion  ; fo  that  properly  the  foci  of  the  refledled  rays  BA,  DK,  GL,  &c. 
are  not  in  the  line  AB  produced,  but  in  a curve  line  palling  through  the  points  F,  N,  O,  &c. 

The  fame  is  applicable  to  the  cafe  of  parallel  rays  refledled  from  a concave  furface,  as  exprefled  by  the  dotted  lines 
on  the  other  half  of  the  figure,  where  PQ^  RS,  TV,  are  the  incident  rays ; QF,  S f}  Vf , the  refledled  ones  interfedling 
each  other  in  the  points  X,  Y,  and  F ; fo  that  the  foci  of  thofe  rays  are  not  in  the  line  FB,  but  in  a curve  pairing 
through  thofe  points. 
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PRO  P.  LVI. 

When  rays  fall  upon  any  fpherical  furface,  if  they  diverge,  the 
diftance  of  the  focus  of  the  refledted  rays  from  the  furface  is  to  the 
diftance  of  the  radiant  point  from  the  fame  (or,  if  they  converge, 
to  that  of  the  imaginary  focus  of  the  incident  rays)  as  the  diftance 
of  the  focus  of  the  reflected  ravs  from  the  center  is  to  the  diftance 
of  the  radiant  point  (or  imaginary  focus  of  the  incident  rays)  from 
the  fame. 

Cafe  1.  Of  diverging  rays  falling  upon  a convex  furface.  Let  RB,  RD,  reprefent 
two  diverging  rays  flowing  from  the  point  R as  from  a radiant,  and  falling  the  one  per- 
pendicularly, the  other  obliquely,  on  the  convex  furface  BD,  whofe  center  is  C.  Let 
DE  be  the  refle&ed  ray  of  the  incident  one  RD  ; produce  ED  to  F,  and  through  R draw 
the  line  RH  parallel  to  FE,  till  it  meets  CD  produced  in  H.  Then  will  the  angle 
RHD  be  equal  (El.  I.  29.)  to  EDH  the  angle  of  reflexion,  and  therefore  equal  alfo 
to  RDH,  which  is  the  angle  of  incidence  ; wherefore  the  triangle  DRH  is  ifofceles,  and 
confequently  DR  is  equal  to  RH.  Now  the  lines  FD  and  RH  being  parallel,  (El.  VI.  2.) 
FD  is  to  RH*  or  its  equal  RD,  as  CF  to  CR ; but  BD  vanifhing,  FD  and  RD  differ 
not  from  FB  and  RB  ; wherefore  FB  is  to  RB  alfo,  as  CF  to  CR  ; that  is,  the  diftance 
of  the  focus  from  the  furface  is  to  the  diftance  of  the  radiant  point  from  the  fame,  as  the 
diftance  of  the  focus  from  the  center  is  to  the  diftance  of  the  radiant  from  thence. 

Cafe  2.  Of  converging  rays  falling  upon  a concave  furface.  Let  KD  and  CB  be  the 
converging  incident  rays,  having  their  imaginary  focus  in  the  point  R,  which  was  the 
radiant  in  the  foregoing  cafe.  Then  as  RD  was  in  that  cafe  refledfed  into  DE,  KD  will 
in  this  be  refledled  into  DF  ; for,  fince  the  angles  of  incidence  in  both  cafes  are  (El.  I.  15.) 
equal,  the  angles  of  reflection  will  be  fo  too;  fo  that  F will  be  the  focus  of  the  reflected 
rays  : but  it  was  there  demonftrated,  that  FB  is  to  RB  as  CF  to  CR,  that  is,  the  diftance 
of  the  focus  from  the  furface,  is  to  the  diftance  (in  this  cafe)  of  the  imaginary  focus  of 
the  incident  rays,  as  the  diftance  of  the  focus  from  the  center  is  to  the  diftance  of  the 
imaginary  focus  of  the  incident  rays  from  the  fame. 

Cafe  3.  Of  converging  rays  falling  upon  a convex  furface,  and  tending  to  a point 
between  the  focus  of  parallel  rays  and  the  center.  Let  BD  reprefent  a convex  furface, 
whofe  center  is  C,  and  focus  of  parallel  rays  is  P ; and  let  AB,  KD,  be  two  converging 
rays  incident  upon  it,  and  having  their  imaginary  focus  at  R,  a point  between  P and  C. 
Now  becaufe  KD  tends  to  a point  between  the  focus  of  parallel  rays  and  the  center, 
the  reflected  ray  DE  will  diverge  from  fome  point  on  the  other  fide  the  center,  fuppofe  F ; 
as  was  fhewn  Prop.  LIII.  Through  D draw  the  perpendicular  CD,  and  produce  it 
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to  H,  then  will  KDH  and  HDE  be  the  angles  of  incidence  and  refle&ion,  which  being 
equal,  their  vertical  ones  RDC  and  CDF  will  be  fo  too,  and  therefore  the  vertex  of  the 
triangle  RDF  is  bifedfed  by  the  line  DC  : whence  (El.  VI.  3.)  FD  and  DR,  or, 
BD  vanifhing,  FB4nd  BR  are  to  each  other  as  FC  to  CR  ; that  is,  the  difiance  of  the 
focus  of  the  reflected  rays  is  to  that  of  the  imaginary  focus  of  the  incident  ones,  as  the 
difiance  of  the  former  from  the  center  is  to  the  diftance  of  the  latter  from  the  fame. 

Plate  7.  Cafe  4.  Of  diverging  rays  falling  upon  a concave  furface,  and  proceeding  from  a point 
*jS*  5*  between  the  focus  of  parallel  rays  and  the  center.  Let  RB,  RD,  be  the  diverging  rays 
incident  upon  the  concave  furface  BD,  having  their  radiant  in  the  point  R,  the  imaginary 
focus  of  the  incident  rays  in  the  foregoing  cafe.  Then  as  KD  was  in  that  cafe  remedied 
into  DE,  RD  will  now  be  reflected  into  DF.  But  it  was  there  demonftrated  that  FB  and 
RB  are  to  each  other  as  CF  to  CR ; that  is,  the  diftance  of  the  focus  is  to  that  of  the 
radiant,  as  the  diftance  of  the  former  from  the  center  is  to  the  diftance  of  the  latter  from 
the  fame.* 

Schol.  i.  If  the  reflected  ray  be  made  the  incident  one,  thofe  cafes  which  are  re- 
fpedtively  the  converfe  of  the  foregoing  may  be  demonflrated  in  the  fame  manner. 

Schol.  2.  Let  it  be  required  to  find  the  focal  difiance  of  diverging  rays  incident  upon 
a convex  furface,  whofe  radius  of  convexity  is  5 parts,  and  the  difiance  of  the  radiant 
from  the  furface  is  20. 

Call  the  focal  diftance  fought  x,  then  will  the  diftance  of  the  focus  from  the  center 
be  5-— x,  and  that  of  the  radiant  from  the  fame  25  ; therefore  (by  Prop.  LVI.)  we  have 
the  following  proportion,  x : 20  : : 5- — x : 25,  and,  multiplying  extreams  together  and 
means  together,  we  have  25  x,=zioo — 20  x,  which  after  due  reduction  gives  x, 

If  in  any  cafe  it  fhould  happen,  that  the  value  of  x fhould  be  a negative  quantity, 
the  focal  point  muft  then  be  taken  on  the  contrary  fide  of  the  furface. 

Plate  7.  * In  the  cafe  of  diverging  rays  falling  upon  a convex  furface,-  the  farther  the  point  D is  taken  from  B,  the  nearer 

Fig.  6.  tjie  p0jnt  F,  the  focus  of  the  refledled  rays,  approaches  to  B,  while  the  radiant  R remains  the  fame.  For  it  is 

evident  from  the  curvature  of  a circle,  that  the  point  D may  be  taken  fo  far  from  B,  that  the  reflected  ray  DE 
(hall  proceed  as  from  F,  G,  H,  or  even  from  B,  or  from  any  point  between  B and  R,  and  the  farther  it  is  taken 
from  B,  the  fafter  the  point,  from  which  it  proceeds,  approaches  towards  R.  The  like  is  applicable  to  any  of  the 
other  cafes  of  diverging  or  converging  rays  incident  upon  a fpherical  furface.  This  is  the  reafon  that,  when  rays 
are  confidered  as  refledted  from  a fpherical  furface,  the  diftance  of  the  oblique  rays  from  the  perpendicular  one  is 
taken  fo  fmall,  that  it  may  be  fuppofed  to  vanilh.  From  hence  it  follows,  that  if  a number  of  diverging  rays  are 
incident  upon  the  convex  furface  BD  at  the  feveral  points  B,  D,  D,  &c.  they  fhall  not  proceed  after  refledlion  as  from 
any  one  point  in  the  line  RB  produced,  but  as  from  a curve  line  palling  through  the  feveral  points  F,  f„  f,  &c. 
The  fame  is  applicable  in  all  the  other  cafes. 
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SECT.  II. 

Of  I mages  produced  by  Reflection. 

PROP.  LYIL 

When  any  point  of  an  objeCt  is  feen  by  reflected  light,  it  appears 
in  the  direction  of  that  line  which  the  ray  defcribes  after  its  laft 
reflection. 

Since  refledtion  gives  the  fame  direction  to  the  rays  as  if  they  had  originally  come  from 
the  place  from  which  the  reflected  rays  diverge,  an  objedf  feen  by  reflection  mull  appear 
in  that  place.  The  vifible  image  muft  therefore  confiit  of  imaginary  radiants  diverging 
from  thence. 

PROP.  LVIIL 

* 

In  all  mirrors,  plane  or  fpherical,  the  place  of  the  imaginary 
radiant,  when  it  is  determined,  is  the  interfeCtion  of  the  perpen- 
dicular from  the  radiant  to  the  mirror,  and  any  reflected  ray. 

Let  D be  a radiant  in  any  objedt  DE,  and  DF  a ray  from  this  radiant  refledled  in 
the  line  FC  ; draw  DI  the  perpendicular  from  the  radiant  to  the  mirror,  and  produce 
CF,  DI,  till  they  meet  in  L ; this  point  will  be  the  imaginary  radiant.  Becaufe  the 
ray  DI  falls  perpendicularly  upon  the  mirror,  it  will  be  refledled  back  in  the  fame  line 
ID,  and  therefore  will  appear  to  come  from  fome  point  in  DI  produced.  And  flnce  (from 
Prop.  LVII.)  all  rays  which  diverge  from  the  fame  real  radiant  before  refledtion,  muft 
diverge  from  the  fame  imaginary  radiant  after  refledtion,  any  other  ray  from  D,  as  FC, 
mull  appear  to  diverge  from  the  fame  imaginary  radiant  with  the  ray  DI,  that  is,  from 
fome  point  in  DI  : but  the  ray  FC  (by  Prop.  LVII.)  appears  after  refledtion  to  proceed 
in  the  line  FC  : it  mufl  therefore  appear  to  come  from  fome  point  in  FC,  and  alfo  from 
fome  point  in  DI,  that  is,  from  the  point  L,  in  which  DI  interfedts  FC.  The  imaginary 
radiant  of  the  rays  DI,  DF,  after  reflection  is  therefore  L,  the  interfedlion  of  the  per- 
pendicular and  the  refledled  ray. 

Def.  XXI.  The  paflage  of  reflection  is  the  incident  ray  added 
to  the  reflected  ray  : as  DF  + FC. 
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PROP.  LIX. 

In  plane  mirrors,  the  diftance  of  the  laft  image  from  the  mirror 
is  equal  to  the  diftance  of  the  objed  from  it,  and  the  diftance  of 
any  point  in  the  laft  image  from  the  eye  is  equal  to  the  paflage  of 
refledion. 

The  diftances  of  the  imaginary  radiants  L,  M,  behind  the  mirror  are  (by  Prop.  LIV.) 
refpedively  equal  to  the  diftances  of  the  correfponding  real  radiants  D,  E,  before  the 
mirror  : therefore  the  diftance  of  the  laft  image  L,  M,  made  up  of  imaginary  radiants 
between  L and  M,  correfponding  to  real  radiants  in  the  objed  DE,  is  equal  to  the 
diftance  of  that  objed.  The  diftance  of  L,  the  higheft  point  of  the  image,  from  C,  any 
given  place  of  the  eye,  is  CFL,  equal  to  DEC  the  paflage  of  reflection,  becaufe  (by 
Prop,  LIV.)  LF  is  equal  to  DF.  The  fame  may  be  fhewn  of  M,  or  any  other  point 
in  the  image. 


PROP.  LX. 

In  plane  mirrors,  the  image  is  equal  and  limilar  to  the  objed. 

If  D is  the  higheft  point  of  the  objed,  the  higheft  point  of  the  image  is  (by  Prop.  LVII.) 
in  the  perpendicular  DIL ; and  if  E be  the  loweft  point  of  the  objed,  the  loweft  point 
of  the  image  is  in  the  perpendicular  EZM.  But  DIL  and  EZM  are  parallel  (El.  XI.  6.) 
becaufe  they  are  both  perpendicular  to  the  plane  furface  AB.  Confequently,  the  diftance 
between  thefe  lines,  that  is,  the  heights  of  the  objed:  and  image,  DE,  LM,  are  equal. 
In  like  manner  it  may  be  fhewn,  that  any  diameter  of  the  objed  is  equal  to  its  cor- 
refponding diameter  in  the  image  : whence  the  objed  and  image  are  in  all  refpeds  equal, 
and  confequently  fimilar,  furfaces. 
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CHAP.  IV. 

Of  VISION. 

SECT.  I. 

Of  the  Laws  of  Vision. 

* 

PROP,  LXL 

When  the  rays  which  come  from  the  feveral  points  in  any  objeit 
enter  the  eye,  they  will  paint  an  inverted  image  upon  the  retina . 

Let  ABA  be  a fedtion  of  an  eye.  AB,  BA,  is  the  tunica  fclerotica , a white  coat  which  piate  7. 
encompafTes  the  globe  of  the  eye,  except  the  fore-part  between  A and  A.  The  fore-part  Fis*  IO* 
A A is  covered  by  a tranfparent  coat,  a little  more  protuberant  than  any  other  part  of  the 
eye,  called  the  tunica  cornea.  In  the  cavity  of  the  eye  is  placed  a convex  lens  Ce,  con- 
futing of  a hard  tranfparent  fubftance  called  the  chryftalline  humour . This  humour  is 
kept  in  its  place  and  fixed  to  the  coats  by  certain  ligaments  all  round  it  at  ee,  called 
ligamenta  ciliaria . Under  the  tunica  cornea , and  at  fome  little  diftance  from  it,  is  the  iris 
a,  0,  which  has  in  it  a fmall  orifice,  called  the  pupil  of  the  eye.  This  iris  is  tinged 
with  variety  of  colours,  from  which  the  eye  is  faid  to  be  blue,  hazel,  black,  &c.  It  con- 
fifts  of  mufcular  fibres,  which  can  contra£I  or  dilate  the  pupil.  The  remaining  part 
between  the  cornea  and  the  chryftalline  humour  is  filled  with  a thin  tranfparent  fluid,  like 
water,  called  the  aqueous  humour . S*N,  is  a white  coat  which  confifts  of  the  fibres 
of  the  optic  nerve  woven  together  like  a net  : this  coat  is  called  the  retina.  Between 
the  fclerotica  and  the  retina  is  another  coat  which  is  called  the  choroides.  The  cavity  of 
the  eye,  between  the  chryftalline  humour  and  the  retina , is  filled  with  a tranfparent 
fubftance,  neither  fo  fluid  as  the  aqueous  humour  nor  fo  hard  as  the  chryftalline,  called  the 
vitreous  humour.  The  optic  nerve  MBB  is  inferted  at  N. 

Through  the  pupil  the  rays  which  diverge  from  the  feveral  points  of  any  object  ABC  Fig.  n. 
pafs  into  the  cavity.  The  rays  firft  pafs  into  the  cornea  IK,  which  is  a menifcus  like  a 
watch  glafs,  and  therefore  has  no  confiderablq  effect  upon  the  rays.  The  fore-part  of 
the  aqueous  humour  under  the  cornea  is  convex  ; and  therefore,  being  denfer  than  the  air, 
it  will  make  the  feveral  diverging  beams  from  ABC  (by  Prop.  XVII.)  diverge  lefs.  The 
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rays  then  pafs  through  the  pupil  ; and  next,  through  the  chryftalline  humour,  which, 
being  a convex  lens,  will  make  them  (by  Prop.  XVil.)  converge  to  as  many  points 
upon  the  retina  LDF.  Confequently  at  DEF,  or  fomewhere  upon  the  retina,  as  upon 
a piece  of  white  paper  in  a dark  room,  an  inverted  image  of  the  objedt  (by  Prop.  XXV.) 
will  be  painted. 

Exp.  Take  off  the  fclerotica  from  the  back  part  of  the  eye  of  an  ox,  or  other  animal, 
and  place  the  eye  in  the  hole  of  the  window  fhutter  of  a dark  room,  with  its  fore-part 
towards  the  external  objects  ; a perfon  in  the  room  will,  through  the  tranfparent  coat,  fee 
the  inverted  image  painted  upon  the  retina . 

Def.  XXII.  The  optic  axis,  is  the  axis  of  the  chryftalline 
ST/ • //.  humour  continued  to  the  objed  at  which  we  look.  The  axis  PO 
' of  the  chryftalline  humour  GPH,  continued  to  the  point  B,  is  the 

optic  axis  direded  towards  that  point. 

Def.  XXIII.  That  point  of  the  retina , upon  which  the  optic 
axis  continued  back  would  fall,  is  called  the  middle  of  the  retina . 
If  OP  be  continued  back  to  E,  the  point  E is  the  middle  of  the 
retina. 


PRO  P.  LXII. 

The  images  upon  the  retina  are  the  caufe  of  vifton. 

It  is  found  from  experience,  that  when  the  image  upon  the  retina  is  bright,  the  objeft 
is  clearly  feen  ; and  when  the  image  is  faint,  the  object  appears  faint : alfo,  that  when  the 
image  is  d ifli n£F,  the  objedt  is  feen  diftindtly  ; and  when  the  image  is  confuted,  the  objedt 
appears  confuted.  Hence  it  may  be  concluded,  that  thefe  images  are  the  caufe  of  vifion. 

PROP.  LXIII. 

The  point  in  any  objed  towards  which  the  optic  axis  is  direded, 
is  feen  more  diftindly  than  the  reft. 

It  is  known  from  experience,  that  when  the  eye  is  turned  diredtly  towards  any  part  of 
an  objedt,  that  is,  when  the  optic  axis  is  directed  towards  that  point,  though  the  whole 
object,  if  it  be  not  very  large,  will  be  feen,  that  part  on  which  we  look  diredly  will 
appear  moft  diftindt,  and  the  other  portions  of  the  objedt  being  drawn  on  parts  of  the  retina > 
fomewhat  nearer  to  the  chryftalline  humour  than  the  middle  point  of  the  retina  will 
appear  a little  confufed. 


P R O P. 
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PROP.  LXIV. 

Objedts  appear  eredt,  although  their  images 
inverted. 

This  is  known  by  experience,  and  is  not  inconfiftent  with  the  explanation  above  given 
of  vifion.  For  it  is  not  the  image  in  the  retina , but  the  objedt  itfelf,  which  we  fee,  and 
we  judge  of  its  relative  pofition,  by  moving  the  point  of  diftindt  vifion  along  the  objedt, 
and  determine  that  part  to  be  the  higheft  which  requires  the  eye  to  be  the  moft  lifted  up 
in  order  to  fee  it  diftindtly. 

PROP,  LXV. 

An  objedt  may  appear  Angle,  although  it  is  feen  by  both  eyes 
at  once. 

If  both  eyes  are  turned  diredtly  to  the  objedt  C,  that  is,  if  the  optic  axes  AC,  AB,  Plate  7. 

meet  in  the  objedt,  it  will  appear  fingle.  But  if,  whilft  one  eye  is  turned  towards  C,  the  F]S’  Is’ 

corner  of  the  other  is  prefled  with  the  finger  fo  as  to  alter  the  pofition  of  its  optic  axis, 
the  objedt  will  then  appear  double.  For  when  one  eye  is  turned  towards  an  objedt  and 
the  other  turned  a different  way,  the  fame  objedt  will  be  feen  by  each  eye  in  a different 
direction,  that  is,  one  eye  will  fee  it  in  one  place,  and  the  other  in  another,  from  whence 
it  muft  appear  double.  But,  if  both  eyes  are  directed  the  fame  way,  that  is,  to  the  place 
of  the  objedt,  though  two  objedts  may  be  faid  to  be  feen,  yet  as  both  of  them  are  alike, 
and  feen  in  the  fame  place,  they  will  appear  but  as  one.  If  whilft  both  eyes  are  diredted 
towards  C,  another  objedt  D be  placed  at  fome  confiderable  diftance  diredfcly  beyond  it, 
the  objedt  D will  appear  double  ; for  fince  the  eyes  fee  the  objedt  D without  being  turned 
diredtly  towards  it,  the  place  of  D is  indeterminate  ; to  the  right  eye  it  appears  on  the 
right  hand  of  C,  and  to  the  left  eye  on  the  left  of  C,  that  is,  being  feen  in  two  places,  it 
muft  appear  double.  If  the  fight  be  diredted  to  the  farther  objedt  D,  the  nearer  objedt  C 
will  appear  double.  For,  the  objedt  C is  feen  by  the  right  eye  in  the  diredtion  of  a line 
which  pafles  on  the  left  fide  of  D,  and  by  the  left  eye  in  the  direction  of  a line  which 
paflfes  on  the  right  of  D.  In  both  cafes,  one  of  the  objedts  appears  double,  when  the 
eyes  are  not  diredtly  fixed  upon  it,  that  is,  when  the  optic  axes  do  not  meet  in  it;  and 
the  other  objedt  appears  fingle,  when  the  eyes  are  both  diredtly  fixed  upon  it, ' that  is, 
when  the  optic  axes  meet  in  the  objedt. 

Exp.  1.  View  a nearer  and  a more  diftant  objedt  at  the  fame  time,  according  to  the 
propofition. 

2.  Let  a pafteboard,  having  a hole  in  it,  be  fixed  between  the  eyes  of  a fpedtator 
and  two  candles,  fo  placed,  that  when  the  right  eye  is  fhut,  the  left  eye  may  iee  only 

one 
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on  the  retina  are 
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Plate  7. 
Fig.  ir. 


one  candle,  and  when  the  left  eye  is  Ihut,  the  right  eye  can  fee  only  the  other,  although 
both  candles  are  vifible  ; if  both  eyes  be  fixed  fteadfaftly  upon  the  hole,  they  will  appear 
as  one  candle  placed  at  the  hole. 

PROP.  LX  VI. 

There  is  one  part  of  the  retina  where  no  perception  of  the  objed 
is  conveyed  to  the  mind  by  the  image  formed  upon  it. 

Th  is  is  found  by  Experiment.  Place  two  fmall  circles  of  w’hite  paper  upon  a dark 
coloured  wall  at  the  height  of  the  eye,  and  at  the  diftance  of  near  two  feet  from  each 
other.  If  the  fpedlator,  at  a proper  diftance,  fhuts  his  right  eye  and  looks  wTith  the  left 
diredlly  at  the  paper  on  his  right  hand,  he  will -not  fee  the  left  hand  paper,  although 
the  objects  round  it  are  vifible.  Hence  it  is  to  be  inferred,  that  the  rays  from  the  left  hand 
paper  fall  upon  a part  of  the  retina  which  is  infenfible. 

Schol.  It  is  fuppofed  that  this  part  of  the  retina  is  .that  where  the  optic  nerve  is 
inferted  : and  becaufe  the  coat  called  the  choroides  touches  the  retina  in  all  other  parts 
but  is  difcontinued  here,  it  has  been  conjedtured  that  the  feat  of  vifion  is  not  the  optic 
nerve,  but  the  choroides  ; but  this  point  remains  undetermined. 


PROP.  LXVII. 

If  the  chryftalline  humour  has  either  too  much  or  too  little  con- 
vexity, the  fight  will  be  defective. 

Tn  perfons  who  are  fhort- lighted,  the  humours  of  the  eye  are  too  convex,  and  bring 
the  rays  to  a focus  before  they  reach  the  retina,  unlefs  the  object  be  brought  near  to  it ; * 

in  which  cafe  (by  Prop.  XXVII.)  the  image  is  call  farther  back.  In  others,  the  humours 
of  the  eye  have  fo  little  convexity,  that  the  focal  point  lies  behind  the  retina  ; whence, 
unlefs  the  objedt  is  removed  to  a great  diftance  from  the  eye,  the  vifion  will  be  indiftindl. 

Def.  XXIV.  The  optic  angle  in  viewing  any  objeft  is  the  angle 
at  the  eye  fubtended  by  the  diameter  of  the  objedl.  The  angle  xVOC, 
fubtended  by  AC  the  diameter  of  the  objedl,  is  the  optic  angle. 

P R O P.  LXVII  I. 

The  apparent  diameter  of  any  object,  is  proportional  to  the  di- 
ameter of  the  image  of  that  object  in  the  retina . 

To 
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To  an  eye  placed  at  G,  the  apparent  magnitude  of  the  objedf  ABC  is  that  vifible 
extenfion  which  lies  between  A and  C.  If  two  lines  AO.,  CO,  are  drawn  from  thefe 
points  crofting  one  another  at  the  eye,  they  will  be  the  axes  of  the  pencils  which  come 
from  A and  C,  and  will  contain  between  them  the  diameter  AC  ; and  the  points  A,  C, 
will  be  reprefented  on  the  retina  (by  Prop.  LXI.)  at  F and  D : confequently,  DF  will 
be  the  diameter  of  the  image  5 and  this  diameter  is  contained  between  the  two  lines  AO, 
CO,  produced  to  the  retina.  Now  it  is  manifeft,  that  the  vifible  extenfion  contained 
between  AO  and  CO,  that  is  the  apparent  diameter  of  the  objedl,  is  as  the  angle  AOC  ; 
and  that  the  diameter  of  the  image  contained  between  DO  and  FO  is  as  the  angle  DOF. 
But  the  angles  DOF,  AOC,  (El.  I.  15.)  are  equal.  Therefore  the  apparent  diameter  of 
the  object,  and  the  diameter  of  the  image,  are  each  of  them  proportional  to  the  fame 
angle,  and  confequently  proportional  to  one  another. 

Schol.  When  we  fpeak  of  an  optic  angle,  it  is  not  meant  that  we  fee  the  point  in 
which  the  optic  axes  meet ; but,  fince  by  experience  we  learn  to  judge  of  fuch  diftances 
as  are  not  very  great,  by  the  fenfations  accompanying  the  different  inclinations  of  the 
eye,  which  are  analogous  to  the  optic  angle,  we  exprefs  thefe  different  inclinations  of 
the  eye,  by  that  angle.  In  like  manner,  although  the  eye  does  not  fee  a pencil  of  rays, 
whilft  the  breadth  of  the  pupil  bears  a fenfible  proportion  to  the  diftance  of  the  focus 
from  which  the  rays  diverge  to  the  eye,  we  have  fenfations  from  which  experience  enables 
us  to  judge  of  the  place  of  that  focus.  So,  the  magnitude  of  an  image  upon  the  retina 
being  always  proportional  to  that  of  the  vifual  angle  of  the  objedl,  though  that  angle 
is  not  actually  meafured  by  the  eye,  the  difference  of  fenfations  accompanying  different 
.magnitudes  of  the  image  enable  us  to  diftinguifh  different  vifual  angles.  Thus  it  appears, 
that  the  ufe  of  lines  and  angles  in  optics,  has  its  foundation  in  nature. 

PROP.  LXIX. 


Plate  7. 
Fig.  11, 


When  the  diameter  of  an  objedt  is  given,  its  apparent  diameter 
is  inverfely  as  its  diftance  from  the  eye. 

The  apparent  diameter  of  an  object  (Prop.  LX VIII.)  is  as  the  diameter  of  its  image 
upon  the  retina:  and  (Prop.  XXXI.)  the  diameter  of  the  image,  when  the  objedt  is 
given,  is  inverfely  as  the  diftance  of  the  objedl.  Therefore  the  apparent  diameter  of  the 
object  is  alfo  inverfely  as  the  diftance  of  the  objedt.  The  fame  may  be  proved  of  any 
apparent  length  whatsoever. 

Cor.  1.  Hence  the  apparent  diameter  of  an  objedt  may  be  magnified  in  any  proportion  : 
for  the  lefs  the  diftance  of  the  eye  from  the  objedt,  the  greater  will  be  its  apparent 
diameter.  But  without  the  hdp  of  glaffes,  an  objedt  brought  nearer  the  eye  than  about 
five  inches,  though  it  appears  larger,  will  at  the  fame  time  be  feen  confufedly. 
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Cor.  2.  Hence  parallel  lines,  as  ABC,  DEF,  feen  obliquely,  appear  to  converge  more 
and  more,  as  they  are  farther  extended  from  the  eye  : for  the  apparent  magnitude  of  their 
perpendicular  intervals,  as  AD,  BE,  CF,  &c.  are  perpetually  diminifhed. 

PROP.  LXX. 

The  apparent  diameter  of  an  objedt,  whofe  diftance  is  given*  is 
diredtly  as  its  real  diameter. 

The  apparent  diameter  of  an  objedt  (by  Prop.  LXVIII.)  is  as  the  diameter  of  its  image : 
and  the  diameter  of  the  image  (by  Prop.  XXXIII.)  when  the  diftance  of  the  objedt  is  given, 
is  as  the  diameter  of  the  object.  Therefore  the  apparent  diameter  of  an  objedt  whofe 
diftance  is  given,  is  as  its  real  diameter. 

PROP.  LXXI. 

The  apparent  diameters  of  different  objedts  at  different  diftances 
from  the  eye  will  be  equal,  if  their  real  diameters  are  as  their 
diftances. 

For  (by  Prop.  XXXIV.)  the  diameters  of  their  refpe-dtive  images  upon  the  retina  will 
be  equal  3 and  their  apparent  diameters  (by  Prop.  LXVIII.)  are  as  the  diameters  of  their 
images. 

Q 

PROP.  LXXII. 

The  apparent  length  of  an  objedt  feen  obliquely,  is  as  the  apparent 
length  of  a fubtenfe  of  the  optic  angle  perpendicular  to  the  optic 
axis. 

If  DF  is  an  objedt  feen  obliquely,  and  DG  an  objedt  feen  diredtly,  that  is,  if  DF  is 
oblique,  and  DG  perpendicular  to  the  optic  axis  OR,  then  fuppofing  them  to  fubtend 
the  fame  angle  DOF,  their  images  upon  the  retina  (Def.  XXIV.)  will  be  equal,  whence 
(by  Prop.  LXVIII.)  their  apparent  diameters  will  be  equal.  Confequently,  the  greater 
the  fubtenfe  GD  is,  the  greater  will  be  the  apparent  length  of  the  objedt  and  the 

reverfe. 

Cor.  Hence  an  objedt  appears  Shortened  by  being  feen  obliquely. 

PROP.  LXXIIL 

When  equal  objedls  are  feen  obliquely,  their  apparent  lengths  are 
inverfely  as  the  fquares  of  their  diftances  from  the  eye. 
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Let  the  eye  be  at  O ; and  in  the  line  BC  at  different  diflances  from  the  eye  take  equal 
fpaces  DF,  df  The  apparent  length  of  DF  (by  Prop.  LXXII.)  is  proportional  to  the 
apparent  length  of  GD,  the  fubtenfe  of  the  optic  angle  DOF,  perpendicular  to  the  optic 
axis  OR.  In  like  manner,  the  apparent  length  of  df  is  proportional  to  that  of  gd,  the 
fubtenfe  of  dOf  Now  GD,  are  fubtenfes  alfo  of  the  angles  GF T),  gfd  : and  as  the 
fide  O/is  to  the  fide  OF,  fo  is  the  fine  of  the  angle  OFy',  that  is,  of  its  fupplement  OFB, 
to  the  fine  of  the  angle  OyF,  or  OyB.  Hence,  fince  fmall  angles  are  to  one  another 
nearly  as  their  fines,  if  thefe  are  fmall  angles,  Of  will  be  to  OF  as  the  angle  OFB  to 
the  angle  O/B  ; that  is.  Of  will  be  to  OF,  as  the  fubtenfe  GD  to  the  fubtenfe  gd, 
or  GD  is  to  gd  inverfely  as  OF  to  Of ; that  is,  the  fubtenfes  of  the  optic  angles,  and 
confequently,  from  what  has  been  fhewn,  the  apparent  diameters  DF,  df  are  inverfely 
as  their  diflances  from  the  eye.  This  proportion  arifes  from  the  different  degrees  of 
obliquity  at  which  the  eye  fees  the  equal  fpaces  DF,  df  But,  if  their  obliquities  with 
refpedl  to  the  eye  were  the  fame,  the  apparent  length  of  DF  (by  Prop.  LXIX.)  would 
be  to  that  of  df  inverfely  as  their  diflances.  Since  then  the  apparent  lengths  of  DF,  df 
are  inverfely  as  their  diflances  on  account  of  their  different  obliquities,  and  alfo  inverfely 
as  their  diflances  on  account  of  their  different  diflances  j on  both  accounts  taken  together, 
they  are  in  the  ratio  compounded  of  the  inverfe  ratio  of  their  diflances,  and  the  fame, 
that  is,  inverfely  as  the  fquares  of  their  diflances. 
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PROP.  LXXIV. 


The  apparent  diameter  of  an  objeCt  is  not  changed  by  contracting 
or  dilating  the. pupil. 

For,  when  the  diftance  is  given,  the  diameter  of  the  image  (by  Prop.  XXXVI.  Schol.  2.) 
remains  the  fame  whatever  be  the  area  of  the  pupil,  and  confequently  (by  Prop. 
XXXIII.)  the  apparent  diameter  of  the  objeCt. 

PROP.  LXXV. 

An  objedt  appears  larger  when  it  is  feen  confufedly,  than  when  it 
is  feen  diltinCtly. 

For  the  confufed  image  (by  Prop.  XXIX.)  is  larger  than  the  diflin<£l  image,  and  con- 
fequently (by  Prop.  LX  VIII.)  the  apparent  magnitude  of  the  objedl  is  greater  when  it  is 
feen  confufedly  than  when  it  is  feen  diflindlly. 

Cor.  Hence  objedls  appear  magnified  when  feen  through  a mift ; the  drops  of  which 
refradl  the  rays  fo  differently,  that  they  cannot  be  collected  into  one  focus. 
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PROP.  LXXVI. 

A fpe&ator  in  motion  fees  an  objeCt  at  reft*  moving  the  contrary 
way. 

If  while  ail  objedl  at  P is  at  reft,  the  eye  be  carried  parallel  to  PQ_in  the  direction  from 
Q_ towards  P,  its  image  on  the  retina  will  move  from  p to  q : the  fame  effedt  will  be  pro- 
duced, if  the  object  moves  from  P towards  Qj  and  if  the  velocity  of  the  object  and  the 
eye,  in  each  cafe,  be  the  fame,  the  apparent  velocity  will  be  the  fame  alfo. 

Cor.  An  objedt  moving  along  a line  PK  will  appear  at  reft  to  a fpedtator  moving 
along  the  line  QG,  parallel  to  PK  : if  the  motion  of  the  objedl  be  quicker  or  flower  than 
that  of  the  fpedtator,  it  will  have  an  apparent  motion  direct  or  retrograde:  if  the  two 
motions  are  in  contrary  directions,  the  apparent  motion  of  the  objedt  will  vary  with  the 
real  motion  of  the  fpedtator. 

PROP.  LXXVI  I. 

The  fame  degree  of  velocity  appears  greateft,  when  the  motion  is 
in  a line  perpendicular  to  the  optic  axis ; and  when  the  motion  is  in 
other  directions,  the  apparent  velocity  will  be  as  the  cofine  of  the 
angle  of  inclination  to  the  faid  perpendicular.. 

If  two  bodies  fet  out  at  the  fame  time  from  P,  the  one  moving  along  the  line  PQ^, 
perpendicular  to  the  optic  axis  Qjq,  and  the  other  along  the  long  PS,  oblique  to.  it,  and 
if  their  velocities  be  fuch,  as  to  pafs  over  the  lines  PQ_,  PS,  in  the  fame  time,  it  is  manifeft 
that  their  apparent  velocities  will  be  the  fame  $ for  the  images  of  each  will  pafs  over  the 
fame  fpace  pq>  on  the  retina , in  the  fame  time.  The  real  velocities  being,  in  this  cafe, 
as  PQ.to  PS,  it  is  manifeft,  that,  when  the  velocities  are  equal,  the  apparent  velocity  of 
the  body  which  moves  in  PQ_is  to  that  of  the  body  moving  in  PS,  as  PS  to  PQ_,  that  is, 
as  radius  to  the  cofine  of  the  angle  QPS  : but  PS  is  always  greater  than  PQj  whence 
the  propofition  is  manifeft. 


P R O P.  LXXVI  1 1. 

If  objedls  at  different  distances  from  the  eye,  move  in  parallel  lines,, 
nearly  at  right  angles  to  the  optic  axis,  and  if  their  velocities  are 
proportional  to  thefe  diftances,  their  apparent  velocities  will  he  equal ; 

and 
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and  if  their  real  velocities  are  equal,  their  apparent  velocities  will 
be  reciprocally  as  their  diftances  from  the  eye. 

Let  an  objedl  move  from  to  P,  in  the  fame  time  that  another  moves  from  G to  H, 
their  real  velocities  are  as  QP  to  GH,  that  is  (El.  VI.  2.)  as  QO  to  GO,  the  diftances 
from  the  eye  ; and  their  apparent  velocities  will  be  equal,  for  the  fpace  qp  upon  the  retina 
will  be  paffed  over  in  the  fame  time  by  the  image  of  each.  If  the  velocities  of  the  objects 
g,  a,  be  equal,  the  objedl  G will  arrive  at  K,  and  its  image  deferibe  the  fpace  qk  upon 
the  retina , in  the  fame  time  that  the  image  of  the  object  Q_defcribes  the  fpace  qp  ; whence 
the  apparent  velocities  of  thefe  two  objedts  are  as  qk  and  qp , or  as  GK  (or  QP)  and  GH  ; 
that  is  (El.  VI.  2.)  the  apparent  velocity  of  the  objedt  G is  to  that  of  Q_,  as  QO  to  OG. 

Schol.  It  is  here  fuppofed,  that  the  fpe&ator  makes  no  allowance  for  the  different 
diftances. 


PROP.  LXXIX. 

The  apparent  velocities  of  bodies  moving  in  parallel  lines  at  dif- 
ferent diftances  from  the  eye,  are  diredtly  as  the  real  velocities,  and 
reciprocally  as  the  diftances. 

Let  two  bodies  move  from  Q_,  G,  in  the  parallel  lines  QP,  GH;  let  the  velocity  of  the 
objedl  Q_  be  called  V,  and  that  of  G,  v ; and  let  their  apparent  velocities  be  called  A,  a. 
If  the  two  objedts  be  conceived  to  move  in  the  fame  line  GK,  whatever  be  their  velocities, 
V : v ::  A : a;  and  fuppofing  the  velocity  of  the  objedt'  Q_,  to  be  the  fame  in  QP  as 
before  in  GK,  A in  QP  : A in  GK  : T GO  : QO,  by  Prop.  LXXVIII.  and  A in  GK  : 
a : : V \ v\  whence,  compounding  thefe  ratios,  A la::  GOxV  : QOxv,  that  is, 

V , v 
::  QO  : "GO* 

Schol.  i.  We  judge  of  the  diftance  of  any  objedt  by  the  vifible  length  of  the  plane  which 
lies  between  the  eye  and  the  objedt.  When  this  method  fails  us,  we  compare  the  known 
magnitude  of  the  objedt,  with  its  prefent  apparent  magnitude  ; or  we  compare  the  degrees 
of  diftindtnefs  with  which  we  fee  the  feveral  parts  of  an  objedt;  or  we  obferve  whether 
the  change  of  the  apparent  place  of  an  objedt  when  viewed  from  different  ftations,  or  its 
parallax , be  great  or  fmall,  this  change  being  always  in  proportion  to  the  diftance  of  the 
objedt.  On  this  principle,  we  may  judge  of  the  diftance  of  a near  objedt  by  obferving  the 
change  which  is  made  in  its  apparent  fituation,  upon  viewing  it  fucceffively,  with  each 
eye  fingly.  Or,  fince  it  is  the  difference  of  the  apparent  place  of  an  objedl,  as  viewed  by 
each  eye  feparately,  which  makes  an  objedl  to  be  feen  double  unlefs  we  turn  both  eyes 
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diredtly  towards  it,  and  fince  in  doing  this,  where  the  diftance  is  very  fmall,  we  turn  the 
eyes  very  much  towards  each  other,  and  lets  at  a greater  diftance  ; the  different  filiations 
accompanying  the  different  degrees  in  which  the  eyes  'are  turned  towards  each  other,  afford, 
by  habit,  a rule  forjudging  of  the  diftance  of  objedts. 

Schol.  2.  In  objects  placed  at  fuch  diftances  as  we  are  ufed  to,  and  can  readily  allow 
for,  we  know  by  experience  how  much  an  increafe  of  diftance  will  diminifh  their  apparent 
magnitude , and  therefore  inftantly  conceive  their  real  magnitude,  and,  neglecting  the 
apparent,  fuppofe  them  of  the  fize  they  would  appear  if  they  were  lefs  remote;  but  this 
can  only  be  done,  where  we  are  well  acquainted  with  the  real  magnitude  of  the  object ; 
in  all  other  cafes,  we  judge  of  magnitudes  by  the  angle  which  the  objedt  fubtends  at  the 
known,  or  fuppofed,  diftance,  that  is,  we  infer  the  real  magnitude  from  the  apparent 
magnitude  in  comparifon  with  the  diftance  of  the  objedt. 


SECT.  II. 

Of  Vision  as  affefted  by  Refraction. 

PROP.  LXXX. 

When  any  fmall  object  is  feen  through  a refracting  medium,  it 
appears  in  the  direction  of  that  line  which  the  rays  defcribe  after  their 
laft  refraCtion. 

Plate  7.  The  ray  DE  from  any  fmall  objedt  D,  in  pafting  through  a glafs  prifm  the  end  of 
FJg.  16.  which  is  ACB,  will  be  refradted  towards  a perpendicular,  and  will  defcribe  the  line  EF ; 

and  when  it  goes  out  of  the  prifm,  it  will  be  refradted  from  a perpendicular,  into  the  line 
FG,  which  is  its  diredtion  after  its  laft  refradtion  ; and  the  objedt  D will  be  feen  in  this 
diredtion  at  L inftead  of  D.  For  the  image  in  the  retina  will  be  in  the  place  in  which  it 
would  have  been,  if  the  naked  eye  had  been  looking  at  an  objedt  really  placed  at  L,  in 
the  laft  diredtion  of  the  rays. 

Cor.  Hence  an  objedt  feen  through  a glafs  cut  into  different  furfaces  inclined  to 
Fig.  17.  one  another,  will  appear  at  one  view  in  many  different  places.  The  objedt  A feen  from 
the  point  F through  the  glafs  CEDB,  will  appear  at  H,  A,  G ; the  laft  diredtion  of  the 
xays  AC,  AD,  AB,  after  refradtion. 

Exp.  View  any  objedt  through  a multiplying  glafs. 
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Schol.  If  a hair  he  placed  acrofs  a fmall  hole  made  in  a thin  board,  and  an  eye 
fituated  in  the  dark  look  through  the  hole  at  a number  of  candles,  the  hair  will  appear 
multiplied  : for  a fliadow  of  the  hair  is  caffc  upon  the  eye  by  each  of  the  candles. 

PROP.  LXXXI. 

An  obje£t  feen  through  a medium  terminated  by  plain  and  parallel 
furfaces,  appears  nearer,  brighter,  and  larger,  than  with  the  naked 
eye. 

Let  AB  reprefent  the  objed,  CDEF  the  medium,  and  GH  the  pupil  of  an  eye.  Let 
RK,  RL,  be  two  rays  proceeding  from  the  point  R,  and  entering  the  denfer  medium 
at  K and  L;  thefe  rays  will  here  by  refraction  be  made  to  diverge  lefs  (by  Prop.  XVII.) 
and  to  proceed  afterwards,  fuppofe  in  the  lines  Ka,  L b \ at  a and  b , where  they  pafs  out 
of  the  denfer  medium,  they  will  be  as  much  refraCted  the  contrary  way,  proceeding  in  the 
lines  ac , bd , parallel  to  their  firft  directions  (by  Prop.  XI.)  produce  thefe  lines  back 
till  they  meet  in  e,  this  will  be  the  apparent  place  of  the  point  R,  and  it  is  evident  from  the 
figure,  that  it  muft  be  nearer  the  eye  than  that  point ; and  becaufe  the  fame  is  true  of  all 
other  pencils  flowing  from  the  objeCt  AB,  the  whole  will  be  feen  in  the  fituation  fg, 
nearer  to  the  eye  than  the  line  AB.  As  the  rays  RK,  RL,  would  not  have  entered  the 
eye,  but  have  palled  by  it  in  the  directions  Kr,  L*,  had  they  not  been  refraCted  in  palling 
through  the  medium,  the  objeCt  appears  brighter.  The  rays  Ah,  B /,  will  be  refraCted 
at  h and  i into  the  lefs  converging  lines  hk , //,  and  at  the  other  furface  into  /£M,  / M, 
parallel  to  Ah  and  Bz  produced  (by  Prop.  XI.)  fo  that  the  extremities  of  the  objeCt 
' will  appear  in  the  lines  Mi,  M/,  produced,  namely,  in  f and  g,  and  under  as  large  an 
angle y’Mg-,  as  the  angle  AyB,  under  which  an  eye  at  q would  have  feen  it,  had  there 
been  no  medium  interpofed  to  refraCt  the  rays  ; and  therefore  it  appears  larger  to  the  eye 
at  GH,  being  feen  through  the  interpofed  medium,  than  otherwife  it  would  have  done. 
But  it  is  here  to  be  obferved,  that  the  nearer  the  point  e appears  to  the  eye  on  account  of 
the  refraCtion  of  the  rays  RK,  RL,  the  Ihorter  is  the  image  fg9  becaufe  it  is  terminated 
by  the  lines  My'  and  Mg-,  upon  which  account  the  objeCt  is  made  to  appear  lefs  ; and 
therefore  the  apparent  magnitude  of  an  objeCt  is  not  much  augmented  by  being  feen 
through  a medium  of  this  form. 

Farther,  it  is  apparent  from  the  figure,  that  the  efFeCt  of  a medium  of  this  form  depends 
wholly  upon  its  thicknefs  : for  the  diftance  between  the  lines  Rr  and  ec , and  confequently 
the  difiance  between  the  points  e and  R depends  upon  the  length  of  the  line  Ka : again* 
the  diftance  between  the  lines  AM  and  f M,  depends  on  the  length  of  the  line  hk  ; but 
both  K a and  hk  depend  on  the  diftance  between  the  furfaces  CE  and  DF,  and  therefore 
the  efteCI  of  this  medium  depends  upon  its  thicknefs. 
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PROP.  LXXXIL 

In  viewing  objefts  through  a convex  or  concave  lens,  the  object 
itfelf  is  not  feen,  but  its  laft  image,  confifting  of  all  the  imaginary 
radiants  from  which  the  rays  appear  to  diverge  after  the  laft  refradtion. 

If  AC  be  an  object  nearer  the  convex  lens  GIL  than  its  principal  focus,  the  rays  which 
diverge  from  any  point  B in  this  objedt,  will,  in  paffing  through  the  lens  (by  Prop. 
XVII.)  be  made  to  diverge  lefs,  and  the  imaginary  radiant  (by  Prop.  VI.)  will  be 
more  diftant  than  the  real  one.  Hence  the  rays  BG,  BL,  after  refradtion,  will  appear  to 
diverge  from  the  radiant  E,  farther  from  the  lens  than  the  real  radiant  B.  The  fame 
happening  to  the  rays  from  every  other  point  of  the  object,  there  will  be  in  DEF  as  many 
imaginary  radiants  as  there  are  real  radiants  in  the  objedt  ABC,  which,  taken  together, 
will  compofe  the  laft  image.  And  fince  all  the  rays  fall  upon  the  eye  as  if  they  had 
diverged  from  this  laft  image,  the  eye  will  be  affedted  by  the  objedt  ABC  in  the  fame 
manner  in  which  it  would  be  affedted  without  the  lens,  by  an  objedt  in  all  refpedts  like 
DEF,  that  is,  the  eye  perceives  the  laft  image. 

PROP.  LXXXIII. 

An  objedt  feen  through  a convex  or  concave  lens  will  appear  eredt, 
if  the  objedt  and  its  image  are  on  the  fame  fide  of  the  lens,  but  in- 
verted, if  they  are  on  contrary  fides. 

It  appears  from  the  laft  Prop,  that  all  the  rays  which  diverge  from  B before  refradtion, 
will  appear  to  diverge  from  E after  refradtion  : and  the  like  may  be  faid  of  any  other 
points,  A and  D,  or  C and  F.  Now  AI  is  the  axis  of  the  beam  which  comes  from  A,  and 
therefore,  with  the  reft  of  the  rays  of  the  beam,  after  refradtion,  will  appear  to  diverge 
from  the  point  D in  the  fame  right  line  with  A.  The  fame  may  be  fhewn  of  FCI.  Now 
thefe  right  lines  only  crofs  one  another  at  the  lens.  Confequently,  the  higheft  point  both 
of  the  objedt  and  image  is  in  DI  the  upper  fide  of  the  angle  DIF,  and  the  loweft  points  of 
both  in  FI,  the  lower  fide  of  the  fame  angle ; that  is,  the  image,  which  is  vifible,  is 
eredt,  or  in  the  fame  pofition  with  the  objedt. 

If  the  objedt  ABC  is  more  remote  than  the  principal  focus  of  the  convex  lens  E,  there 
will  be  (by  Prop.  XXIV.)  a diftindt  image  formed  on  the  other  fide  of  the  lens.  If 
the  rays  thus  colledted  are  not  received  upon  a plane  furfaee,  they  will  proceed  ftraighf 
forwards  ; thofe  which  had  converged  diverging  from  the  focus  ; whence  an  inverted 
image  will  be  prefented  to  an  eye  placed  beyond  the  focus. — In  the  fame  manner  this,  and 
the  preceding,  propofition  may  be  proved  concerning  an  objedt  feen  through  a concave  lens. 

Exp. 
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Exp.  1 . Obferve  the  image  of  a candle  whofe  rays  have  pafled  through  a convex  lens, 
and  are  received  at  the  focus  on  a white  furface,  whilfl  the  objedl  is  on  the  fame,  or  on 
the  contrary  fide  of  the  lens. 

2.  An  inverted  image  will  be  produced  without  a lens,  by  folar  rays  paffing  through 
a very  fmall  hole  into  a darkened  room  ; and  if  the  edge  of  a knife  be  applied  to  one  fide  of 
the  hole,  and  moved  llowly  over  it,  the  parts  of  the  image  fituated  oppofite  to  the  covered 
fide  will  be  firffc  concealed  ; from  whence  it  is  manifeft,  that  the  rays  crofs  one  another 

in  palling  through  the  hole. 

* 

PROP.  LXXXIV. 

✓ ,, 

The  apparent  magnitude  of  an  objedl  feen  through  a lens  placed 
clofe  to  the  eye,  or  to  the  objedl,  is  equal  to  its  apparent  magnitude 
when  feen  without  the  lens. 

If  the  eye  be  placed  clofe  to  the  lens  at  I,  the  diameter  of  the  object  ot  retraced  viiion  Plate  ?. 
DF,  is  to  the  diameter  of  the  objedl  of  plane  vifion  AC  (by  Prop.  XXVIII.)  as  El  to  IB,  r D' 
that  is,  as  their  refpective  diftances  from  the  vertex  of  the  lens.  I herefore  (as  ap- 
pears from  Prop.  LXIX.)  their  apparent  diameters  when  feen  from  I,  are  equal. 

If  the  lens  is  placed  clofe  to  the  objedl,  the  real  radiants  touching  the  lens,  the  imaginary 
radiants,  that  is,  the  laft  image,  will  alfo  touch  the  lens  : whence  their  diameters,  or 
apparent  magnitudes,  will  be  equal. 

PROP.  LXXXV. 

If  an  objedl  feen  through  a convex  lens  is  nearer  to  the  lens  than 
its  principal  focus,  it  will  appear  brighter  than  to  the  naked  eye, 
diftindl,  and  in  an  eredl  polition. 

In  this  cafe,  the  rays  which  come  from  any  point  (by  Prop.  XVII.)  will  be  brought 
nearer  by  refradlion,  and  confequently  a greater  mumber  will  enter  the  eye  than  if  there 
had  been  no  refradlion;  whence  it  is  manifeft,  that  the  objedl  will  appear  brighter.  Becaufe 
the  rays  of  each  pencil  diverge  after  refradlion,  but  lefs  than  before,  they  come  to  the 
eye,  as  they  would  if  the  objedl  were  at  a moderate  diftance  and  no  lens  were  ufed,  and 
therefore  will  be  feen  diftindlly.  And  becaufe  the  refracted  rays  (by  Prop.  XVII. ) di- 
verge lefs  than  the  incident  rays,  that  is  (by  Prop.  VI.)  the  imaginary  radiants  are 
more  remote  than  the  real  ones,  the  laft  image,  as  DEF,  which  is  forrhed 'by  thefe  imaginary 
radiants,  is  farther  from  the  lens  than  the  objedl,  and  on  the  fame  fide  of  the  lens  5 and 
confequently,  fince  the  extreme  axis  DAI,  FCI,  only  crofs  one  another  at  the  lens,  the 
image  will  be  in  the  fame  pofition  with  the  objedl,  and  appear  eredl. 
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PROP.  LXXXVI. 

If  an  objedt  feen  through  a convex  lens  is  farther  from  the  lens 
than  its  principal  focus,  the  objedt  will  appear  brighter  than  to  the  • 
naked  eye,  confufed,  and  in  an  eredt  pofition. 

If  the  eye  be  placed  between  the  lens  and  the  diftindl  image,  whilft  the  eye  is  nearer 
the  lens  than  the  place  of  the  image,  the  rays  being  made  convergent  by  the  lens, 
will  be  clofer  together,  and  therefore  a greater  number  of  them  will  enter  the  eye,  and 
the  objedt  will  appear  brighter,  than  if  it  had  been  feen  without  a lens  : becaufe  the  rays 
come  to  the  eye  in  a converging  ftate,  which  from  one  and  the  fame  point  they  do  not 
in  plane  vifion,  they  will  give  a confufed  image.  And  becaufe  no  image  is  formed  till 
the  rays  come  to  the  retina , the  objedl  will  appear  erect. 

PROP.  LXXXVI  I. 

If  an  objedt  feen  through  a convex  lens  is  in  the  principal  focus„ 
it  will  appear  brighter  than  to  the  naked  eye,  and  eredt. 

The  rays  of  each  particular  beam  becoming  in  this  cafe  (by  Prop.  XVII.)  parallel 
after  refraction,  are  brought  nearer  together  than  if  there  had  been  no  lens;  confequently, 
more  rays  will  enter  the  eye  from  every  point,  and  the  objedt  will  appear  brighter  : and 
no  image  being  formed  before  the  rays  come  to  the  retina , the  objedt  will  appear  eredh 

PRO  P.  LXXXVI  II. 

When  an  objedt,  feen  through  a convex  lens,  is  nearer  than  the 
principal  focus,  it  is  magnified,  unlefs  the  eye  or  the  lens  touches 
the  objedt ; and  as  the  eye  departs  from  the  lens,  its  apparent 
magnitude  will  decreafe. 

If  the  objedt  ABC  continues  in  the  fame  place,  or  does  not  change  its  diftance  BI 
from  the  lens,  the  la  ft  image  DF  will  (by  Prop.  XXVII.)  remain  at  the  fame  diftance 
El:  therefore  the  real  diameter  of  DF  (by  Prop.  XXXIII.)  will  be  invariable,  wherever 
the  eye  is  placed.  If  the  eye  be  at  the  vertex  of  the  lens  I,  the  apparent  diameters  of  the 
laft  image  DEF,  feen  through  the  lens,  and  that  of  the  objectjeln  with  the  naked  eye, 

are  manifeftly  the  fame.  Both  thofe  apparent  diameters  decreafe  as  the  eye  recedes  from 
the  lens  towards  O ; but  the  apparent  diameter  of  the  laft  image  decreafes  in  the  inverfe 
ratio  of  OE  to  IE,  and  that  of  the  objedt  in  the  inverfe  ratio  of  OB  to  IB/  But  OE  has  a 
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iefs  ratio  to  IE  than  OB  to  IB  ; for  IE  and  IB  are  unequal  quantities,  of  which  IE  the 
diftance  of  the  image,  is  always  (by  Prop.  XVII.  and  VI.)  the  greater,  which  are  equally 
increafed,  but  not  proportionally  : therefore  the  apparent  diameter  of  the  image  decreafes 
flower  than  that  of  the  objedl,  as  the  eye  recedes  from  the  lens.  Confequentlv,  when 
the  eye  is  at  any  diftance  from  the  lens,  the  laft  image,  or  the  objedl  of  refracted  vifion, 
will  appear  greater  than  the  objedl  feen  by  the  naked  eye.  As  the  eye  departs  from  the 
lens,  the  apparent  magnitude  of  the  objedl,  from  what  has  been  faid,  muft  continually 
decreafe,  till  at  an  infinite  diftance  it  vanifhes. 


PROP.  LXXXIX. 

« 

If  an  objedl  feen  through  a convex  lens  is  more  remote  than  the 
principal  focus,  and  the  eye  on  the  other  fide  of  the  lens  is  nearer 
than  the  place  of  the  image,  the  objedl  appears  magnified,  and  its 
apparent  magnitude  will  be  inverfely  as  the  diftance  of  the  eye  from 
the  image. 

Suppofe  the  eye  at  the  fide  of  the  lens  GL  ; it  might  fuccefiively  fee  both  the  objedl 
and  the  image  without  looking  through  the  lens;  and  in  this  fituation  (by  Prop.  XXVIII.) 
the  real  diameter  of  the  object  is  to  that  of  the  image,  as  their  refpedtive  diftances  from 
the  lens  or  the  eye;  confequently  (by  Prop.  XXXIV.)  their  apparent  diameters  will  be 
equal.  Next,  fuppofe  the  eye  clofe  to  the  image  at  F,  E,  or  D,  the  apparent  diameter 
of  the  image  would  manifeftly  be  infinite.  Alfo  in  this  fituation  of  the  eye,  the  apparent 
diameter  of  the  objedl  would  be  infinite  ; for,  if  the  eye  be  at  F,  the  rays  from  the 
point  C are  the  only  rays  colledted  into  the  eye,  which  appear  diffufed  over  the  whole 
furface,  and  would  do  fo  if  the  lens  were  ever  fo  large : and  the  fame  would  be  true  of 
the  points  B or  A,  if  the  eye  was  at  E or  D ; that  is,  the  apparent  diameter  of  the  objedl 
feen  through  the  lens  is  infinite.  Since  then  the  objedl  and  the  image  appear  equal  when 
the  eye  is  clofe  to  the  lens,  and  that  both  appear  infinite  when  the  eye  is  clofe  to  the 
image  ; they  muft  have  increafed  equally  as  the  eye  was  moving  from  the  lens  to  the 
image,  and  their  apparent  diameters  muft  always  have  been  equal.  Hence,  the  objedl  in 
every  ftation  of  the  eye  when  it  does  not  touch  the  lens  is  magnified.  And  becaufe  the 
apparent  diameter  of  the  objedl  feen  through  the  lens  is  every  where  equal  to  that  of  the 
image,  and  that  of  the  image  (by  Prop,  XXXI.)  inverfely  as  the  diftance  of  the  eye  from 
the  pidlure,  the  apparent  diameter  of  the  objedl  feen  through  the  lens,  is  inverfely  as  the 
diftance  of  the  eye  from  the  image. 
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PROP.  XC. 

If  an  objedt  feen  through  a convex  lens  is  placed  in  the  principal 
focus,  its  apparent  magnitude  will  not  be  altered  by  withdrawing 
the  eye  from  the  lens. 

Since  in  this  cafe  the  rays  from  the  objedt  come  parallel  to  the  eye,  both  the  imaginary 
radiants  and  the  image  (by  Prop.  XVII.)  are  infinitely  diftant.  Therefore  the  apparent 
magnitude  of  the  object  cannot  be  diminifhed  by  receding  from  the  imaginary  radiants, 
nor  increafed  by  approaching  to  the  image,  but  will  always  remain  the  fame. 

PROP.  XCI. 

If  a convex  lens  is  moved  whilft  the  eye  and  objedt  remain  fixed, 
the  apparent  magnitude  of  the  objedt  will  increafe,  till  the  lens  is 
at  the  middle  point  between  them,  after  which  it  will  decreafe  till 
the  lens  reaches  the  objedt;  provided  the  eye  is  never  farther  from 
the  lens  than  the  place  of  the  image. 

When  the  lens  is  at  either  extreme  (by  Prop.  LXXXIV.)  the  objedt  is  not  magnified; 
but  between  the  extremes  (by  Prop.  LXXXVIII.  and  LXXXIX.)  it  is  magnified;  there- 
fore when  it  is  equally  diftant  from  the  two  extremes,  it  is  moft  magnified,  and  muft 
increafe  in  its  apparent  magnitude  as  the  lens  moves  from  the  eye  towards  the  middle 
ftation,  and  decreafe,  as  it  moves  from  that  middle  ftation  towards  the  objedt. 

PROP.  XCII. 

The  apparent  magnitude  of  an  objedt,  feen  through  a concave  lens, 
decreafes  as  the  eye,  or  the  objedt,  departs  from  the  lens. 

If  the  eye  touches  the  vertex  of  the  lens  I,  the  apparent  diameters  of  the  objedt  and 
the  laft  image  are  equal.  As  the  eye  recedes  from  the  lens,  its  diftance  both  from  the 
objedt  ABC  and  laft  image  DEF  increafes,  and  confequently,  the  apparent  magnitude  of 
both  decreafes.  But  the  diftance  IE  from  the  laft  image  increafes  fafter  than  the  diftance 
IB  from  the  objedt,  as  was  fhewn  in  Prop.  LXXXVIII.  Therefore  (by  Prop.  LXIX.) 
the  apparent  diameter  of  the  laft  image,  or  the  objedt  of  refradted  vifion,  is  diminifhed 
as  the  eye  recedes  from  the  lens,  more  than  that  of  the  objedt  feen  by  the  naked  eye. — 
Again,  as  the  objedt  departs  from  the  lens,  the  image  departs  with  it;  whence  its  vifible 
diameter  decreafes. 
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PRO  P.  XCIII. 

When  the  eye  and  objedt  are  fixed,  if  a concave  lens  be  moved 
from  the  eye,  the  apparent  magnitude  of  the  objedt  will  decreafe 
till  it  reaches  the  middle  point  between  them,  and  increafe  as  it 
moves  on  towards  the  objedt. 

When  the  lens  is  at  each  extreme,  the  apparent  magnitude  of  the  objedt  feen  through 
the  lens  (by  Prop.  LXXXIV.)  is  the  fame  as  when  feen  with  the  naked  eye.  In  all  other 
flations  of  the  lens,  the  objedt  appears  diminifhed  : therefore  it  muff  appear  molt  of  all 
diminifhed  when  the  lens  is  in  the  middle  flation,  and  it  muff  decreafe  whilff  it  is  ap- 
proaching to  that  flation,  and  increafe  whilfl  it  is  departing  from  thence  towards  the 
objedt. 

Exp.  View  a candle  through  a convex  or  concave  lens,  in  the  manner  defcribed  Prop. 
XL1I.  varying  the  pofition  of  the  objedt,  or  lens,  according  to  the  preceding  Propofitions, 
from  Prop.  LXXXIV. 

PROP.  XCIV. 

Convex  lenfes  afiift  the  fight  of  thofe  perfons  whofe  eyes  are  not 
fufficiently  convex,  and  concave  lenfes,  that  of  thofe  whofe  eyes 
are  too  convex. 

For  convex  lenfes  enable  the  former  to  bring  the  rays  from  objedts  to  a focus  nearer 
to  the  chryflalline  than  can  be  done  by  their  eyes  3 and  concave  lenfes  enable  the  latter 
to  bring  the  rays  to  a focus  at  a greater  diftance;  and  thus  to  produce  a diflindt  image 
upon  the  retina. 


SECT.  III. 

V. 

Of  Vision  as  affeffied  by  Reflection. 

PROP.  XCV. 

If  a plane  mirror  and  the  objedt  feen  in  it  are  both  perpendicular 
to  the  horizon,  the  objedt  appears  eredt. 

The  objedt  DE,  and-  the  mirror  AB,  being  both  perpendicular  to  the  horizon,  the 
lines  DI,  EZ,  in  which  (by  Prop.  LVII.)  the  highefl  and  the  lowefl  points  of  the 

objedt 


Plate 

Fig. 


190 


O F 


O P T I C S. 


Book  IV. 


object  appear,  being  both  perpendicular  to  the  furface  AB,  are  parallel  to  each  other,  and 
do  not  meet.  Therefore  the  line  DI,  which  is  highefl  at  the  objedt,  is  alfo  highed  at  the 
image,  and  EZ  will  be  lowed:  at  both  ; therefore  the  image  is  not  inverted  with  refpedt 
to  the  objedt;  and  each  point  of  the  image  LM  (by  Prop.  LIV. ) is  equally  diftant 
from  the  furface  of  the  mirror  with  its  correfponding  point  in  the  objedt  DE  : therefore 
LM,  DE,  are  parallel,  (El.  1.  30.)  and  fince  the  objedt  is  erecd,  the  image  will  be  fo  too. 

t 

PROP.  XCVL 

When  the  objed  is  parallel  to  a plane  mirror,  the  length  or  breadth 
of  that  part  of  the  mirror  upon  which  the  image  appears,  is  to  the 
length  or  breadth  of  the  objed,  as  any  reflected  ray  is  to  the 
paffage  of  refiedion. 


Plate  7, 
Fig.  7. 


If  the  objedt  DE  is  parallel  to  the  mirror  AB,  and  the  image  LM  is  feen  by  the  eye  at 
C,  then  FN,  the  length  of  that  part  of  the  mirror  which  is  taken  up  by  the  image,  fub- 
tends  the  angle  LCM,  under  which  the  image  appears.  For  fince  all  the  vifible  length 
of  the  image  is  manifeddy  included  within  the  angle  LCM,  there  cannot  be  more  of 
the  mirror  taken  up  by  that  vifible  length,  that  is  included  within  the  fame  angle. 
Now  the  length  of  the  image  LM  is  equal  (by  Prop.  LX.)  to  the  length  of  the  object 
DE.  And  (El.  VI.  2.)  FN  is  to  LM,  as  FC  to  CL,  or  (by  Prop.  LIX.)  CFD  ; 
that  is,  the  length  of  that  part  of  the  mirror  which  is  taken  up  by  the  image  is  to 
the  length  of  the  image,  or  (by  Prop.  LX.)  the  length  of  the  objedt,  as  any  refledted 
ray  is  to  the  paffage  of  refiedtion  of  that  ray.  In  the  fame  maimer  it  may  be  fhewn, 
that  the  breadth  of  that  part  of  the  mirror  taken  up  by  the  image,  is  to  the  breadth  of  the 
objedt  in  the  fame  ratio. 

Cor.  Plence,  in  plane  mirrors  the  object,  and  the  part  of  the  furface  on  which  it 
appears,  are  fimilar. 


P R O P.  XCVIL 

If,  at  a certain  diftance  from  the  mirror,  the  whole  objed  cannot 
be  feen  by  refiedion,  the  whole  will  become  vifible  either  by  bring- 
ing the  eye  nearer  to  the  mirror,  or  removing  the  objed  farther 
from  it. 

For  (by  Prop.  XCVL)  the  lefs  the  ratio  of  the  rededted  ray  is  to  the  pafiage  of  re- 
fiedtion, fo  much  the  lefs  will  be  the  ratio  of  the  length  of  that  part  of  the  mirror  on 
which  the  whole  objedt  will  appear,  to  the  length  of  the  objedt.  If  therefore  the  rededted 
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ray  CF  decreafes  by  bringing  the  eye  nearer  to  the  mirror,  fince  it  is  diminifhed  fafter 
than  the  greater  quantity  DFC,  the  pafiage  of  reflexion,  when  equal  part's  are  taken  from 
each,  the  ratio  of  the  reflected  ray  CF  to  the  pafiage  of  reflexion  DFC  (El.  V.  8.) 
diminifhing^the  ratio  of  the  length  of  that  part  of  the  mirror  on  which  the  whole  objeCt 
will  be  feen  to  the  object,  is  diminiftied  ; that  is  (the  object  being  given)  the  length  of  the 
part. of  the  mirror  on  which  the  whole  object  is  feen,  will  be  d.iminifhed  : confequently, 
the  whole  objeCl,  which  at  a certain  diftance  of  the  eye  from  the  mirror  was  not  vifible, 
on  a nearer  approach  of  the  eye  may  become  vifible. 

If  the  object  DE  be  removed  farther  from  the  glafs,  the  ratio  of  the  reflected  ray  FC  to 
the  pafiage  of  reflection  DFC  will  alfo  be  diminifiied,  becaufe  DFC  will  be  increafed 
whilft  FC  remains  the  fame ; and  confequently  the  length  of  the  part  of  the  mirror  on 
which  the  whole  image  is  feen,  is  diminifiied,  and  a lefs  furface  of  glafs  is  required  in 
order  to  fee  the  whole  image. 


PROP.  XCVIII. 

If  a fpedtator  fees  himfelf  entirely  in  a plane  mirror  placed  parallel 
to  him,  the  mirror  muft  be  half  as  long  as  himfelf. 

When  a fpeCtator  is  looking  at  himfelf,  the  incident  ray  is  his  difiance  from  the  mirror, 
and  the  reflected  ray  is  equal  to  it,  and  is  the  diftance  of  the  mirror  from  him.  The 
pafiage  of  reflection  is  therefore  equal  to  twice  his  diftance  from  the  mirror;  and  confe- 
quently the  reflected  ray  is  to  the  pafiage  of  reflection  as  1 to  2 : whence  (by  Prop, 
XCVI.)  the  length  of  the  glafs,  in  which  he  can  fee  himfelf  entirely,  muft  be  to  his 
own  length  as  1 to  2,  or  the  length  of  the  glafs  muft  be  half  his  own  length. 

If  the  mirror  be  at  all  fiiorter  than  this,  the  fpeCtator  will  not  be  able  to  fee  himfelf, 
whether  he  is  nearer  to  the  glafs,  or  farther  from  it.  If  he  approaches  towards  the  glafs, 
the  objeCt,  being  himfelf,  approaches  as  faft  as  the  eye,  fo  that  though  (by  Prop.  XCVII.) 
he  might  fee  more  of  himfelf  by  the  approach,  of  the  eye,  he  will  fee  juft  as  much  lefs 
of  himfelf  on  account  of  the  approach  of  the  objeCI.  In  the  fame  manner  it  may  be 
{hewn,  that  if  he  recedes  from  the  mirror,  he  will  not  be  able  to  fee  himfelf  entirely. 

.PR  O P.  XCIX. 

Objects  perpendicular  to  the  horizon,  feen  in  a plane  mirror 
parallel  to  the  horizon,  appear  inverted. 

By  Prop.  LIV.  each  imaginary  radiant  is  at  the  fame  diftance  behind  the  mirror, 
that  the  real  radiant  is  before  it  : hence,  if  the  mirror  be  below  the  objeCt  and  the  eye, 
the  objeCt  will  have  its  loweft  part  ncareft  the  furface  of  the  mirror,  and  its  higheft  part 
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fartheft  from  it,  and  therefore  will  in  this  fituation  appear  inverted  : if  the  mirror  be 
above  the  objedt  and  the  eye,  the  objedt  will  have  its  higheit  part  neared:  the  furface, 
and  its  lowed:  part  fartheft  from  it,  and  therefore  will,  in  this  fituation  alfo,  appear  in- 
verted. 

PRO  P.  C. 

\ 

If  a plane  mirror  is  inclined  to  the  horizon  at  an  angle  of  forty-five 
degrees,  an  objedl  parallel  to  the  horizon  will  appear  ereft  in  the 
mirror,  and  an  object  perpendicular  to  the  horizon  will  appear 
parallel  to  it. 

Let  the  objedt  CD  parallel  to  the  horizon  be  feen  in  AB,  a mirror  fo  placed  as  to 
incline  to  the  horizon  in  an  angle  of  forty-five  degrees.  At  whatever  diftance  any  radiant 
C is  from  the  mirror,  at  the  fame  didance  (by  Prop.  LIV.)  is  the  correfponding  radiant 
C in  the  image,  or  CE  will  be  equal  to  rE.  In  like  manner,  DB  will  be  equal  to 
Thus  every  radiant  in  the  image  is  at  the  fame  diftance  behind  the  mirror,  as  the  objedt 
is  before  it  ; whence  the  image  ccl  makes  half  a right  angle  rBA  with  the  mirror  on  one 
fide,  whilft  the  objedt  makes  with  it  half  a right  angle  CBA  on  the  other  : whence  cBC 
is  a right  angle,  that  is,  the  image  is  perpendicular  to  the  objedt  or  horizon,  and  appears 
eredt  in  the  mirror. 

By  making  cd  the  objedt,  and  CD  the  image,  it  may  be  fhewn  in  like  manner  that 
when  the  objedt  is  eredt,  it  will  appear  pniW  in  the  mirror  parallel  to  the  horizon. 

PROP.  CT. 

If  an  objed:  is  placed  between  two  plane  mirrors  inclined  to  one 
another  at  any  angle,  feveral  images  may  be  feen. 

Let  the  objedt  F be  placed  between  the  two  plane  mirrors  CB,  CA,  making  with 
one  another  the  angle  BCA.  From  the  objedt  F,  draw  FD  perpendicular  to  the  mirror 
CA,  meeting  CA  in  K,  and  make  KD  equal  to  FK.  The  image  of  F will  (by  Prop. 
LIV.)  appear  at  D.  In  like  manner,  if  FG  be  drawn  perpendicular  to  CB,  the 
objedt  will  be  feen  in  G,  as  far  behind  the  mirror  as  F is  before  it.  Thus  two  images 
of  the  fame  objedt,  but  of  different  lides  or  furfaces  of  it,  will  be  feen. 

Again,  fince  fome  of  the  rededted  rays,  which  diverge  from  the  image  D in  all  diredtions 
fall  upon  the  oppofite  mirror  CB,  the  image  D may  be  confidered  as  an  objedt  placed 
before  the  mirror  CB  : and  confequently,  when  the  rays  which  diverge  from  D are 
rededted  from  CB,  if  DHE  be  drawn  perpendicular  to  CB,  and  if  EH  is  taken  equal 
to  HD,  thefe  rededted  rays  will  (by  Prop.  LVIII.)  reprefent  the  image  of  D at  E, 


as 


Chap.  IV. 


O F 


VISION. 


193 


as  far  behind  the  mirror  as  D is  before  it.  In  like  manner,  fome  of  the  rays  from  this 
fecond  image  E will  fall  upon  the  mirror  CA,  and  the  image  of  E,  or  a third  image  of 
the  objedl,  will  appear.  And  thus,  as  long  as  the  image  reprefented  in  one  mirror 
is  before  the  other,  fo  long  a new  image  of  the  laft  image  will  be  produced.  And  all 
thefe  images,  beginning  from  CA,  and  being  fucceftive  reprefentations  of  D,  will  be 
images  of  the  fide  of  the  objedt  F towards  CA.  Befides  thefe,  there  will  be  another  fet 
of  images  beginning  from  CB,  which  will  be  formed  in  the  fame  manner  and  reprefent 
the  fide  of  the  objedt  towards  CB,  the  firft  of  which  will  be  G,  and  the  fecond  L. 

PROP.  CII. 

The  images  which  appear  in  two  plane  mirrors  inclined  to  one 
another,  are  in  the  circumference  of  a circle,  the  radius  of  which 
is  the  diftance  of  the  objedl  from  the  vertex  of  the  angle  contained 
between  the  mirrors. 

\ 

Since  FK  is  equal  to  IvD,  KC  common,  and  the  angles  at  K right  angles,  CF,  the 
diftance  of  the  objedt  from  the  vertex  of  the  angle  made  by  the  inclination  of  the  mirrors 
to  one  another,  is  (El.  I.  4.)  equal  to  CD.  In  like  manner  it  may  be  proved  that  CE 
is  equal  to  CD.  Therefore  CF  and  CE  are  equal  to  one  another.  Thus  all  the  ftraight 
lines  drawn  from  C to  G,  L,  or  any  other  image  in  the  mirrors,  may  be  proved  to 
be  equal  to  CF.  Confequently,  if  C be  made  the  center  of  a circle,  and  CF  its  radius, 
the  circumference  will  pafs  through  the  points  D,  E,  G,  L,  and  every  other  image 
which  appears  in  the  mirrors,  that  is,  all  the  images,  are  in  the  circumference  of  a circle, 
whofe  radius  is  the  diftance  of  the  objedt  from  the  vertex  of  the  angle  made  by  the 
inclination  of  the  mirrors  to  one  another. 

prop.  cm. 

If  two  plane  mirrors  are  parallel  to  one  another,  and  an  objedt  is 
placed  between  them,  innumerable  images  of  that  objedt  may  be  feen 
in  each,  {landing  in  a right  line. 

If  the  two  mirrors  CA,  CB,  were  feparated  at  C,  fo  as  to  be  lefs  inclined,  or  ^nearer 
parallel  to  one  another,  the  angle  of  inclination  being  diminifhed,  it  is  manifeft  from 
Prop.  CII.  that  the  number  of  images  will  be  increafed.  At  the  fame  time  the  circum- 
ference of  the  circle  in  which  the  images  are  placed  will  be  enlarged,  becaufe  the  vertex 
C is  farther  removed  from  F,  or  FC  is  increafed.  Confequently,  if  the  mirrors  CA,  CB, 
are  fo  far  feparated,  that  the  vertex  is  infinitely  diftant,  the  images  become  innumerable, 
and  they  are  placed  in  a ftraight  line. 
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PROP.  CIV. 

In  fpherical  mirrors,  concave  or  convex,  when  the  place  of  the 
image  is  determinate,  the  object  and  the  image  are  in  the  fame 
fituation,  if  they  are  both  on  the  fame  fide  of  the  center,  and  in 
contrary  fituation s if  they  are  on  oppofite  fides. 

Let  AFB  be  an  objedl  placed  nearer  the  concave  mirror  SGV  than  its  principal  focus, 
and  let  C be  the  center  of  concavity.  The  rays  from  A,  F,  B,  being  refledled,  will  (by 
Prop.  LII.)  diverge,  and  the  diftances  of  the  correfponding  imaginary  radiants  I,  E,  M, 
may  be  determined  by  Prop.  LVI.  The  real  and  the  imaginary  radiants  are,  in 
this  cafe,  on  the  fame  fide  of  C the  center  of  concavity.  Now,  the  imaginary  radiant 
which  correfponds  to  the  real  one  A is  (by  Prop.  LVIII.)  in  CAT  the  perpendicular 
drawn  from  A to  the  furface  ; and  the  fame  with  refpedt  to  B,  and  all  the  other  radiants. 
And  thefe  perpendiculars,  and  all  the  reft,  being  drawn  from  the  center,  do  not  crofs  each 
other  but  at  the  center  ; confequently  they  are  in  the  fame  pofition  with  refpedt  to  each 
other  at  the  object  and  the  image,  and  that  which  is  the  higheft  at  the  object  will  be  the 
higheft  at  the  image,  and  the  reverfe.  Since  therefore  (by  Prop.  LVIII.)  every  point 
of  the  objedl  appears  in  its  perpendicular  at  the  image,  the  higheft  point  in  the  objedt 
will  appear  the  higheft  in  the  image,  and  the  reverfe;  that  is,  the  objedt  and  image  will 
be  in  the  fame  fituation.  In  like  manner  it  may  be  fhewn,  that  if  the  objedt  AFB  is 
placed  before  a convex  mirror,  and  its  image  IM  is  on  the  fame  fide  of  the  center,  they 
will  be  both  in  the  fame  fituation.  If  the  objedt  AFB  is  farther  from  the  concave  mirror 
SGV  than  its  principal  focus,  and  if  M,  E,  I,  be  the  places  of  the  feveral  foci,  to  which 
the  rays  from  A,  F,  B,  (by  Prop.  L.)  will  converge,  a diftindt  image  of  the  objedt 
will  appear  upon  a paper  placed  at  M,  E,  I : and  if  the  paper  is  taken  away,  and  the  eye  is 
more  remote  from  the  mirror  than  MEI,  the  rays  will  diverge  from  thefe  foci,  and 
become  the  laft  image.  But,  becaufe  the  extreme  perpendiculars  ICH,  MCK,  in  which 
(by  Prop.  LVIII.)  the  points  A and  B will  appear,  crofs  each  other  at  the  center  C,  be- 
tween the  objedt  and  image,  A the  higheft  point  of  the  objedt  will  appear  at  I the  loweft 
point  of  the  image,  and  the  reverfe  ; that  is,  the  image  with  refpedt  to  the  objedt  will 
be  inverted,  or  they  will  be  in  contrary  fituations.  The  fame  may  be  (hewn  in  like 
manner  with  refpedt  to  the  convex  mirror. 

PROP.  CV. 

In  fpherical  mirrors,  concave  or  convex,  the  diameter  of  the  objecft 
is  to  the  diameter  of  the  image,  as  the  diftance  of  the  objedt  from 
the  center  to  the  diftance  of  the  image  from  the  center,  and  alfo  as 
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the  diftance  of  the  objed  from  the  furface  to  the  diftance  of  the 
image  from  the  furface. 

If  the  eye  is  any  where  in  the  line  FG,  or  that  line  produced,  FG  is  the  optic  axis; 
whence  the  vifible  length  of  the  objedt  AB,  and  alfo  of  the  image  IM,  is  proportional 
(as  appears  from  Prop.  LXVIII.)  to  a fubtenfe  of  the  optic  angle  perpendicular  to  I G. 
The  vifible  extenfions,  or  lengths  of  the  objedl  and  of  the  image  being  then  perpendicular 
to  the  fame  line  FG,  are  parallel  to  one  another.  Hence  in  all  the  cafes,  the  angles 
ACB,  ICM,  are  equal,  and  alfo  the  angles  CAB,  CIM.  Therefore  (El.  VI.  4.)  AB 
the  vifible  length  of  the  object  is  to  Ml  that  of  the  image,  as  AC  the  diftance  ot  the 
object  from  the  center  is  to  1C  the  diftance  of  the  image. 

Again,  fince  the  objedl  AFB  confifts  of  real  radiants,  and  the  image  MEI  of  imaginary 
radiants  when  the  rays  diverge,  and  of  foci  when  they  converge,  after  reflection  ; and  fmee 
when  they  diverge,  FG  the  diftance  of  the  objedt  from  the  furface  is  (by  Prop.  LVI.) 
to  EG  the  diftance  of  the  image  from  the  furface,  as  FC,  the  diftance  of  the  objedt  from 
the  center  is  to  EC  the  diftance  of  the  image  from  the  center;  but  (by  El.  VI.  2.)  AB 
is  to  MI,  as  FC  to  EC  : therefore  AB  is  likewife  to  MI  as  FG  to  EG,  that  is,  the 
diameter  of  the  objedl  is  to  that  of  the  image,  as  the  diftance  of  the  objedl  from  the  furface 
to  that  of  the  image  from  the  furface, 

PROP.  CVI. 

If  the  eye  is  clofe  to  a concave  or  convex  mirror,  the  apparent 
diameter  of  the  objedl  is  equal  to  the  apparent  diameter  of  the  image. 

If  the  eye  is  at  G,  the  real  diameters  of  the  objedl  AFB  and  image  MEI  are  (by  Prop. 
CV.)  its  their  refpedlive  diftances  from  the  eye.  Therefore  (by  Prop.  LXXL)  their 
apparent  diameters  will  fubtend  the  equal  angles  AIC,  DIF,  and  will  be  equal. 

♦ 

PROP.  CVIL 

If  the  eye  is  placed  in  the  center  of  a concave  mirror,  it  can  fee 
nothing  in  the  mirror  but  its  own  image. 

For  the  eye,  in  this  fituation,  is  in  the  place  of  its  own  image,  and  therefore  rays  will 
be  refledted  to  it  from  every  point  of  the  furface. 
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PROP.  CVIII. 

it 

If  an  objedt  is  nearer  to  a concave  mirror  than  its  principal  focus, 
the  image  appears  behind  the  mirror,  farther  from  the  mirror  and 
larger  than  the  objedt,  eredt,  and  diftindt. 

The  objedl  AFB  being  nearer  to  the  concave  mirror  than  the  principal  focus,  the  rays 
which  diverge  from  each  point  in  the  objedl  before  the  mirror  will  diverge  after  reflec- 
tion (by  Prop.  L.)  lefs  than  before  from  the  imaginary  radiants  M,  E?  I ; whence  the 
image  formed  by  them  will  (Prop.  VI.)  be  farther  from  the  mirror  than  the  object*  and 
confequently  (by  Prop.  CV.)  it  will  be  larger  than  the  objedl.  Becaufe  the  objedl  is 
nearer  the  mirror  than  its  principal  focus,  it  is  likewife  nearer  than  the  center;  whence 
(by  Prop.  CIV.)  the  image  will  be  eredl.  Laftly,  the  image  will  be  feen  diftindlly, 
becaufe  the  rays  from  it  diverge  as  from  objedls  at  a moderate  diftance. 

PROP.  CIX. 

If  an  objedt  touches  a concave  mirror,  the  image  will  touch  it 
likewife,  and  they  will  be  equal. 

For  the  real  radiants  being  clofe  to  the  mirror,  the  imaginary  radiants  are  fo  too;  whence 
(by  Prop*  CV.)  their  diameters  will  be  equal. 

PROP.  CX. 

If  an  objedt  is  placed  in  the  focus  of  a concave  mirror,  the  image 
is  at  an  infinite  diftance  behind  the  mirror,  larger  than  the  objedt, 
eredt,  and  diftindt. 

When  the  objedl  AFB  is  in  the  principal  focus  of  the  concave  mirror  SGV,  the 
image  is  at  an  infinite  diftance.  It  will  (by  Prop.  CV.)  be  larger  than  the  objedl,  on 
account  of  its  remotenefs.  It  will  be  feen  eredl  (by  Prop.  CIV.)  becaufe  it  is  on  the 
fame  fide  of  the  center  with  the  objedl.  And  fince  the  rays  of  each  beam  are  parallel, 
it  will  be  feen  as  diftindtly  as  the  naked  eye  fees  very  remote  objedls. 
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PROP.  CXI. 

If  the  object  is  farther  from  a concave  mirror  than  its  focus,  and 
the  eye  is  nearer  than  the  place  of  the  image,  the  objeft  will  appear 
confufed,  behind  the  mirror,  eredt,  and  magnified. 

The  rays  which  diverge  from  A,  F,  B,  in  an  object  more  remote  from  the  concave 
mfrror  SGV  than  its  focus,  will  (by  Prop.  L.)  be  colledled,  and  on  a furface  of 
white  paper  form  an  inverted  image.  If  the  eye  is  any  where  between  B and  G, 
the  rays  from  every  radiant  are  converging  when  they  come  from  the  mirror  to  the  eye, 
whence  it  will  appear  confufed,  becaufe  the  eye  is  not  accuftomed  to  fee  rays  in  this  Hate. 
The  rays  AH,  AG,  diverging  from  A,  will,  after  refle'dlion,  converge  towards  I : but 
if  the  eye  is  nearer  to  the  mirror  than  I,  the  reflected  ray  GI  will  not  crofs  its  perpen- 
dicular HI  in  any  place  before  the  eye,  fince  they  are  in  a (late  of  convergency ; confe- 
quently,  the  apparent  place  of  this,  or  any  other  point  of  the  image,  will  be  indeter- 
minate. It  will  be  feen  eredf,  becaufe  MEI,  the  inverted  image  of  the  objedt,  will 
be  drawn  inverted  on  the  retina . Laftly,  becaufe  the  rays  of  each  beam  converge  after, 
reflexion,  as  HI,  GI,  they  will  appear  to  come,  not  from  points,  but  from  circular  fpots 
larger  than  the  points  of  the  object,  the  image  will  appear  confufed,  and  be  larger  than 
the  object. 

PROP.  CXIL 

If  an  objedt  is  farther  from  a concave  mirror  than  its  principal 
focus,  and  the  eye  is  farther  from  the  mirror  than  the  place  of  the 
image,  the  image  appears  before  the  mirror,  inverted,  and  diftindt. 

Rays  coming  from  M,  E,  I,  an  object  at  a greater  diftance  than  the  principal  focus 
from  the  mirror  SGV,  will  (by  Prop.  L.)  converge  to  AFB,  and  would  paint  an  inverted 
image  upon  a furface  of  white  paper  placed  there.  From  thence  they  will  diverge, 
(the  paper  being  taken  away) ; whence,  to  the  eye  placed  any  where  beyond  AFB,  the 
image  will  appear  inverted.  And  it  will  be  feen  diftindtly,  becaufe  the  rays  come  to 
the  eye  diverging,  as  from  an  object  at  a moderate  diftance. 

Schol.  1.  The  inverted  images  of  objects  may  be  reprefented  .in  a dark  room  by 
a concave  mirror,  which  receives  rays  palling  from  external  objedts  through  a hole  in  a 
window-lhutter,  and  colledts  them  into  a focus  on  a furface  of  white  paper. 

Schol.  2.  A concave  mirror,  colledting  the  parallel  rays  of  the  fun  into  a focus, 
will  adt  as  a burning  glafs. 
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PROP.  CXIII. 

When  an  objeft  is  placed  before  a convex  mirror,  its  image  appears 
behind  the  mirror,  nearer  the  mirror,  and  lefs  than  the  objedlr, 
diftindl,  and  eredt. 

If  AFB  is  an  object  placed  before  the  convex  mirror  SGV,  the  rays  which  before 
reflection  diverge  from  A,  F5  B,  will  (by  Prop.  LVI1I.)  after  reflection  diverge  from'as 
many  radiants  I,  E,  M,  behind  the  mirror,  forming  the  image.  And  becaufe  the  reflected 
rays  (by  Prop.  LII.)  diverge  more  than  the  incident  ones,  the  image  IM  (by  Prop-  VI.) 
will  be  nearer  the  mirror  than  the  real  radiants,  or  object  AFB  : whence  (by  Prop.  CV.) 
the  image  will  be  lefs  than  the  object.  And  becaufe  the  reflected  rays  come  to  the  eye 
in  a ftate  of  divergency,  the  image  will  be  feen  as  diftinctly  as  any  vifible  object,  feen  by 
fuch  diverging  rays,  at  the  fame  diftance.  Laftly,  if  the  object  AFB  were  at  an  infinite 
difiance  from  the  mirror,  the  rays  proceeding  from  any  point  in  it  would  fall  parallel 
upon  the  mirror,  and  therefore  would  upon  reflection  form  the  image  in  the  principal 
focus,  that  is,  in  the  middle  point  between  G and  C,  or  on  the  fame  fide  of  C with  the 
object;  whence  (by  Prop.  CIV.)  it  would  be  erect.  At  any  finite  diftance  of  the  object, 
the  image,  being  ftill  nearer  the  furface,  muft  therefore  be  erect. 


PROF.  CXIV. 

When  either  the  eye  or  the  objeft  departs  from  a convex  mirror, 
the  apparent  diameter  of  the  image  decreafes. 

If  the  object  AFB  continues  in  its  place,  the  image  IM  will  (by  Prop.  LVI.)  be 
always  at  the  fame  diftance  from  the  mirror;  and  (by  Prop.  CV.)  the  real  diameter  will 
be  invariable  : confequently  (by  Prop.  LXIX.)  the  apparent  diameter  of  the  image  will  be 
inverfely  as  the  diftance  of  the  eye. 

If  the  object  AFB  departs  from  the  mirror,  the  ratio  of  FG,  the  diftance  of  the  object, 
to  GE,  that  of  the  image,  (El.  V.  8.)  will  increafe  : whence  (by  Prop.  CV.)  the  ratio 
of  the  diameter  of  the  object  to  that  of  the  image  will  likewife  increafe,  that  is,  the  image 
will  become  lefs  with  refpect  to  the  object : but,  the  eye  remaining  in  the  fame  place, 
the  apparent  diameter  of  the  image  will  (by  Prop.  LXX.)  be  as  its  real  diameter  : confe- 
quently, the  apparent  diameter  will  decreafe. 

Exp.  The  Propofitions  in  this  fection  may  be  confirmed,  by  placing  an  object  before 
a Plane,  Concave,  or  Convex  Mirror,  according  to  the  terms  of  the  refpective  Propofitions. 


CHAR 


Chap.  V. 


O F 


COLOURS.. 


J99 


C H A P.  V. 

i 

Of  COLOU  RS. 

SECT.  I. 

Of  the  different  Refrangibility  of  Light. 

Def.  XXV.  Rays  of  light  are  differently  refrangible,  when  at  the 
fame  or  equal  angles  of  incidence,  fome  are  more  turned  out  of  the 
way  than  others. 

i '•  • • 

D ef.  XXVI.  Rays  are  differently  reflexible,  when  fome  are  more 
eafily  reflected  than  others. 

Def.  XXVII.  Light  is  called  homogeneous , when  all  the  rays  are 
equally  refrangible ; and  heterogeneous , when  fome  rays  are  more 
refrangible  than  others. 

Def.  XXVIII.  The  Colours  of  homogeneous  rays,  are  called 
.primary  or  Jimple  colours ; thofe  of  heterogeneous,  fecondary  or  mixed . 

PROP.  CXV. 

The  rays  of  the  fun  are  not  all  equally  refrangible ; and  thofe  rays 
which  have  a different  degree  of  refrangibility,  have  likewife  a 
different  colour. 

If  a beam  of  light  SF  from  the  fun  pafTes  into  a dark  room  through  F a round  hole  in  Plate  7. 
a window-fhutter  EG,  and  is  received  upon  a white  furface,  a white  round  image  will  '5*  ~4* 
be  feen.  If  a glafs  prifm,  ABC  is  fo  placed  as  to  receive  the  beam  of  light,  the  rays  of 
this  beam,  from  their  refraction  in  palling  through  the  prifm,  will  be  turned  upwards,  and 
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Plate  7. 
Fig.  27. 


Plate  7. 
Fig.  25. 


Plate  7. 
Fig.  26. 


the  refracted  image  PT  will  be  oblong,  having  its  breadth  equal  to  the  diameter  of  the 
circular  picture  O.  If  all  the  rays  were  equally  refradled  upwards,  it  is  manifeft  that  fuch 
a refradlion  would  not  change  the  form  of  the  pidture.  Since  therefore  the  refradled 
image  is  oblong,  it  mud  be  formed  by  rays  differently  refrangible,  which  fall  with  equal 
angles  of  obliquity  upon  BC  the  firft  fide  of  the  prifm,  but  are  fome  of  them,  in  refradlion, 
turned  more  out  of  the  way  than  others  ; thofe  rays  which  go  to  P,  the  upper  part  of  the 
image,  being  moft  refrangible,  and  thofe  which  go  to  T,  the  lower  part,  being  leaf! 
refrangible. 

This  oblong  image  is  of  different  colours  in  different  parts  ; the  whole  image  being 
made  up  of  rays  of  feven  different  colours,  in  the  following  order,  beginning  with  thofe 
which  are  moft  refrangible;  violet,  indigo,  blue,  green,  yellow,  orange,  red.  This 
refradted  pidture  confifts  of  feveral  round  pidlures  fo  near  each  other,  that  each  higher  circle 
mixes  in  part  with  that  below  it,  whence  the  colours  near  the  upper  and  lower  edge  of 
each  circle  are  blended.  The  Tides  of  thefe  circles  being  very  near  to  each  other  appear 
like  right  lines. 

Exp.  i.  Obferve  the  prifmatic  image  formed  by  the  refradlion  of  the  rays  in  palling 
through  a Tingle  prifm. 

2.  To  Teparate  the  feveral  colours  as  much  as  poffible,  make  the  hole  F in  the 
window-fhutter  very  fmall,  and  colled!  the  rays  which  pafs  through  it,  into  a focus  L, 
by  a convex  lens  MN.  Let  the  rays  which  have  paffed  through  the  lens  be  now  re- 
ceived upon  a prifm  placed  near  the  lens ; the  rays  will  be  refradled  upwards  into  an 
oblong  image. 

3.  To  prove  that  the  prifmatic  image  is  produced  by  the  different  refrangibility  of  the 
rays,  and  by  no  other  caufe,  let  a fecond  prifm  DH  be  placed  beyond  the  firft  abc,  at 
right  angles  to  it.  The  rays  palling  through  this  fecond  prifm  are  refradled  Tideways  ; 
thofe  which  were  moft  refradted  upwards  by  the  firft  prifm,  are  moft  refradled  Tideways 
by  the  fecond ; but,  the  rays  not  being  fpread  in  breadth,  the  image  remains  of  the 
fame  form. 


PRO  P.  CXVI. 

f * “ "f  * W • ; .*  , >• 
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Thofe  rays  of  light  which  are  moft  refrangible*  are  alfo  moft 
reflexible. 

. * i i l . / i j'  ,•  > .•  - * - • * • i ■ » - i _ ! , 1 . „ ■ „ 

If  the  beam  of  light  palling  through  F falls  upon  a prifm  ABC,  whofe  Tides  AC,  AB, 
are  equal,  and  the  angle  at  A a right  angle;  when  the  obliquity  of  thefe  rays,  as  they  are 

to 


Chap.  V. 


O F 


COLOURS. 


201 


\ 


to  pafs  out  of  the  prifm  at  its  bafe  BC,  is  lefs  than  40  degrees,  the  greateft  part  of  the 
beam  will  pafs  through,  but  fome  rays  will  be  refle£led  at  the  furface  BC.  Thofe  rays 
which  pafs  through  the  bafe  (by  Prop.  CXV.)  form  an  oblong  coloured  image  at  HG, 
between  the  moft  refrangible  ray  MH,  and  the  lead  refrangible  ray  MG.  If  the  rays 
which  are  reflected  from  M are  made  to  pafs  through  another  prifm  XYV,  they  will 
alfo  form  a faint  oblong  coloured  image  pt.  Now,  if  the  prifm  ACB  is  turned  flowly 
round  upon  its  axis  in  the  direction  ACB,  the  obliquity  of  the  rays  FM  to  the  bafe  BC, 
will  continually  increafe,  till  all  the  rays  will  be  refledled  at  M.  Confequently,  the 
image  pt  will  become  much  brighter  than  before.  And  this  total  reflection  will  not  be 
produced  at  once,  but  the  moft  refrangible  rays  MH  will  be  firft  entirely  reflected  5 
for  the  violet  colour  in  HG  will  firft  difappear,  and  the  fame  colour  at  p will  firft:  become 
brighter.  In  like  manner,  as  the  prifm  ABC  is  turned  round,  each  different  fort  of 
ray  will  be  reflected  fooner,  as  it  has  a greater  degree  of  refrangibility.  Hence  it  appears, 
that  the  rays  of  the  fun  have  different  degrees  of  reflexibilitv,  and  that  thofe  which  are 
moft  refrangible  are  alfo  moft  reflexible. 

PROP.  CXVIL 

Homogeneous  light  is  refraCled  regularly  without  any  dilatation 
of  the  rays. 

Exp.  When  the  rays  of  any  colour  in  the  oblong  image,  as  green,  are  feparated  from 
the  reft,  in  the  manner  defcribed  in  Prop.  CXV.  if  fome  of  thefe  rays  are  tranfmitted 
through  a fmall  hole  in  a thin  board,  and  refradled  by  a prifm  placed  in  the  other  fide, 
the  image  formed  by  thefe  rays  after  refra&ion  will  not  be  oblong,  but  circular. 


PROP.  CXVIIL 

The  confufed  appearance  of  objects  feen  through  refracting  bodies, 
is  owing  to  the  different  refrangibility  of  light. 

Exp.  Small  objects  placed  in  a fun  beam  and  viewed  through  a prifm,  will  be  feen  con«* 
fufedly  ; but  if  they  are  placed  in  a beam  of  homogeneous  light  feparated  by  a prifm, 
they  will  appear  as  diftindt  through  a prifm,  as  when  viewed  by  the  naked  eye. 

Schol.  1.  Although  the  13th  Propofition  (in  which  it  was  fhewn  that  when  a ray 
of  the  fun  is  pafling  out  of  one  medium  into  another,  the  ratio  of  the  fine  of  incidence  to 
the  refradted  fine  will  not  be  changed  by  changing  the  obliquity  of  the  incident  ray) 
proceeds  upon  the  luppofition  that  all  rays  are  equally  refrangible,  and  therefore  is  not 
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exactly  true  ; the  demonflration  is  flridlly  applicable  to  any  one  fort  of  rays,  as  the  red 
ones,  which  are  equally  refrangible. 

Schol.  2.  Since,  all  other  circumflances  being  equal,  the  fame  caufe,  namely,  the 
palling  of  the  rays  out  of  one  given  medium  into  another,  will  turn  the  violet  rays  more 
out  of  the  way  than  the  red  rays;  the  attracting  force  which  adts  upon  both  being  the 
fame,  it  is  probable  that  any  fingle  ray  of  the  lead:  refrangible  fort  contains  a greater 
quantity  of  matter  than  any  fingle  ray  of  the  moft  refrangible  fort. 

PRO  P.  CXIX. 

The  colours  of  homogeneous  light  can  neither  be  changed  by 
refraction  nor  reflection. 

Exp.  1.  Let  a beam  of  homogeneous  light  pafs  through  a round  hole  in.  a pafteboard, 
and  then  be  refradled  by  a prifm  on  the  other  fide,  the  colour  of  the  rays  will  remain  the 
fame. 

2.  Red  lead,  viewed  in  homogeneous  red  light,  will  be  red,  but  if  placed  in  green,  or 
any  other  homogeneous  light,  it  will  take  the  colour  of  the  rays  which  fall  upon  it. 

PROP.  CXX. 

The  whitenefs  of  the  fun’s  light  arifes  from  a due  mixture  of  all 
the  primary  colours. 

Exp.  If  the  oblong  pidlure  PT  fall  upon  the  convex  lens  MN,  the  rays,  which  were 
feparated  at  PT,  will,  by  palling  through  the  lens,  be  colledted  into  a focus  at  G,  and  form 
a round  image  of  the  fun  upon  a piece  of  paper  DE.  This  image  formed  of  all  the  pri- 
mary forts  of  rays,  is  white.  That  the  whitenefs  of  the  image  is  owing  to  the  due  mixture 
of  all  the  forts  of  rays,  appears  from  hence,  that,  if  any  of  the  colours  be  intercepted  at 
the  lens,  the  image  lofes  its  whitenefs.  The  paper  being  removed  from  BE  to  de9  the  rays, 
having  crofled  at  G,  will  form  the  prifmatic  image  tp , inverted,  but  diftindl ; from  whence 
it  appears,  that  the  colours  are  not  changed  by  being  mixed  at  the  focus. 

PROP.  CXXI. 

The  colours  of  all  bodies  are  either  the  fimple  colours  of  homo- 
geneous light,  or  fuch  compound  colours  as  arife  from  a mixture 
of  homogeneous  light. 
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Each  fort  of  light  having  a peculiar  colour  of  its  own,  which  no  refradtion  or  reflexion 
can  alter,  fince  bodies  appear  coloured  only  by  reflected  light,  their  colours  can  be  no 
other  than  the  colour  of  fome  Tingle  homogeneous  light,  or  of  a mixture  of  different 
forts  of  light. 

PROP.  CXXIL 

Water,  air,  glafs,  or  any  other  tranfparent  fubftance,  when  drawn 
into  thin  plates,  become  coloured. 

Exp.  1.  If  a foap-bubble  be  blown  up,  and  fet  under  a glafs  that  the  motion  of  the 
air  may  not  affedl  it,  as  the  water  glides  down  the  Tides  and  the  top  grows  thinner, 
feveral  colours  will  fucceflively  appear  at  the  top,  and  fpread  themfelves  from  thence  in 
rings  down  the  Tide  of  the  bubble,  till  they  vanifh  in  the  Tame  order  in  which  they  ap- 
peared. At  laft  a black  Tpot  appears  at  the  top,  and  Tpreads  till  the  bubble  burfls. 

2.  If  a piece  of  plane  polifhed  glafs  is  placed  upon  the  objedt  glafs  of  a long  telefcope^ 
and  the  interval  between  them  is  filled  up  with  water,  as  the  glaffes  are  preffed  together 
the  fame  colours  arife  at  the  point  of  contadl,  and  fpread  themfelves  in  circular  rings 
round  that  point  in  the  fame  order  as  in  the  foap-bubble. 

Schol.  The  opacity  of  bodies  is  owing  to  the  numerous  reflections  and  refradlions 
which  rays  of  light  fuffer  within  the  bodies. 

Almoft  all  natural  bodies  are  tranfparent,  if  made  exceedingly  thin,  or  reduced  to 
very  Tmall  particles.  Hence  it  appears,  that  every  Tingle  particle  tranfmits  light,  or  is 
tranfparent ; and  confequently,  that  the  whole  would  tranfmit  light,  unlefs  the  rays* 
when  they  are  to  pafs  through  all  the  particles  which  make  up  the  whole,  were  To  turned 
out  of  the  way  by  innumerable  refradlions  and  refledlions,  as  to  be  flopped  in  their 
pa  flag  e. 

The  medium  with  which  the  pores  of  opaque  bodies  are  filled,  is  not  of  the  Tame 
denfity  with  the  particles  of  thofe  bodies.  For  the  light  would,  in  that  cafe,  be  neither 
refradted  nor  refledled  in  pafling  out  of  the  particles  into  the  interflices,  and  the  body 
would  be  tranfparent. 

Exp.  Paper  wetted  with  water  or  oil  is  more  tranfparent  than  when  dry,  becaufe  the 
pores  are  then  filled  with  a fluid  nearly  of  the  Tame  denfity  with  the  paper. 
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PROP.  CXXIII. 

When  the  rays  of  the  fun  fall  upon  a drop  of  rain  and  enter  into 
it,  fome  of  them,  after  one  refledlion  and  two  refradtions,  may  come 
to  the  eye  of  a fpedtator,  whofe  back  is  towards  the  fun,  and  his  face 
towards  the  drop. 

If  the  fun  fhines  upon  XY,  a drop  of  rain,  in  any  lines  SF,  SD,  SA,  &c.  the  greateft 
part  of  the  rays  will  enter  the  drop,  and  palling  on  to  the  fecond  furface,  will  be  trans- 
mitted through  the  drop.  But  at  PG  in  the  fecond  furface  fome  few  rays  will  be 
reflected,  and  proceed  in  fome  fuch  lines  as  NR,  NQ_;  and  coming  out  of  the  drop  in 
the  lines  RV,  QT,  they  may  fall  upon  the  eye  of  a fpedtator,  placed  in  thofe  lines  with 
his  face  towards  the  drop.  Thefe  rays  are  refradted  when  they  enter  the  drop,  reflected 
from  the  fecond  furface,  and  again  refradted  when  they  come  out  of  the  drop. 

Def.  XXIX.  When  rays  of  light  refledted  from  a drop  of  rain 
come  to  the  eye,  thofe  rays  which  excite  a perception  of  light,  are 
called  effectual. 


PROP.  CXXIY. 

When  rays  of  light  come  out  of  a drop  of  rain,  they  will  not  be 
effedtual,  unlefs  they  are  parallel  and  contiguous. 

Mod:  of  the  rays,  which  enter  the  drop  between  X and  A,  paffing  out  of  the  hinder 
furface  between  P and  G,  only  a few  rays  are  refledted,  and  come  out  of  the  drop  through 
the  nearer  furface  between  A and  Y.  Now  of  thefe,  only  the  rays  which  are  parallel  to 
one  another  will  be  effedtual,  becaufe  if  they  diverge  they  will  be  fo  far  afunder  when 
they  come  to  the  eye,  that  only  a very  few  of  them  can  enter  the  pupil,  and  no  perception 
of  colours  will  be  excited.  Alfo,  unlefs  feveral  parallel  rays  be  very  near  each  other,  the 
rays  will  be  too  few  to  create  any  perception. 
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PROP.  CXXV. 

When  rays  of  light  come  out  of  a drop  of  rain  after  one  reflection, 
thofe  will  be  effectual  which  are  reflected  from  the  fame  point,  and 
entered  the  drop  near  one  another.  ' 

Any  rays  AB,  CD,  when  they  have  palled  out  of  the  air  into  a drop  of  water,  will  be 
refradted  towards  the  perpendiculars  BL,  DL,  by  Prop.  XI.  And  as  the  ray  AB  falls 
farther  from  the  axis  than  the  ray  CD,  AB  will  be  more  refradted  than  CD  : fo  that 
thefe  rays,  though  parallel  to  one  another  at  their  incidence,  may  defcribe  the  lines  BE, 
DE,  after  refradtion,  and  be  both  of  them  refledted  from  one  and  the  fame  point  E.  Now 
all  rays,  which  are  thus  refledted  from  one  and  the  fame  point,  when  they  have  defcribed 
the  lines  EF,  EG,  and  after  refledtion  emerge  at  F and  G,  will  be  fo  refradted,  when  they 
pafs  out  of  the  drop  into  the  air,  as  to  defcribe  the  lines  FH,  GI,  parallel  to  one  another. 
If  thefe  rays  were  to  return  from  E in  the  lines  EB,  ED,  and  were  to  emerge  at  B and  D, 
they  would  be  refracted  into  the  lines  of  their  incidence  BA,  DC,  (by  Prop.  XII.)  But 
if  thefe  rays,  inflead  of  being  returned  in  the  lines  EB,  ED,  are  reflected  from  the  fame 
point  E in  the  lines  EG,  EF,  the  lines  of  refledtion  EG  and  EF  will  be  inclined  both 
to  one  another  and  to  the  furface  of  the  drop,  juft  as  much  as  the  lines  EB  and  ED 
are.  Firft,  EB  and  EG  make  juft  the  fame  angle  with  the  furface  of  the  drop;  for  the 
angle  BEX,  which  EB  makes  with  the  furface  of  the  drop,  is  the  complement  of  inci- 
dence, and  the  angle  GEY,  which  EG  makes  with  the  furface,  is  the  complement  of 
refledlion  ; and  thefe  two  are  equal  to  one  another,  by  Prop.  XLV.  In  the  fame  manner 
we  might  prove  that  ED  and  EF  make  equal  angles  with  the  furface  of  the  drop. 
Secondly,  the  angle  BED  is  equal  to  the  angle  FEG,  or  the  refledted  rays  EG,  EF, 
and  the  incident  rays  BE,  DE,  are  equally  inclined  to  each  other.  For  the  angle  of 
incidence  BEL  is  equal  to  the  angle  of  refledlion  GEL,  and  the  angle  of  incidence  DEL 
is  equal  to  the  angle  of  refledlion  FEL,  by  Prop.  XII.  Consequently,  the  difference 
between  the  angles  of  incidence  is  equal  to  the  difference  between  the  angles  of  refledlion, 
or  BEL  — DEL  is  equal  to  GEL — FEL,  or  BED  to  GEF.  Since  therefore  either  the  lines 
EG,  EF,  or  the  lines  EB,  ED,  are  equally  inclined  both  to  one  another  and  to  the 
furface  of  the  drop,  the  rays  will  be  refracted  in  the  fame  manner,  whether  they  were 
to  return  in  the  lines  EB,  ED,  or  are  refledted  in  the  lines  EG,  EF.  But  if  they  were 
to  return  in  the  lines  EB,  ED,  the  refradtion,  when  they  emerge  at  B and  D,  would 
make  them  parallel.  Therefore  if  they  are  refledted  from  one  and  the  fame  point  E in 
the  lines  EG,  EF,  the  refradtion,  when  they  emerge  at  G and  F,  will  likewife  make  them 

Farther,  in  order  to  render  the  rays  which  emerge  at  F and  G effedtual,  they  muft  not 
only  emerge  in  a diredtion  parallel  to  each  other,  but  muft  enter  the  drop  nearly  at  the 
fame  place. 
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Let  XY  be  a drop  of  rain,  AG  the  axis  or  diameter  of  the  drop,  and  SA  a ray  of  light, 
that  comes  from  the  fun  and  enters  the  drop  at  the  point  A.  This  ray  SA,  becaufe  it  is 
perpendicular  to  both  the  furfaces,  will  pafs  Rraight  through  the  drop  in  the  line  AGH 
without  being  refradted,  by  Prop.  XIV.  But  any  collateral  rays  that  fall  about  SB,  as 
they  pafs  through  the  drop,  will  be  made  to  converge  to  their  axis,  and  pafling  out  at  N 
will  meet  the  axis  at  H,  by  Prop.  XI.  Rays  which  fall  farther  from  the  axis  than  SB, 
fuch  as  thofe  which  fall  about  SC,  will  likewife  be  made  to  converge;  but  then  their  focus 
will  be  nearer  to  the  drop  than  H,  by  Prop.  XI.  Suppofe  therefore  I to  be  the  focus 
to  which  the  rays  that  fall  about  SC  will  converge;  any  ray  SC,  when  it  has  defcribed  the 
line  CO  within  the  drop,  and  is  tending  to  the  focus  I,  will  pafs  out  of  the  drop  at  the 
point  O.  The  rays,  that  fall  upon  the  drop  about  SD  more  remote  Rill  from  the  axis,  will 
converge  to  a focus  Rill  nearer  than  I,  fuppofe  at  K,  by  Prop.  XXI.  note.  Thefe  rays 
therefore  go  out  of  the  drop  at  P.  The  rays,  that  fall  Rill  more  remote  from  the  axis,  as 
SE,  will  converge  to  a focus  nearer  than  K,  as  luppofe  at  L ; and  the  ray  SE,  when  it  has 
defcribed  the  line  EO  within  the  drop,  and  is  tending  to  L,  will  pafs  out  at  the  point  O. 
The  rays.,  that  fall  Rill  more  remote  from  the  axis,  will  converge  to  a focus  Rill  nearer. 
Thus  the  ray  SF  will,  after  refradlion,  converge  to  a focus  at  M,  which  is  nearer  than  L, 
and  having  defcribed  the  line  FN  within  the  drop,  it  will  pafs  out  at  the  point  N.  Now 
here  we  may  obferve,  that  as  any  rays  SB  or  SC  fall  farther  above  the  axis  SA,  the  points 
N or  O,  where  they  pafs  out  behind  the  drop,  will  be  farther  above  G,  or,  that  as  the  in- 
cident ray  rifes  from  the  axis  SA,  the  arc  GNO  increafes,  till  we  come  to  fome  ray  SD, 
which  pafles  out  of  the  drop  at  P,  and  this  is  the  higheR  point  where  any  ray,  that  falls 
upon  the  fide  AX,  can  pafs  out  : for  any  rays  SE,  or  SF,  that  fall  higher  than  SD, 
will  not  pafs  out  in  any  point  above  P,  but  at  the  points  O,  or  N,  which  are  below  it. 
Confequently,  though  the  arc  GNOP  increafes,  whilR  the  diRance  of  the  incident  ray 
from  the  axis  SA  increafed,  till  we  came  to  the  ray  SD  ; yet  afterwards  the  higher  the 
ray  falls  above  the  axis  SA,  this  arc  PONG  will  decreafe. 

As  there  are  many  rays  which  pafs  out  of  the  drop  between  G and  P,  fo,  by  Prop, 
XLIII.  fome  few  rays  will  be  remedied  from  thence  ; and  confequently  the  feveral  points 
between  G and  P,  which  are  the  points  where  fome  of  the  rays  pafs  out  of  the  drop,  are 
likewife  the  points  of  refledlion  for  the  reR,  which  do  not  pafs  out.  Therefore  in  refpedf 
of  thofe  rays  which  are  refiedled,  we  may  call  GP  the  arc  of  reflection,  and  may  fay  that 
this  arc  of  refledlion  increafes,  as  the  diRance  of  the  incident  ray  from  the  axis  SA  increafes, 
till  we  come  to  the  ray  SD  ; the  arc  of  reflection  is  GN  for  the  ray  SB,  it  is  GO  for  the 
ray  SC,  and  GP  for  the  ray  SD.  But  after  this,  as  the  diRance  of  the  incident  ray  from 
the  axis  SA  increafes,  the  arc  of  reflection  decreafes ; for  OG,  lefs  than  PG,  is  the  arc  of 
reflection  for  the  ray  SE,  and  NG  is  the  arc  of  reflection  for  the  ray  SF. 

From  hence  it  is  obvious,  that  fome  one  ray,  which  falls  above  SD,  may  be  refle&ed 
from  the  fame  point  with  fome  other  ray,  which  Rills  below  SD.  Thus,  for  inflance,  the 
ray  SB  will  be  reflected  from  the  point  N,  and  the  ray  SF  will  be  reflected  from  the  fame 
point ; and  confequently,  when  the  refle&ed  rays  NR,  NQ^,  are  refunded  as  they  pafs  out 
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of  the  drop  at  R and  they  will  be  parallel,  by  what  has  been  {hewn  in  the  former  part 
of  this  Prop.  But  fince  the  intermediate  rays,  which  enter  the  drop  between  SF  and  SB3 
are  not  reflected  from  the  fame  point  N,  thefe  two  rays  alone  will  be  parallel  to  one  another 
when  they  come  out  of  the  drop,  and  the  intermediate  rays  will  not  be  parallel  to  them. 
And  confequently  thefe  rays  RV,  QT,  though  they  are  parallel,  after  they  emerge  at  R 
and  Q,  will  not  be  contiguous,  and  for  that  reafon  will  not  be  effectual,  by  Prop.  CXXIV. 
The  ray  SD  is  reflected  from  P,  which  has  been  {hewn  to  be  the  limit  of  the  arc  of  re- 
flection; fuch  rays,  as  fall  juft  above  SD  and  juft  below  SD,  will  be  reflected  from  nearly 
the  fame  point  P,  as  appears  from  what  has  been  already  {hewn.  Thefe  rays  therefore  will 
be  parallel,  becaufe  they  are  reflected  from  the  fame  point  P ; and  they  will  likewife  be 
contiguous,  becaufe  all  of  them  enter  the  drop  at  one  and  the  fame  place,  very  near  to 
D.  Confequently  fuch  rays,  as  enter  the  drop  at  D and  are  reflected  from  P the  limit  of 
the  arc  of  reflection,  will  be  effectual,  by  Prop.  CXXIV.  fince  when  they  emerge  at  the 
part  of  the  drop  between  A and  Y,  they  will  be  both  parallel  and  contiguous, 

PROP.  CXXVI. 

When  rays  which  are  effectual  emerge  from  a drop  of  rain  after 
one  reflection  and  two  refractions,  thofe  which  are  moft  refrangible 
will,  at  their  emerfion,  make  a lefs  angle  with  the  incident  rays 
than  thofe  do  which  are  lead:  refrangible  ; by  which  means,  the  rays 
of  different  colours  will  be  feparated  from  one  another. 

Let  FH,  GI,  be  effectual  violet  rays  emerging  from  the  drop  at  F,  H ; and  FN,  GP, 
effectual  red  rays  emerging  from  the  fame  drop  at  the  fame  points.  The  violet  rays 
(by  Prop.  CXXIV.)  are  parallel  among  themfelves,  becaufe  they  are  effectual  : for  the 
fame  reafon  the  red  rays  are  parallel  among  themfelves  : but  on  account  of  the  difference 
of  refrangibility  of  the  violet  and  red  rays,  the  violet  ray  GI  is  not  parallel  to  the  red  ray 
GP,  but  they  diverge  from  the  point  G ; and  fo  of  the  reft.  Both  the  violet  ray  GI 
and  the  red  ray  GP  are  refraCted  from  the  perpendicular  LO,  but  (by  Prop.  CXV.) 
GI  more  than  GP;  whence  the  angle  IGO  is  greater  than  the  angle  PGO.  If  the 
incident  ray  AB  be  continued  in  the  direction  ABK,  and  if  IG  and  PG  be  continued 
backward  till  they  meet  AB  in  K and  W,  the  angle  IKA  is  that  which  the  violet  or 
moft  refrangible  ray  makes  at  its  emerfion  with  the  incident  ray,  and  PWA  that  which 
the  red  or  leaft  refrangible  ray  makes  with  the  fame.  And  the  angle  IKA  (El.  I.  16.)  is 
lefs  than  the  exterior  angle  PWA.  The  fame  may  be  proved  concerning  the  rays  FH, 
FN,  or  any  other  rays  which  emerge  refpeCtively  parallel  to  GI  and  GP.  But  (by 
Prop.  CXXIV.)  all  the  effectual  violet  rays  are  parallel  to  GI,  and  all  the  effectual  red 
rays  are  parallel  to  GP.  Therefore  the  effectual  violet  rays  at  their  emerfion  make  a 
lefs  angle  with  the  incident  rays  than  the  effectual  red  rays.  And  uni verfal iy  the  more 
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refrangible  rays,  at  their  emerfion,  make  a lefs  angle  with  the  incident  rays  than  thofe 
which  are  lefs  refrangible.  And  fince  the  efFe&ual  rays  GI,  GP,  of  different  colours  make 
different  angles  with  the  incident  ray  SK  at  their  emerfion,  they  will  be  feparated  from 
one  another  : fo  that  if  the  eye  was  placed  in  the  beam  FGHI,  it  would  receive  only 
rays  of  one  colour  from  the  drop  XY,  and  in  FGNP  only  rays  of  another  colour. 

Schol.  The  angle  which  the  effectual  red  rays  make  with  the  incident  rays  is  found 
to  be  420.  20'.  that  of  the  violet  rays  40°.  17'. 

Exp.  Let  a glafs  globe  filled  with  water  be  expofed  to  the  rays  of  the  fun  : let  the 
eye  of  the  fpedator  be  fo  fituated,  that  the  leafl  refra&ed  ray  from  the  drop,  coming  to 
the  eye,  fhall  make  an  angle  of  about  420.  with  the  line  palling  through  the  eye  and 
the  fun,  the  red  rays  only  will  be  feen  : if  the  place  of  the  eye  be  changed,  fo  as  to 
enlarge  this  angle,  the  red  will  difappear  5 but  if  the  angle  be  leffened,  the  colours  of 
the  more  refrangible  rays  will  appear. 

PROP.  CXXYII. 

If  a line  is  fuppofed  to  be  drawn  from  the  center  of  the  fun 
through  the  eye  of  the  fpedator,  the  angle  which  any  effectual  ray 
after  two  refractions  and  one  reflection  makes  with  the  incident  ray, 
will  be  equal  to  the  angle  which  it  makes  with  that  line. 

Let  I be  the  place  of  the  eye  of  the  fpe&ator ; QT  a line  drawn  from  the  center  of 
the  fun  through  the  eye  $ and  AB  a ray  coming  from  the  center  of  the  fun.  Thefe 
two  lines  AB,  QT,  on  account  of  the  great  diftance  of  the  fun,  may  be  looked  upon  as 
parallel.  Therefore  (El.  I.  29.)  the  alternate  angles  AKI,  KIT,  or  GIT,  are  equal. 

PROP.  CXXVIII. 

When  the  fun  fhines  upon  the  drops  of  rain  as  they  are  falling, 
the  rays  which  come  from  thofe  drops  to  the  eye  of  the  fpeClator, 
after  one  reflection  and  two  refractions,  produce  the  innermofl:  or 
primary  rainbow. 

Let  TFY  be  the  innermofl  or  primary  rainbow,  the  outer  part  of  which  TFY  is  red, 
the  inner  part  VDX  violet,  and  the  intermediate  parts  reckoning  from  the  red  to  the  violet, 
orange,  yellow,  green,  blue,  indigo.  Suppofe  the  fpe&ator’s  eye  at  A ; and  let  AT  be 
an  imaginary  line  from  the  center  of  the  fun  to  the  eye  of  the  fpe&ator.  If  a beam  of 
light  S coming  from  the  fun  falls  upon  any  drop  F,  and  the  effectual  rays  which  emerge 
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at  F make  an  angle  FAI  of  420.  2'.  with  the  line  AI,  thefe  rays  (by  Prop.  CXXVII.) 
make  the  fame  angle  with  the  incident  rays,  and  confequently  are  red.  Hence  the  drop 
F will  appear  red;  for  all  the  other  rays  which  emerge  from  F,  and  would  be  effectual  if 
they  fell  upon  the  eye,  being  refracted  more  than  the  red  rays,  will  pafs  above  the  eye. 
If  another  beam  of  light  S falls  upon  the  drop  D,  and  the  effedtual  rays  emerging  at  H 
make  an  angle  of  40°.  17/  with  the  incident  rays,  the  drop  D will  be  of  a violet  colour: 
for  all  the  other  rays  which  emerge  from  H,  and  would  be  effectual  if  they  came  to  the 
eye,  being  refracted  lefs  than  the  violet  rays,  will  pafs  below  the  eye.  The  intermediate 
drops  between  F and  D will  for  the  fame  reafons  be  of  the  intermediate  colours.  And 
that  which  has  been  proved  concerning  the  drops  in  the  line  FD,  may  be  fhewn  of  any 
other  fet  of  drops  in  which  the  angles  made  by  the  emerging  and  incident  rays  are  equal. 
Thus,  wherever  a drop  of  rain  is  placed,  if  the  angle  which  the  effectual  rays  make 
with  AI  is  equal  to  the  angle  FAI,  or  is  420.  2'.  any  fuch  drop  will  appear  red.  If 
FAI  was  turned  round  upon  the  line  AI,  fo  that  one  end  of  this  line  fhould  always  be 
at  the  eye,  and  the  other  at  I oppofite  to  the  fun,  in  this  revolution  the  drop  F would 
defcribe  a circle,  of  which  I would  be  the  center,  and  TFY  an  arc.  And  fmce  in  this 
revolution  the  angle  FAI  continues  the  fame,  if  the  fun  was  tofhine  upon  this  drop  as  it  re- 
volves, the  effedtual  rays  (by  Prop.  CXXVII.)  would  make  the  fame  angle  with  the  incident 
rays  in  whatever  part  of  the  arc  TFY  the  drop  may  happen  to  be;  and  confequently  in 
whatever  part  of  the  arc  the  drop  F is,  it  will  appear  red.  Now  as  innumerable  drops  are 
falling  at  once  in  right  lines  from  the  cloud,  whilft  one  drop  is  at  F,  there  will  be  others 
at  T,  Y,  and  every  other  part  of  the  arc,  which  will  appear  red  in  the  fame  manner 
that  F would  have  done  in  the  fuppofed  circular  revolution.  Therefore  when  the  fun 
Ihines  upon  the  rain,  there  will  be  a red  arc  AFB  produced  oppofite  to  the  fun.  In  like 
manner  a violet  arc  VDX  will  be  produced,  and  other  intermediate  arcs  of  the  feveral 
intermediate  colours,  which  will  together  make  up  the  primary  rainbow. 

PROP.  CXXIX. 

The  primary  rainbow  is  never  a greater  arc  than  a femicircle. 

Since  the  line  -AI  is  drawn  from  the  fun  through  the  eye  of  the  fpedtator,  and  through 
I the  center  of  the  rainbow,  this  center  is  always  oppofite  to  the  fun.  And  fince  the 
angle  FAI  is  an  angle  of  420.  2'.  F the  higheft  part  of  the  bow  is  420.  2'.  from  I its 
center.  If  therefore  the  fun  is  more  than  42°.  2'.  above  the  horizon,  I,  which  is  oppofite 
to  it,  muff  be  more  than  420.  2'.  below  the  horizon,  and  no  primary  rainbow  will  be 

feen.  As  much  as  the  altitude  of  the  fun  is  lefs  than  42°.  2'.  fo  much  will  the  higheft 

point  F of  the  rainbow  be  above  the  horizon  : and  when  the  fun  is  in  the  horizon, 

I the  center  of  the  bow  will  alfo  be  in  the  horizon  on  the  oppofite  fide,  and  half  the 

circle  will  be  vifible;  but  when  the  fun  is  fet,  no  bow  can  be  feen. 
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PROP.  CXXX. 

When  the  rays  of  the  fun  fall  upon  a drop  of  rain,  fome  of  them 
after  two  reflections  and  two  refractions  may  come  to  the  eye  of  a 
fpeCtator  who  has  his  back  towards  the  fun  and  his  face  towards 
the  drop. 

If  parallel  rays  from  the  fun,  ZV,  YW,  fall  upon  the  lower  part  of  the  drop  of  rain 
BGW,  they  will  be  refraCted  towards  the  perpendiculars  VL,  WL,  in  entering  the  drop, 
and  proceed  in  the  direction  VH,  WI.  At  HI  fome  part  of  thefe  rays  will  (by  Prop.  XLIII.) 
be  reflected  into  the  directions  HF,  IG.  And  fome  of  thefe  rays  will  be  again  reflected 
at  F,  G,  into  the  directions  FD,  GB  ; which  rays,  when  they  emerge  out  of  the  drop  at 
B and  D,  will  be  refraCted  from  the  perpendiculars,  and  may  come  to  the  eye  of  a fpeCtator 
whofe  back  is  towards  the  fun  and  his  face  towards  the  drop. 


P ROP.  CXXXI. 

Thofe  rays  which  are  parallel  to  one  another  after  they  have  been 
once  refraCted  and  once  reflected  in  a drop  of  rain,  will  be  effectual 
when  they  emerge  after  two  refractions  and  two  reflections. 

The  contiguous  rays  ZV,  YW,  being  refraCted  towards  the  perpendiculars  VL,  WL, 
when  they  enter  the  drop,  will  (by  Prop.  XVIII.)  become  convergent  ; and  becaufe 
thefe  rays  fall  upon  the  drop  very  obliquely,  their  focus  will  not  be  far  from  the  furface 
VW.  If  this  focus  is  at  K,  the  rays  after  they  have  pafled  the  focus,  will  diverge 
from  thence  in  the  directions  KH,  KI  : and,  if  KI  is  the  focal  diftance  of  the  con- 
cave reflecting  furface  HI,  the  reflected  rays  HF,  IG,  (by  Prop.  L.)  will  be  parallel. 
Thefe  rays  are  reflected  again  from  the  concave  furface  FG,  and  will  meet  in  a 
focus  at  E,  fo  that  GE  will  be  the  focal  diftance  of  this  reflecting  furface  : and  becaufe 
HI,  FG,  are  parts  of  the  fame  fphere,  the  focal  diftances  GE,  KI,  are  equal.  When 
the  rays  have  pafled  the  focus  E,  they  will  diverge  in  the  lines  EB,  ED.  Now, 
if  the  rays  VK,  WK,  when  they  have  met  at  K,  were  to  be  turned  back  in  the 
directions  KV,  KW,  on  emerging  at  V and  W,  they  would  (by  Prop.  XX.)  be  refraCted 
into  the  lines  of  incidence,  and  become  parallel.  But  flnce  GE  is  equal  to  IK,  the 
rays  ED,  EB,  which  diverge  from  E,  fall  in  the  fame  manner  upon  the  drop  at  D and 
B,  as  the  rays  KV,  KW,  would  fall  upon  it  at  V and  W,  and  ED,  EB,  have  the 
fame  inclination  to  the  refraCting  furface  DB,  as  KV,  KW,  would  have  to  VW  : whence 
the  rays  ED,  EB,  emerging  at  D and  B,  will  be  refraCted  in  the  fame  manner,  and  will 
have  the  fame  fituation  with  refpeCt  to  one  another,  as  KV,  KW,  would  have,  that  is, 

will 


Chap.  V.  OF  THE;  RAINBO  W. 

will  be  parallel  to  one  another ; having  been  contiguous  before  their  entrance  into  the 
drop,  they  will  therefore  (by  Prop.  CXXIV.)  be  effectual. 

PROP.  CXXXIL 

When  effectual  rays  emerge  from  a drop  of  rain  after  two  reflections 
and  two  refractions,  thofe  which  are  molt  refrangible  will  at  their 
emerfion  make  a greater  angle  with  the  incident  rays  than  the  leaf!: 
refrangible  will  make  with  them ; by  which  means  the  rays  of 
different  colours  will  be  feparated. 

Let  BM,  BA,  a violet  and  a red  ray,  emerge  from  B ; the  angle  which  the  violet  ray 
BM  makes  with  the  incident  ray  YW  is  YrM;  and  that  which  the  red  ray  BA  makes 
with  the  fame  is  YSA,  And  fince  BSY,  the  external  angle  of  the  triangle  BrS,  is 
(El.  I.  16.)  greater  than  the  internal  angle  BrS  or  BrY;  YrM,  the  complement  of  BrS, 
is  greater  than  YSA  the  complement  of  BSY.  Confequently,  fince  the  emerging  rays 
make  different  angles  with  the  fame  incident  ray,  the  refraction  which  they  fuffer  at 
emerfion  will  feparate  them  from  one  another. 

Schol.  The  angle  which  the  violet  rays  make  with  the  incident  ones  is  found  to  be 
540.  7'.  and  that  of  the  red  rays  50°.  57'. 

PROP.  CXXXIIL 

If  a line  is  fuppofed  to  be  drawn  from  the  center  of  the  fun  through 
the  eye  of  the  fpeClator,  the  angle  which,  after  two  refractions  and 
two  reflections,  any  effectual  ray  makes  with  the  incident  ray,  will 
be  equal  to  the  angle  which  it  makes  with  that  line. 

If  YW  be  an  incident  ray,  and  BA  an  effectual  ray,  and  AO  a line  drawn  from  the 

$ 

center  of  the  fun  through  A the  eye  of  the  fpedtator,  YW  and  AO  may  be  confidered  as 
parallel  5 whence  the  alternate  angles  YSA,  SAO,  (El.  I.  29.)  will  be  equal. 

PRO  P.  CXXX1Y. 

When  the  fun  fliines  upon  the  drops  of  rain  as  they  are  falling, 
the  rays  which  come  from  thofe  drops  to  the  eye  of  the  fpeClator 
after  two  reflections  and  two  refraClions,  produce  the  outermoft  or 
fecondary  rainbow. 
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When  the  fun  fhines  upon  a drop  of  rain  E in  the  outer  edge  of  the  fecondary  rainbow 
CBD,  the  effectual  violet  ray  EA  (by  Prop.  CXXXII.  Schol.)  makes  an  angle  EAI  of 
54  °.  7 / with  AI  a line  drawn  from  the  fun  through  the  eye  of  the  fpe&ator,  and  therefore  (by 
Prop.  CXXXIII.)  make  the  fame  angle  with  the  incident  ray  SB.  Therefore  if  the  fpec- 
tator’s  eye  is  at  A,  all  the  rays  except  the  violet,  will  (by  Prop.  X.)  make  a lefs  angle  with 
AI  than  EA,  and  fall  above  the  fpeCtator’s  eye.  In  like  manner  it  may  be  fhewn,  that 
from  the  drop  F only  red  rays  will  come  to  the  fpeCtator’s  eye,  the  reft  falling  below  it  ; 
and  that  the  rays  emerging  from  the  intermediate  drops  between  E and  F,  and  coming  to 
A,  will  emerge  at  intermediate  angles,  and  prefent  to  the  eye  the  intermediate  colours. 
If  EAI  be  conceived  to  turn  round  upon  the  line  AI,  in  fuch  a revolution  of  the  drop 
E,  the  angle  EAI  would  remain  the  fame,  and  confequently  the  emerging  rays  would 
make  the  fame  angle  with  the  incident  rays.  But  in  fuch  a revolution  the  drop  E would 
defcribe  a circle,  of  which  I would  be  the  center,  and  CBD  an  arc.  Confequently,  fince 
the  emerging  rays  make  the  fame  angle  with  the  incident  ones  when  the  drop  is  at  any 
other  part  of  the  arc  as  at  E,  the  colour  of  the  drop  will  be  violet  to  an  eye  placed 
at  A,  in  whatever  part  of  the  arc  the  drop  is  placed.  Now,  fince  there  are  innumerable 
drops  of  rain  falling  at  once,  whilft  one  drop  is  at  E,  there  will  be  others  in  all  parts 
of  the  arc,  which  will  all  appear  violet-coloured,  for  the  fame  reafon  that  E would  have 
appeared  of  this  colour  in  any  other  part  of  the  arc.  In  like  manner,  as  the  drop  F 
appears  red  at  F,  and  at  any  part  of  the  arc  FD,  fo  will  any  other  falling  drop  when  it 
comes  to  any  part  of  that  arc.  The  intermediate  arcs  are  formed  in  the  fame  manner 
with  the  violet  arc  CBD,  and  the  red  arc  FD;  and  thus  the  whole  fecondary  rainbow 
is  produced. 

PROP.  CXXXY. 

The  colours  of  the  fecondary  rainbow  are  fainter  than  thofe  of  the 
primary,  and  are  ranged  in  the  contrary  order. 

At  every  reflexion  many  rays  pafs  out  of  the  drop  without  being  refle&ed;  confequently, 
the  fecondary  rainbow  which  is  produced  after  two  refle&ions,  is  formed  by  fewer  rays 
than  the  firft,  which  is  produced  after  one  reflection. 

Again,  in  the  primary  bow,  the  violet  rays,  when  they  emerge  effeCIually,  make  a lefs 
angle  with  the  incident  rays  (by  Prop.  CXXVI.)  and  therefore  (by  Prop.  CXXVII.)  with 
the  line  AI,  than  the  red  rays.  But  the  rays  are  here  only  once  reflected,  and  the  angle 
which  the  effe&ual  rays  make  with  AI  is  the  diftance  of  the  coloured  drop  from  I the 
center  of  the  bow.  Therefore  the  violet  arc  in  the  primary  bow  will  be  nearer  to  the 
center  of  the  bow  than  the  red  arc,  that  is,  the  innermoft  colour  will  be  violet,  and  the 
outermoft  red.  But  in  the  fecondary  rainbow,  the  rays  are  twice  refle&ed;  and  (by 
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Prop.  CXXXII.)  the  violet  rays,  which  emerge  fo  as  to  be  effectual  after  two  reflections, 
make  a greater  angle  with  the  incident  rays,  that  is,  with  the  line  AI,  than  the  red  ones ; 
which  angle  is  the  diftance  of  the  violet  arc  from  I the  center  of  the  bow.  Therefore 
the  violet  arc  in  the  fecondary  bow  will  be  farther  from  the  center  of  the  bow  than  the 
red  arc  5 that  is,  the  outermoft  colour  is  violet,  and  the  innermoft  red. 


PROP.  CXXXVI. 

The  fecondary  rainbow  is  never  a greater  arc  than  a femicircle. 

This  is  proved  in  the  fame  manner  as  Prop.  CXXIX.  with  this  difference,  that,  fince 
the  rays  of  the  higheft  colour  in  the  fecondary  bow  make  an  angle  of  540.  7'.  with  AI, 
this  bow  will  begin  to  appear  when  the  altitude  of  the  fun  is  lefs  than  540.  7'.  and  when 
the  fun  is  in  the  horizon  on  one  fide,  this  bow  will  have  its  center  in  the  horizon  on 
the  other  fide  at  the  diftance  of  540.  7'.  from  its  higheft  point. 
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C H A P.  VI. 

Of  OPTICAL  INSTRUMENTS, 

SECT.  L 

Of  Telescopes. 

Def.  XXX.  An  Aftronomical  'Telefcope  confifts  of  two  convex 
lenfes,  whofe  diftance  from  each  other  is  equal  to  the  fum  of  their 
principal  foci : that  lens  which  is  towards  the  objedl,  is  called  the 
objeffi-glafs  5 that  which  is  next  the  eye,  is  called  the  eye-glafs . 

If  NL  is  one  convex  lens,  whofe  focal  diftance  is  MF,  and  BD  another,  whofe  focal 
diftance  is  CF  ; and  if  thefe  are  fo  placed  that  the  diftance  between  them  is  equal  to 
MF  added  to  CF,  that  is,  MC,  they  form  an  aftronomical  telefcope. 

PROP.  CXXXVII. 

Very  remote  objedls,  feen  through  an  aftronomical  telefcope, 
appear  diftindt  and  inverted. 

Let  PM,  PL,  be  rays  coming  (by  Prop.  VIII.)  parallel  from  the  middle  point  in 
a very  diftant  object:  let  AN,  AM,  AL,  come  from  the  higheft  point,  and  QN,  QM, 
QL,  come  from  the  loweft  point.  Thefe  parallel  rays  will  (by  Def.  XVIII.)  be 
colle£ted  into  the  focus,  and  there  form  an  image  of  the  object,  which  (by  Prop. 
LXXXII.)  forms  the  obje£t  of  refratfted  vifion.  But,  by  the  conftru&ion  of  the  telefcope, 
GFE  is  the  focus  of  the  eye-glafs.  Confequently,  the  rays  which  diverge  from  any 
point  G in  this  image  will  (by  Prop.  XX.)  after  they  have  pafled  through  the  eye- 
glafs,  become  parallel.  Therefore  if  the  eye  is  at  any  point  on  the  other  fide  of  the 
eye-glafs,  the  object  of  refradted  vifion  may  be  feen  as  diftin&ly  as  any  very  remote  obje£I 
can  be  feen  by  the  naked  eye;  and  becaufe  the  image  is  the  object  of  vifion  (by  Prop. 
XXV.)  it  will  be  feen  inverted. 
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P R O P.  CXXXVIII. 

The  apparent  diameter  of  an  objedt  feen  through  an  agronomical 
telefcope,  is  to  the  apparent  diameter  of  the  fame  objedt  feen  by  the 
naked  eye  at  the  Ration  of  the  objedt-glafs,  as  the  diftance  of  the 
image  from  the  objedt-glafs  is  to  its  diftance  from  the  eye-glafs. 

•If  the  image,  formed  by  the  obje£l-glafs  NL,  were  received  upon  a paper  at  EFG,  the 
apparent  diameter  of  the  objetft  feen  by  the  naked  eye  at  M the  ftation  of  the  objetft-glafs, 
would  be  (by  Prop.  LXXXIV.)  equal  to  the  apparent  diameter  of  the  image  feen  from  the 
fame  ftation.  Nov/  the  real  diameter  of  the  image  is  given,  becaufe  its  diftance  MF  from  the 
lens  is  given.  Confequently,  the  apparent  diameter  of  the  image  (by  Prop.  LXIX.)  will  be 
inverfely  as  the  diftance  of  the  eye  from  it.  If  the  eye  is  placed  at  C the  ftation  of  the  eye- 
glafs,  and  confequently  its  diftance  from  the  image  is  FC,  the  image  will  appear  to  the  eye 
in  that  ftation  bigger  than  at  the  ftation  M (by  Prop.  LXXXIX.)  in  the  inverfe  ratio  of 
the  diftances  FC,  MF,  that  is,  the  apparent  magnitude  of  the  image  at  C will  be  to  that  at 
M,  as  MF  to  FC.  But  the  apparent  magnitude  of  the  image  feen  from  M is  equal  to 
that  of  the  objedt  fee n by  the  naked  eye.  Therefore  the  image  feen  from  C appears  bigger 
than  the  object,  in  the  ratio  of  MF  to  FC.  This  would  ftill  be  the  cafe  (by  Prop.  LXXXIV.) 
if  the  eye-glafs  were  placed  between  the  eye  and  the  image,  touching  the  eye.  And  fince 
the  image  is  in  the  focus  of  the  eye-glafs,  the  apparent  magnitude  (by  Prop.  XC.)  is 
the  fame,  whether  the  eye  is  clofe  to  the  lens,  or  at  any  diftance  from  it.  Therefore 
wherever  the  eye  is,  the  apparent  diameter  of  the  objedt  feen  with  the  telefcope,  is  to  the 
apparent  diameter  of  the  fame  objedt  feen  by  the  naked  eye  at  the  ftation  of  the  objedl- 
glafs,  as  MF  to  FC,  or  as  the  diftance  of  the  d i ft i n image  from  the  objedt-glafs,  to  its: 
diftance  from  the  eye-glafs. 

PROP.  CXXXIX. 

, \ ’•  ■ " ' • v • • • 

A telefcope  will  not  magnify  an  objedl,  unlefs  the  focal  diftance 
of  the  objedt-glafs  is  greater  than  the  focal  diftance  of  the  eye-glafs . 

The  rays  which  come  from  diftant  objects  being  nearly  parallel,  the  image  GFE  (by 
Def.  XVIII.)  will  be  in  the  focus  of  the  objedl-glafs,  which,  by  the  conftrudhon  of  the 
telefcope,  is  alfo  the  focus  of  the  eye-glafs.  But  the  apparent  diameter  of  an  objedl  feen 
through  a telefcope,  is  to  its  apparent  diameter  when  feen  by  the  naked  eye  (by  Prop. 
CXXXVIII.)  as  the  diftance  of  the  image  from  the  objedt-glafs,  to  its  diftance  from  the 
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eye-glafs ; that  is,  by  what  has  been  juft  proved,  as  the  focal  diftance  of  the  obje£t-glafs,  to 
the  focal  diftance  of  the  eye-glafs.  Confequently,  if  MF  the  focal  diftance  of  the  obje£f> 
glafs,  is  greater  than  FC  the  focal  diftance  of  the  eye-glafs,  the  object  will  be  magnified  : 
if  MF  be  equal  to  FC,  the  objetft  will  appear  as  to  the  naked  eye;  if  MF  be  lefs  than 
FC,  the  obje£t  will  appear  diminifhed. 

Cor.  i.  Hence  the  objetft-glafs  of  a telefcope  fhould  be  lefs  convex  than  the  eye-glafs. 

Cor.  2.  An  obje£l  will  be  equally  magnified  by  two  telefcopes  of  very  different 
lengths,  if  the  ratio  of  the  focal  diftances  of  the  objetft-glafs  and  eye-glafs  be  the  fame  in 
each. 

I >;  ; 

Cor.  3.  If  a telefcope  is  inverted,  objects  feen  through  it  will  be  diminifhed : for  the 

obje£t-glafs  which  has  the  greater  focal  diftance  then  becomes  the  eye-glafs, 

& 

PRO  P.  CXL. 

The  vifible  area*  or  fpace  which  may  be  feen  at  one  view  through 
a telefcope*  is  as  the  area  of  the  eye-glafs. 

If  GFE  is  any  image,  its  diftance  from  the  objetft-glafs  being  equal  to  the  focal  dis- 
tance of  the  lens,  the  area  of  the  image  (by  Prop.  XXXVI.)  is  given  but  the  quantity 
of  this  image  which  can  be  feen  at  one  view  mu  ft  be  greater  or  lefs  according  to  the 
magnitude  of  the  hole  through  which  it  is  feen,  that  is,  muft  be  as  the  area  of  the 
eye-glafs. 
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/ 

The  brightnefs  of  an  objedt  feen  through  a telefcope  depends  upon 
the  area  of  the  objeft-glafs,  but  not  the  vifible  area. 

The  brightnefs  of  the  image,  that  is,  of  the  objetft  of  refradled  vifion,  is  (by  Prop. 
XXXVIII.)  as  the  area  of  the  lens  which  forms  it,  that  is,  of  the  objetft-glafs.  But 
(by  Prop.  XXXYI.  Schol.  2.)  the  magnitude  of  the  image  is  the  fame,  whether  the  area 
of  the  obje&^is^great  or  fmall  ; and  confequently,  if  we  look  at  it  through  an  eye-glafs 
of  a given  area,  the  quantity  to  be  feen  at  once  will  not  be  altered  by  any  change  in  the 
area  of  the  objed-glafs. 

P R O P.  CXLII. 

The  diftance  of  the  eye  from  the  eye-glafs,  fhould  be  equal  to  the 
principal  focal  diftance  of  the  eye-glafs. 

Since 
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Since  the  image  GFE  is  in  the  focus  of  the  lens  DCB,  wherever  the  eye  is 
placed  on  the  other  fide  of  the  glafs,  the  image  will  appear  equally  magnified.  But  when 
the  eye  is  juft  as  far  from  the  eye-glafs  as  its  focal  diftance,  the  vifible  area  will  be  the 
greateft  : for,  in  that  cafe  (by  Def.  XVIII.)  none  byt  rays  parallel,  before  the  refraction, 
to  MC  the  axis  of  the  telefcope,  and  therefore  to  the  fides  of  the  cylindrical  tube  in  which 
the  lenfes  are  placed,  can  reach  the  eye,  and  confequently,  no  rays  can  come  from  the 
inner  furface  of  this  tube  to  the  eye  to  make  it  vifible  : whereas  in  any  other  ftation  of 
the  eye,  oblique  rays  from  that  furface  would  make  the  fides  of  the  tube  vifible ; whence 
the  area  of  vifion,  which  remains  the  fame,  being  (by  Prop.  CXL.)  always  as  the  area 
of  the  eye-glafs,  will  be  in  part  occupied  by  the  fides  of  the  tube,  and  the  objedt  will  be 
feen  only  through  the  remaining  part. 


Def.  XXXI.  A telefcope  confifting  of  four  convex  lenfes  is  a 
double  Agronomical  telefcope* 

Let  the  two  lenfes  NML,  and  B,  placed  at  the  diftance  MB,  equal  to  the  fum  of 
their  focal  diftances,  form  one  telefcope,  and  the  two  lenfes  C,  D,  placed  at  the 
diftance  CD,  equal  to  the  fum  of  their  focal  diftancesj  form  another.  If  thefe  two 
telefcopes  are  fixed  at  the  diftance  CB  from  each  other,  fo  as  to  be  both  ufed  together, 
they  form  a double  telefcope  : the  lens  next  to  the  object  LMN  is  called  the  objedt-glafs, 
and  the  lens  B next  the  objedt-glafs  is  called  the  firft  eye-glafs,  C the  fecond,  and  D 
next  to  the  eye  the  third. 

PROP,  CXLIIL 

An  object  feen  through  a double  telefcope  appears  diftindt  and 
eredL 

The  parallel  rays  which  fall  upon  the  objedl-glafs  NML  (by  Prop.  CXXXVII.)  form 
a diftindt  inverted  image  at  GFE  the  focus  of  the  objedl-glafs.  This  image  being  alfo  in 
the  focus  of  the  firft  eye-glafs  B,  the  rays  of  each  beam  from  the  feveral  points  of  this 
image  will  become  parallel  by  pafling  through  B : whence,  falling  parallel  on  the  fecond 
eye-glafs  C,  they  will  form  a diftindt  inverted  image  at  KIH  the  focus  of  this  fecond 
eye-glafs  : and  becaufe  KIH  is  alfo  the  focus  of  the  third  eye-glafs  D,  the  rays  from  this 
image,  after  pafling  through  this  third  eye-glafs,  will  come  to  the  eye  parallel  to  each 
other.  Confequently,  the  objedt  will  be  feen  diftindtly  : and  becaufe  the  fecond  image  is 
inverted  with  refpedt  to  the  firft,  which  is  inverted  with  refpedt  to  the  objedt,  the  fecond 
image,  or  objedt  of  refradted  vifion,  is  in  the  fame  fituation  as  the  objedt  itfelf. 
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PROP.  CXLIV. 

A double  telefcope  magnifies  an  objedf  in  the  ratio  of  the  focal 

diftance  of  the  objedb-glafs,  to  the  focal  diftance  of  the  firft  eye- 

* 

glafs. 

The  firfi:  telefcope  MB  magnifies  the  object  in  the  ratio  of  MF  to  FB  : and  the  fecond 
telelcope  CD  is  commonly  made  up  of  two  lenfes  of  equal  convexities,  which  will  not 
alter  the  apparent  magnitude  of  the  objedls.  Therefore,  when  both  are  ufed  together, 
the  objedf  is  only  magnified  by  the  firfi:  in  the  ratio  of  MF  the  focal  diftance  of  the  objedt- 
glafs,  to  FB  the  focal  diftance  of  the  firft  eye-glafs. 

Schol.  i.  The  different  refrangibility  of  the  rays  of  light  makes  refradfing  telefcopes 
imperfedl : for  thofe  rays  which  are  moft  refradfed  by  palling  through  the  lens,  will  be 
brought  to  a focus,  and  form  an  image  nearer  to  the  objedt-glafs  than  thofe  which  are 
lefs  refradfed  ; and  confequently  the  feveral  forts  of  rays  are  not  properly  colledled  in 
one  focus  to  produce  a perfectly  white  image,  but  each  has  its  own  focus,  producing  a 
confufed  and  coloured  image. 

Of  two  refradting  telefcopes  which  magnify  equally,  the  fhorter  will  give  a more  im» 
perfedt  image  than  the  longer.  For  the  image  appearing  equal  in  both,  but  being  farther 
from  the  objedfc-glafs  in  the  longer  than  the  fhorter,  muft  be  in  reality  larger  or  more 
magnified  ; whence  the  defedl  arifing  from  the  different  refrangibility  of  the  rays  will  be 
more  vifible  in  the  longer  than  in  the  fhorter  telefcope.  Hence,  reflecting  telefcopes  are 
more  perfect  than  refracting  ones ; for  when  all  the  rays  are  reflected,  their  angles  of 
incidence  and  reflection  being  equal,  they  will  all  meet  in  a focus  at  the  fame  diftance. 

Schol.  2.  To  remedy  the  defedl  of  refracting  telefcopes,  arifing  from  the  different 
refrangibility  of  rays  of  light,  a compound  objedt-glafs  is  made  ufe  of,  confifting  partly 
of  white  flint  glafs,  and  partly  of  crown  glafs,  which  have  different  refracting  powers. 
Thefe  refradf  contrary  ways ; and  the  excefs  of  refraction  in  the  crown  glafs  is  made  fuch, 
as  to  deftroy  the  colour  caufed  by  the  flint  glafs.  A telefcope  thus  formed  is  called 
achromatic. 


PROP. 

To  explain  the  conftru&ion  and  ufe  of  Telefcopes. 

I.  Of  Galileo's  Telefcope. 

Galileo?s  telefcope  eonfifts  of  a convex  objedf-glafs  and  a concave  eye-glafs,  fo  placed 
that  the  diftance  between  them  is  the  difference  of  their  focal  diftances. 
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In  this  telefcope  ZYX,  a convex  lens,  is  placed  at  the  diftance  from  BA  a concave 
lens  of  YC,  the  difference  between  YF  the  focal  diftance  of  ZX,  and  CF  the  focal 
diftance  of  BA. 

From  a diftant  object  let  rays  fall  upon  the  convex  lens  YZ,  from  which  they  will 
proceed  towards  the  focus  of  this  lens  at  FG.  But  the  concave  lens  AB,  the  focus  of 
which  is  at  FG,  renders  the  converging  rays  parallel  when  they  reach  the  eye ; whence 
an  image  will  be  formed  upon  the  retina.  And  the  pencils  of  rays  being  made  more 
diverging  by  palling  through  the  concave  lens,  the  vifible  image  is  feen  under  a larger 
angle  than  the  object,  and  appears  magnified.  Alfo,  becaufe  the  pencils  which  form  the 
image  only  crofs  one  another  once,  the  image  appears  eredl. 

II.  Of  Sir  Isaac  Newton's  Telefcope. 

In  a tube  ABCD,  towards  the  end  BC,  let  the  concave  mirror  GH  be  placed  perpen- 
dicular to  DC  the  lower  fide  of  the  tube.  If  an  objedl,  which  is  at  fuch  a diftance  that 
rays  coming  from  the  fame  point  may  be  confidered  as  parallel  to  one  another,  be  placed 
before  the  open  end  of  the  tube  AD,  thefe  parallel  rays  will  be  refledled  from  the  concave 
mirror  GH,  and  becoming  convergent,  would  (by  Prop.  CXII.)  form  an  inverted  pidture 
of  the  objedl  upon  a paper  held  at  the  focus  of  the  mirror.  But  if  the  converging 
rays,  before  they  reach  the  focus,  fall  upon  a plane  mirror,  K,  placed  at  an  angle  of 
45  degrees  with  DC  the  fide  of  the  tube,  or  with  the  axis  of  the  telefcope,  they  will  be 
refiedled  from  thence,  and  meet  before  it  at  L,  forming  an  image  perpendicular  to  the 
objedl,  or  parallel  to  the  axis  of  the  telefcope.  If  this  image  be  placed  in  the  focus  of 
a convex  lens  L,  fixed  in  the  fide  of  the  telefcope,  the  eye  will  fee  it  diftindlly  through 
the  lens. 

The  image  feen  from  the  ftation  of  the  eye-glafs  L,  either  with  or  without  the  glafs, 
will  (as  in  the  refradting  telefcope,  fee  Prop.  CXXXVIII.)  appear  as  much  larger  than 
when  feen  from  the  concave  mirror,  that  is,  as  much  larger  than  to  the  naked  eye,  as  the 
diftance  of  the  image  from  the  eye-glafs,  is  lefs  than  its  diftance  from  the  mirror,  or  as 
its  diftance  from  the  mirror  is  greater  than  its  diftance  from  the  lens. 

III.  Of  Gregory's  Telefcope. 

In  the  tube  TTYY  let  a concave  mirror  EN  be  placed.  Any  parallel  rays  OO,  PP„ 
from  an  objedl  A,  falling  upon  this  mirror,  will,  after  refledtion,  (by  Prop.  CXI.) 
form  an  inverted  image  at  C its  focus.  Let  C be  more  remote  from  a fecond  fmaller 
concave  mirror  PO  (placed  parallel  and  oppofite  to  the  firft  mirror  EA  in  fuch  manner 
that  their  axes  {hall  be  in  the  fame  ftraight  line)  than  its  focus.  The  rays  which 
diverge  from  the  feveral  points  of  the  image  at  C,  and  fall  upon  the  mirror  PO, 
will  (by  Prop.  L.)  converge  after  refledlion ; and  confequently,  if  they  pafs  through 
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a hole  NM  in  the  firft  mirror  EA,  they  will  form  a fecond  image  which  will  be  inverted 
in  refpedt  of  the  firft,  and  in  the  fame  pofition  with  the  object.  If,  whilft  thefe  rays  arc- 
converging,  they  pafs  through  a plano-convex  lens  S po  (placed  in  a fmaller  tube  joined 
to  the  larger)  they  will  be  brought  to  a focus,  fooner  than  they  would  otherwife  have  been, 
forming  the  fecond  image  F.  This  eredf  image  is  feen  by  the  eye  at  O,  through  a 
menifcal  eye-glafs  LL,  whofe  convexity  is  greater  than  its  concavity. 

SECT.  II. 

Of  Microscopes. 

D ef.  XXXIL  A Jingle  Microfcope  is  one  convex  lens  placed  be- 
tween a fmall  objed  and  the  eye. 

Def.  XXXIII.  A double  Microfcope  confifts  of  two  convex  lenfes, 
of  which  the  objed-glafs  is  more  convex  than  the  eye-glafs  ; and  the 
diftance  between  them  is  equal  to  the  diftance  of  the  image  from 
the  objed-glafs,  added  to  the  focal  diftance  of  the  eye-glafs. 

Let  AB,  a convex  lens,  be  the  objeuft-jdafs,.and  EF,  another  convex  lens,  be  the  eye- 
glafs.  Let  the  fmall  objedt  KL  beiiBBBr^tne  objedt  glafs  than  its  focus;  an  image 
MDN  of  the  object  will  (by  Prop.  XXIV.)  be  formed  behind  the  glafs;  let  the  diftance 
of  this  image  from  the  objedt-glafs  be  ID,  and  let  its  diftance  from  the  eye-glafs  be  equal 
to  the  focal  diftance  of  the  eye-glafs  : the  diftance  of  the  two  glafies  from  each  other  will 
be  ID  + DX,  or  IX,  that  is,  the  diftance  of  the  image  from  the  objedt-glafs,  added 
to  the  focal  diftance  of  the  eye-glafs. 

Some  compound  microfcopes  are  made  with  three  glafies,  fo  that  the  rays  after  palling 
through  AB  the  objedb- glafs,  and  EF  the  eye-glafs,  are  again  made  converging  by  a 
fecond  eye-glafs,  and  therefore  brought  fooner  to  a focus,  than  by  the  firft. 

Cor.  Hence  it  appears,  that  the  difference  between  the  microfcope  and  telefcope  is, 
that  in  the  telefcope  the  rays  of  each  pencil  fall  upon  the  objedl-glafs  nearly  parallel, 
and  are  united  in  its  focus ; but  in  the  microfcope  they  fall  upon  it  very  much  diverging 
from  one  another,  and  therefore  form  the  image  in  a place  beyond  the  focus,  and  con- 
fequently  larger  than  the  objedt. 

• 

PROP.  CXLVL 

An  objed  feen  through  a double  microfcope  appears  diftind  and 
inverted. 
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The  pencils  of  rays  iftuing  from  the  objedts  KL,  being  tranfmitted  through  the  objedt- 
lens  AB,  their  foci  will  be  in  MN ; where  there  will  be  an  inverted  image  of  the  objedt, 
which  is  viewed  through  another  lens,  or  eye-glafs  EF,  the  focus  of  which  is  at  MN  : 
hence  a diftindt  and  diredt  image  is  formed  upon  the  retina,,  and  it  is  feen  inverted. 

PROP.  CXLVII. 

The  apparent  diameter  of  an  objedt  feen  through  a double  microf- 
eope  is  to  that  of  the  fame  objedt  feen  by  the  naked  eye  from  the 
Ration  of  the  objedt-glafs,  in  the  compound  ratio  of  the  diftance  of 
the  image  from  the  objedt-glafs,  to  its  diftance  from  the  eye-glafs, 
and  of  the  limit  of  diftindt  vifion  to  the  diftance  of  the  objedt-glafs 
from  the  objedt. 

The  firft  part  of  this  Proportion  is  demonftrated  as  Prop.  CXXXVIII.  And 
it  is  manifeft,  from  Prop.  LXIX.  that  if  AB  the  diftance  of  the  objedt-glafs  from 
the  objedt  is  lefs  than  the  limit  of  diftindt  vifion,  the  apparent  diameter  of  the  objedt 
will  be  as  much  greater  than  that  of  the  objedt  at  the  diftance  at  which  the  naked  eye 
can  fee  it  diftindtly,  as  IC  is  lefs  than  that  diftance.  Therefore  the  objedt  is  magnified, 
becaufe  the  diftance  of  the  image  from  the  objedt-glafs  is  greater  than  its  diftance  from 
the  eye-glafs,  and  alfo  becaufe  the  diftance  from  the  objedt  is  lefs  than  the  limit  of  diftindt 
vifion.  The  magnifying  power  of  the  microfcope  is  then  in  the  ratio  compounded  of 
thefe  two  ratios. 

PROP.  CXLVIII. 

When  the  fame  eye-glafs  is  ufed,  the  magnifying  power  of  the 
microfcope  will  be  increafed  by  increafing  the  convexity  of  the 
objedt-glafs. 

For  in  order  to  keep  the  image  in  the  focus  of  the  eye-glafs,  when  the  convexity  of  the 
objedt-glafs  is  increafed,  the  objedt-glafs  muft  be  brought  nearer  to  the  objedt : the 
confequence  of  which  will  be  that  the  ratio  of  the  limit  of  diftindt  vifion  to  the  diftance 
of  the  objedt-glafs  from  the  objedt  will  (El.  V.  8.)  be  increafed  : whence  (by  Prop. 
CXLVII.)  the  ratio  of  the  apparent  diameter  of  the  objedt  of  refradted  vifion  to  that  of 
the  objedt  feen  by  the  naked  eye  will  alfo  be  increafed. 

Schol.  The  aperture  of  the  objedt-glafs  in  a microfcope  muft  be  fmall,  elfe  the 
outermoft  rays,  diverging  too  much,  will  hinder  the  diftindtnefs  of  vifion ; but,  on 
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account  of  the  fmallnefs  of  the  aperture  the  object  will  appear  faint,  and  it  will  be 
neceftary,  in  order  to  remedy  this,  to  illuminate  the  objedi  as  much  as  poflible. 

PROP.  CXLIX. 

* V ' 1 

To  defcribe  the  conftrudtion  and  ufe  of  the  Solar  Microfcope* 

In  a dark  room,  let  a round  hole  be  made  in  a window-fhutter  about  three  inches  in 
diameter,  through  which  the  fun  may  caft  a cylinder  of  rays  into  the  room.  In  this  hole 
let  a tube  be  fixed,  containing,  a convex  lens  of  about  two  inches  in  diameter,  and  three 
inches  focal  diftance  $ the  object,  placed  between  two  concave  glafles,  at  the  diftance  of 
about  two  inches  and  a half  from  the  firft  convex  lens ; and  a fecond  convex  lens,  whofe 
focal  diftance  is  a quarter  of  an  inch,  placed  at  this  diftance  from  the  objedf.  Let 
a plane  mirror,  connected  with  the  tube,  and  moveable  by  means  of  a wheel,  receive  the 
fun’s  rays  on  the  outfide  of  the  Ihutter,  and  convey  them  into  the  tube.  The  rays,  palling 
through  the  firft  lens,  will  ftrongly  illuminate  the  objedf,  from  which  they  will  pafs 
through  the  fecond  lens,  and  form  an  inverted  image  of  the  objedf,  magnified  in  the  ratio 
of  the  diftance  of  the  ©bjedf  from  the  lens  to  that  of  the  image  from  the  lens. 


SECT.  III. 

Of  the  Magic  Lantern* 

PROP.  CL. 

To  defcribe  the  conftrudtion  and  ufe  of  the  Magic  Lantern. 

^ * In  the  fide  of  a lantern,  let  a tube  be  inferted,  confifting  of  two  parts,  one  moveable 
upon  the  other.  In  the  moveable  part  let  a convex  lens  GG  be  fixed  ; in  the  immoveable 
part  let  an  objedt  EE,  painted  with  tranfparent  colours  upon  a piece  of  thin  glafs,  be 
placed  ; and  in  the  fixed  part  of  the  tube,  a convex  lens,  DD.  This  lens  will  caft 
a ftrong  light  from  the  candle  upon  the  objedt  EE.  And  when  the  rays  which  diverge 
from  the  feveral  points  of  the  objedt  are,  by  the  lens  GG,  made  to  converge,  they 
will  (by  Prop.  XXV.)  form  an  inverted  image  of  the  objedl  at  KL,  upon  any  white 
furface  ; provided  that  the  objedt  is  farther  from  the  lens  than  its  focus,  and  that  the 
whole  apparatus  is  placed  in  a dark  room.  The  image  KL  will  be  larger  than  the 
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obje£t  EE,  in  proportion  as  the  diftance  of  the  image  from  the  lens  is  greater  than  the 
objedf.  A concave  reflector  AB  may  be  placed  within  the  lantern,  behind  the  candle, 
to  increafe  the  illumination  of  the  picture  EE.  If  the  object  be  placed  in  an  inverted 
poiition,  its  image  will  appear  ere<5t. 


SECT.  IV. 

I 

Of  the  Camera  Or  s cur  a, 

PROP.  CLL 

To  defcribe  the  conftru&ion  and  ufe  of  the  Camera  Obfcura* 

Let  CD  be  a convex  lens,  and  HK  a plane  mirror  inclined  at  an  angle  of  45  degrees.  An 
inverted  image  of  the  object  AB  would  be  formed  at  EG,  where  the  foci  of  the  rays  from 
the  objedfc  are  found  after  refradlion  : but  the  rays  being  intercepted  by  the  plane  mirror 
HK,  are  reflected  (by  Prop.  C.)  to  NM,  the  focal  diftance  before  it,  making  an  angle 
with  the  mirror  of  45  degrees ; whence  the  image  will  be  in  a poiition  perpendicular 
to  the  objeift,  at  the  top  of  the  box,  where,  if  the  rays  be  received  on  a fheet  of  oiled 
paper,  or  a plate  of  glafs  unpoliftied  on  one  fide,  it  will  be  diftin<5tly  vifible. 

Exp.  Let  the  feveral  Optical  Inftruments,  explained  in  the  preceding  Proportion,  be 
exhibited,  and  their  refpe&ive  ufes  ihewn. 


Plate  8. 
Fig.  14. 
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PART  I. 

Of  the  MOTIONS  of  the  HEAVENLY  BODIES. 

V 

CHAP.  I. 

Of  the  Solar  System  in  General. 

Def.  I.  ^"pHE  Solar  Syjlem  confifts  of  the  Sun ; fix  primary 
JL  planets,  Mercury,  Venus,  the  Earth,  Mars,  Jupiter, 
Saturn;  ten  fecondary  planets,  the  Earth's  Moon,  Jupiter's  four 
Satellites,  and  Saturn's  five;  and  an  uncertain  number  of  comets. 

Schol.  In  this  fyftem,  according  to  the  doctrine  of  Copernicus,  the  fix  primary  planets 
move  round  their  own  axes,  and  alfo  move  round  the  fun,  from  weft  to  eaft ; and  the 
fecondary  planets  move  round  their  refpedlive  primaries  from  weft  to  eaft,  at  different 
diftances,  and  in  different  periodical  times. 

According  to  this  dodtrine,  the  Sun  S is  the  center  of  the  fyftem ; Mercury  <?,  Venus  b> 
the  Earth  t , Mars  e,  Jupiter  f9  and  Saturn  b , revolve  in  elliptical  orbits  round  the  fun  ; 
the  moon  d revolves  about  the  earth,  and  the  fatellites  of  Jupiter  and  Saturn  revolve 
about  their  primaries;  and  the  planes  of  their  orbits  are  inclined  to  one  another. 

This  dodtrine,  being  admitted  as  true,  will  account  for  the  apparent  motions,  and  other 
phenomena,  of  the  heavenly  bodies,  as  will  be  feen  in  the  following  chapters. 

G ^ 
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CHAP.  II. 

Of  the  EART  H. 

SECT.  I. 

Of  the  globular  Form  of  the  Earth,  and  its  diurnal 
Motion  about  its  Axis,  and  of  the  Appearances  which  arife  fro7n  thefe . 

PROPOSITION  I. 

The  earth  is  of  a globular  form. 

For,  i.  The  fhadow  of  the  earth  projected  on  the  moon  in  an  eclipfe  is  always  circular; 
which  appearance  could  only  be  produced  by  a fpherical  body.  2.  The  convexity  of  the 
furface  of  the  fea  is  vifible ; the  maft  of  an  approaching  fhip  being  feen  before  its  hull. 
3.  The  north  pole  becomes  more  elevated  by  travelling  northward,  in  proportion  to  the 
fpace  paffed  over.  4.  Navigators  have  failed  round  the  earth. 

Exp.  Let  the  fhadow  of  a circle  and  of  a fphere  fall  on  a plane  furface. 

Def.  II.  The  Axis  of  the  earth  is  an  imaginary  line  palling 
through  the  center,  about  which  its  diurnal  revolution  is  performed. 

Def.  III.  The  Poles  of  the  earth  are  the  extremities  of  this  axis. 

Def.  IV.  The  Equator  is  the  circumference  of  an  imaginary 
great  circle  paffing  through  the  center  of  the  earth,  perpendicular  to 
the  axis,  and  at  equal  diftances  from  the  poles. 

Exp*  The  axis,  poles,  and  equator  of  the  earth,  are  reprefented  on  the  terreftrial  globe. 

Def.  V.  If  the  axis  of  the  earth  be  produced  both  ways,  as  far 
as  the  concave  furface  of  the  heavens,  in  which  all  the  heavenly 

bodies 


Chap.  II. 


OF  THE  EARTH. 


22  7 


bodies  appear  to  be  placed,  it  is  then  called  the  Axis  of  the  Heavens ; 
its  extremities  are  called  the  Poles  of  the  Heavens  and  the  circum- 
ference produced  by  extending  the  plane  of  the  equator  to  the  fame 
concave  furface,  is  called  the  Equator  in  the  Heavens , 

Exp.  Thefe  are  reprefented  on  the  celeftial  globe. 

Def.  VI.  Circles  drawn  through  the  poles  of  the  earth  or 
heavens  perpendicular  to  the  plane  of  the  equator,  are  called  Secondaries 
of  the  equator. 

Exp.  Obferve  thefe  reprefented  on  the  globes. 

D ef.  VII.  The  fenfible  Horizon  is  an  imaginary  circle,  which, 
touching  the  furface  of  the  earth,  feparates  the  vifible  part  of  the 
heavens  from  the  invifible.  The  rational  Horizon  is  a circle  parallel 
to  the  former,  the  plane  of  which  pafles  through  the  center  of  the 
earth. 

Schol.  Since  (by  Book  IV.  Prop.  LXIX.)  the  apparent  diameter  of  an  objedl  is  in- 
verfely  as  its  difiance,  if  the  diftance  be  increafed  in  fuch  manner  that  it  may  be  looked 
upon  as  infinite,  the  apparent  magnitude  becomes  a point.  Hence  AF,  the  femidiameter  Plate  9, 

of  the  earth,  viewed  at  the  different  diftances  0 , O,  R,  diminifhes,  till  at  the  difiance  of  F‘s’  4‘ 

O,  a fixed  fiar,  it  becomes  a point,  and  the  ftar  appears  in  the  fame  place  in  the  heavens, 
whether  viewed  from  the  vifible  horizon  SET,  or  the  rational  horizon  HBR. 


Def.  VIII.  The  Poles  of  the  Horizon  are  two  points,  the  one  of 
which,  over  the  head  of  the  fpedlator,  is  called  the  Zenith  -y  the 
other,  which  is  under  his  feet,  is  called  the  Nadir . 

Def.  IX.  Circl  es  drawn  through  the  zenith  and  nadir  of  any 
place,  cutting  the  horizon  at  right  angles,  are  called  Vertical  Circles . 

Def.  X.  A vertical  circle  paffing  through  the  poles  of  the 
heavens,  is  a Meridian y and  is  faid  to  be  the  meridian  of  any  place 
through  which  it  paffes. 
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Def.  XL  Thee  meridian  of  any  place  palling  through  the  poles, 
and  falling  perpendicularly  upon  the  horizon,  cuts  it  in  two  oppofite 
cardinal  points,  called  North  and  South. 

i 

D ef.  XII.  A Meridian  Line,  is  the  common  interfedlion  of  the 
plane  of  the  meridian  and  the  plane  of  the  horizon. 


Cor.  Hence  any  line  which  lies  due  north  and  fouth  in  an  horizontal  plane  may  be 
conlidered  as  part  of  the  meridian  line. 


(41 
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Schol.  i.  To  draw  a meridian  line,  perpendicular  to  an  horizontal  plane,  eredf  a wire 
feven  or  eight  inches  long,  having  its  upper  end  broad,  that  the  termination  of  the  fhadow 
may  be  diftindlly  perceived  : mark,  at  .feveral  different  times  before  noon,  the  points  in 
which  the  fhadow  terminates;  through  thefe  points  draw  concentric  circles  about  the 
middle  point  of  the  wire’s  Ration ; obferve  in  the  afternoon  when  the  extremity  of  the 
fhadow  again  touches  thefe  circles  ; and  find  the  middle  point  of  each  arc  between  the 
points  already  taken  : a line  drawn  through  thefe  middle  points,  and  the  common  center, 
will  be  the  meridian  line  ; for,  fince  at  equal  diftances  from  noon  the  fun  is  at  the  fame 
height,  or  in  verticals  equally  diftant  from  the  meridian,  the  circle  drawn  through  the 
zenith  at  equal  diftances  from  thefe  verticals  is  the  meridian. 

Schol  2.  To  obferve  the  tranfit  of  any  heavenly  body  over  the  plane  of  the  meridian  ; 
place  a telefcope,  having  two  crofs  hairs  before  its  objedl-glafs,  one  vertical,  the  other 
horizontal,  and  obferve  when  the  vertical  hair  pafies  through  the  center  of  the  heavenly 
body  : or,  hanging  two  plumb-lines  exactly  over  the  meridian  line,  place  your  eye  clofe 
to  one  of  the  threads  in  fuch  manner,  as  that  it  fhall  cover  the  other  thread,  and  obferve 
when  the  body  is  behind  the  threads. 


Def.  XIIL  The  Altitude  or  DepreJJion  of  any  heavenly  body  above 
or  below  the  horizon,  is  the  arc  of  a vertical  circle  intercepted 
between  the  body  and  the  horizon,  or  the  angle  at  the  center 
meafured  by  that  arc. 


Schol.  The  altitude  of  any  heavenly  body  is  found  by  the  help  of  a quadrant  thus  : 
bring  the  quadrant  into  fuch  a fituation  that  the  ftar  may  be  feen  through  the  fights ; 
then  the  angle,  contained  between  the  firing  of  the  plummet  and  the  fide  of  the  quadrant 
on  which  the  fights  are  not  placed,  is  the  altitude  of  the  ftar. 


Def. 
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D ef.  XIV.  The  Prime  Vertical,  is  that  which  crofles  the  meridian 
at  right  angles  in  zenith  and  nadir,  cutting  the  horizon  in  the 
cardinal  points  Eajl  and  Weft . 

Def.  XV.  The  Azimuth  of  a heavenly  body,  is  the  arc  of  the 
horizon  intercepted  between  the  meridian  and  a vertical  circle  paffing 
through  that  body ; it  is  eaftern  or  weftern  as  the  body  is  eaft  or  weft 
of  the  meridian. 

Schol.  The  azimuth  of  any  ftar  may  be  thus  found.  Let  AC  be  a given  meridian  piate 
line.  Above  any  point  A in  this  line,  let  a cord  with  a plummet  be  hung  : let  another  5* 

cord  with  a plummet  be  hung  at  E,  fo  that  the  ftar  and  the  two  cords  fhall  lie  in  one 
and  the  fame  right  line.  Let  the  perpendiculars  AD,  BE,  reprefent  the  cords,  and  draw 

AB.  From  the  point  B,  to  any  point  C,  in  the  meridian  line  AC,  taken  at  pleafure, 
draw  the  right  line  BC ; then  with  a fcale  of  equal  parts  meafure  the  three  lines  AB, 

AC,  BC.  In  the  triangle,  therefore,  ABC,  there  will  be  given  all  the  Tides,  from 
whence  will  be  found  the  angle  BAC,  equal  to  the  azimuth  required. 

For  if  the  meridian  line  be  fuppofed  to  be  continued  to  F,  and  the  line  BA  to  G,  the 
angle  FAG  will  be  the  azimuth  of  the  ftar ; but  the  angle  FAG  will  be  equal  to  the 
angle  at  the  vertex  BAC  ; therefore  the  angle  BAC  will  be  equal  to  the  azimuth. 


Def.  XVI.  The  Amplitude  of  a heavenly  body  a t its  riling,  is  the 
arc  of  the  horizon  intercepted  between  the  point  where  the  body 
rifes,  and  the  eaft ; its  amplitude  at  fetting,  is  the  arc  of  the  horizon 
intercepted  between  the  point  where  the  body  fets,  and  the  weft  : it 
is  northern,  or  fouthern,  as  the  body  rifes,  or  fets,  to  the  north 
or  fouth  of  eaft  or  weft. 

D ef.  XVII.  If  an  heavenly  body  rifes,  or  fets,  when  the  fun  rifes, 
it  is  faid  to  rife  or  fet  cofmically  if  it  rifes,  or  fets,  when  the  fun  fets, 
it  is  faid  to  rife  or  fet  achronically  ; it  is  faid  to  fet  or  rife  heliacally , 
when  it  approaches  fo  near  the  fun  as  to  become  invifible,  or  recedes 
fo  far  from  him  as  to  become  vifible. 
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Def.  XVIII.  The  Latitude  of  a place  upon  the  furface  of  the 
earth,  is  its  diftance  from  the  earth’s  equator  ; it  is  meafured  by  the 
arc  of  the  geographical  meridian  of  the  place  intercepted  between 
the  place  and  the  equator  : latitude  is  either  northern  or  fouthern. 

Def.  XIX.  Parallels  of  Latitude , are  circles  on  the  furface  of  the 
earth  drawn  parallel  to  the  equator. 


PROP.  II. 

A degree  in  the  equator  is  to  a degree  in  any  parallel  of  latitude, 
as  radius  to  the  cofine  of  latitude. 

Let  EFQ_  be  a geographical  meridian,  EQ_  the  equator,  and  FB  a parallel  of  latitude. 
The  circumference  EQ_  is  to  the  circumference  FB,  and  any  part  of  EQ_,  to  any  fimilar 
part  of  FB,  as  CQ_,  or  CB,  the  radius  of  EQ^  to  AB  the  radius  of  FB  ; and  AB  is  the 
cofine  of  the  arc  BQ_,  which  is  the  latitude  of  the  parallel  FB.  Therefore  a degree  in 
EQJs  to  a degree  in  FB,  as  radius  to  the  cofine  of  latitude. 


Def.  XX.  The  Longitude  of  a place,  is  the  diftance  between  the 
meridian  of  that  place,  and  the  meridian  of  fome  other  place,  taken 
at  pleafure,  and  called  the  firft  meridian ; it  is  meafured  by  the  arc 
in  the  equator  intercepted  between  thefe  two  meridians.  Longitude 
is  either  eaftern  or  weftern,  and  is  meafured  180  degrees  each  way. 


PROP.  III. 

The  altitude  of  one  pole,  and  the  deprefiion  of  the  other,  at  any 
place  on  the  earth’s  furface,  is  equal  to  the  latitude  of  that  place. 

Let  R be  a place  upon  the  earth’s  furface;  Z,  N,  its  zenith  and  nadir;  P,  S, 
the  poles  of  the  heavens,  and  F,  j,  the  poles  of  the  earth  ; EE,  the  celeftial  equator, 
eey  the  terreftrial,  and  HO  the  horizon.  The  latitude  of  the  place  is  *R,  or  the  equal 
arc  EZ  ; and  PO  is  the  elevation  of  one  pole,  and  HS  the  deprefiion  of  the  other. 
Becaufe  ZO  is  the  diftance  of  the  zenith  from  the  horizon,  it  is  an  arc  of  90  degrees  ; 
and  beeaufe  EP  is  the  diftance  of  the  pole  from  the  equator,  it  is  alfo  an  arc  of  90  degrees : 

ZO 
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ZO  and  EP  are  therefore  equal.  Take  from  each  of  thefe  the  common  arc  ZP,  and  the 
remainders  EZ  and  PO  are  equal.  But  HS  and  PO  are  equal,  becaufe  they  fubtend  the 
equal  angles  HTS,  PTO  : therefore  the  elevation  of  one  pole  PO,  and  the  deprefiion  of 
the  other  HS,  are  equal  to  the  latitude  of  the  place  EZ. 

Cor.  Hence  the  circumference  of  the  earth  may  be  meafured,  by  meafuring  the  length 
on  the  furface  of  the  earth  pafled  over  in  a line  which  lies  north  and  fouth,  while  the 
pole  gains  one  degree  of  elevation,  and  multiplying  this  length  by  360.  A degree  of 
latitude  contains  69^  Englifh  miles,  whence  24930  miles  is  the  meafure  of  the  circum- 
ference of  the  earth. 

PRO  P.  IV. 

The  elevation  of  the  equator  at  any  place  is  equal  to  the  com- 
plement of  its  latitude. 

Becaufe  ZO  is  equal  to  EP  (each  being  an  arc  of  90  degrees)  EZ  is  equal  to  PO,  p]ate  ^ 
that  is,  (by  Prop.  III.)  to  the  latitude  of  the  place.  But  EH,  the  elevation  of  the  Fi§* 

equator,  is  the  complement  of  EZ,  it  is  therefore  equal  to  the  complement  of  the  latitude 
of  the  place. 


PROP.  V. 

The  earth  revolving  daily  round  its  axis  from  weft  to  eaft,  the 
heavenly  bodies  will  appear  to  a fpedlator  on  the  earth  to  revolve  in 
the  fame  time  from  eaft  to  weft. 

Let  RCBF  be  the  earth,  T its  center,  HTO  the  rational  horizon  to  a fpe&ator  at  R whofe 
zenith  is  Z ; let  a ftar  appear  in  the  horizon  at  H.  The  earth  revolving  from  weft  to  eaft, 
that  is,  in  the  order  of  the  letters  R,  C,  B,  F,  in  a fourth  part  of  one  revolution,  the 
fpe<ftator  will  be  carried  from  R to  C : confequently,  his  horizon  will  become  ZN,  and 
the  ftar  which  appeared  in  his  horizon  at  H when  he  was  at  R,  will  now  appear  nearly  in 
the  zenith.  When  another  fourth  part  of  the  revolution  is  completed,  the  fpe£tator 
will  be  at  B,  and  N being  now  his  zenith,  and  HO  his  horizon,  the  ftar  will  be  fet  with 
refpe£t  to  him,  and  will  not  rife  till  he  is  again  in  the  ftation  R,  that  is,  till  the  earth 
has  completed  one  revolution.  Thus  whilft  the  earth  has  turned  once  round  upon  its 
axis  from  weft  to  eaft,  all  the  heavenly  bodies  in  the  concave  fphere  of  the  heavens  will 
appear  to  have  turned  round  from  eaft  to  weft. 
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PRO  P.  VI. 

The  alternate  fucceffion  of  day  and  night  is  the  effedt  of  the 
revolution  of  the  earth  round  its  axis. 

For,  all  the  heavenly  bodies  appearing  (Prop.  V.)  to  move  from  eaft  to  weft,  while 
the  earth  revolves  from  weft  to  eaft,  the  fun  will  appear,  in  each  revolution,  to  rife  above 
the  horizon  in  the  eaft,  and  after  defcribing  a portion  of  a circle,  to  fet  in  the  weft,  and 
will  continue  below  the  horizon,  till  by  the  revolution  of  the  earth  it  again  appears  in  the 
eaft  : and  thus  day  and  night  will  be  alternately  produced. 

Schol.  The  time  of  noon  is  found,  by  obferving  the  inftant  when  the  center  of  the 
fun  is  cut  by  the  perpendicular  hair  in  a meridian  telefcope,  as  defcribed  Def.  XII. 
Schol.  2.  or  by  a fun-dial. 


SECT.  II. 

Of  the  annual  Motion  of  the  Earth  round  the  Sun. 

PROP.  VII. 

The  earth  revolving  round  the  fun  in  365  days,  6 hours,  56  minutes, 
4 feconds,  the  fun  appears  to  revolve  round  the  earth  in  the  fame 
time,  but  in  the  contrary  direction. 

Let  S reprefent  the  fun,  BAG  the  orbit  of  the  earth,  and  FGHE  the  ftarry  concave. 
Whilft  the  earth  is  moving  from  A through  B to  C,  it  is  manifeft  that,  to  a fpe&ator  on 
the  earth,  the  fun  mu  ft  appear  to  move  in  the  contrary  dire&ion  from  E through  F to 
G,  in  the  great  circle  of  the  heavens  formed  by  the  plane  of  the  earth’s  orbit.  In  like 
manner,  while  the  earth  is  palling  from  C to  A,  the  fun  will  appear  to  pafs  from  G 
to  E. 

Schol.  It  is  manifeft  that  the  circle  in  which  the  fun  appears  to  move,  is  the  fame 
in  which  the  earth  would  appear  to  move  to  a fpedlator  in  the  fun.  Hence  the  apparent 
place  of  the  fun  being  found,  the  true  place  of  the  earth  in  its  orbit  is  known. 

D ef.  XXL  The  circle  which  the  fun  appears  to  defcribe  annually 
in  the  concave  fphere  of  the  heavens,  is  called  the  Ecliptic . 
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D ef.  XXIL  A portion  of  the  heavens,  about  16  degrees  in  breadth, 
through  the  middle  of  which  pafles  the  ecliptic,  is  called  the  Zodiac . 

Schol.  Within  this  zone  lie  the  orbits  of  all  the  planets, 

Def.  XXIII.  The  ftars  in  the  zodiac  are  divided  into  12  Signs , 
Aries,  Taurus,  Gemini,  Cancer,  Leo,  Virgo,  Libra,  Scorpio,  Sagit- 
tarius, Capricorn,  Aquarius,  Pifces.  Figures,  reprefenting  thefe 
figns,  are  drawn  upon  the  celeftial  globe,  in  that  portion  of  its  fphe- 
rical  furface,  which  correfponds  to  the  portion  of  the  concave  fphere 
of  the  heavens,  in  which  the  ftars  belonging  to  each  fign  are  re- 
fpedtively  placed. 

PROP.  VIII. 

The  axis  of  the  earth  in  every  part  of  the  earth's  revolution  about 
the  fun,  makes,  with  the  plane  of  its  orbit,  that  is,  of  the  ecliptic, 
an  angle  of  66i  degrees. 

Let  BA  reprefent  the  plane  of  the  ecliptic  or  earth’s  orbit,  feen  edgeways;  S the  fun ; 
and  P p produced  the  axis  of  the  equator.  If  the  earth  be  at  S,  its  axis  is  not  perpendicular 
to  the  plane  of  the  ecliptic,  but  makes  an  angle  with  it,  PSA,  about  66°.  30'.  In  any  other 
part  of  its  orbit,  as  at  M,  or  X,  the  axis  of  the  earth  PR  is  (till  inclined  to  the  plane  of 
the  ecliptic  in  the  fame  angle. 

Cor.  1.  The  axis,  in  any  one  part  of  the  orbit,  is  in  a pofition  parallel  to  that  in 
which  it  was  at  any  other  part  of  the  orbit.  Suppoling  the  line  FG  to  reprefent  the 
fituation  of  the  axis  of  the  earth  when  at  DFG,  and  to  be  parallel  to  the  line  HI ; then 
when  the  earth  is  at  dfg,  or  any  other  part  of  its  orbit,  its  axis  fg  will  ftill  be  parallel  to 
the  fame  line  HI. 

Cor.  2.  The  planes  of  the  equator  and  ecliptic,  make  with  each  other  an  angle  of 
23 \ degrees. 

Def.  XXIV.  The  ecliptic  being  divided  into  twelve  equal  parts, 
each  of  thefe  parts  is  called  a Sign ; and  the  names  of  the  figns  in 
the  ecliptic  are  the  fame  with  thofe  in  the  zodiac,  but  do  not  exadtly 
correfpond  with  them. 
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Def.  XXV.  The  two  points  in  which  the  ecliptic  cuts  the 
equator,  are  called  the  Equinoctial  Points : the  vernal  equinox  is  at 
the  firft  degree  of  Aries  in  the  ecliptic  ^ the  autumnal,  at  the  firft 
of  Libra. 

Schol.  The  moment  of  time  in  which  the  fun  enters  the  equator,  may  be  found  by 
obfervation,  the  latitude  of  the  place  of  the  obferver  being  known.  For  in  the  equinoctial 
day,  or  near  it,  with  an  inftrument  exaCtly  divided  into  degrees,  minutes,  and  parts  of 
minutes,  take  the  meridian  altitude  of  the  fun  : if  it  be  equal  to  the  altitude  of  the 
equator,  or  to  the  complement  of  the  latitude,  the  fun  is  then  in  the  equator;  but  if 
it  is  not  equal,  mark  the  difference,  which  will  be  the  declination  of  the  fun.  The 
next  day,  again  obferve  the  meridian  altitude  of  the  fun,  and  gather  from  thence  his 
declination.  If  thefe  two  declinations  be  of  different  kinds,  as  the  one  fouth  and  the 
other  north,  the  equinox  happens  fome  time  between  the  two  obfervations  ; if  they  be 
both  of  the  fame  fort,  the  fun  has  either  not  entered  the  equino&ial,  or  has  paft  it.  And 
from  thefe  two  obfervations  of  the  fun’s  declination,  the  moment  of  the  equinox  is  thus 
inveftigated. 

Let  CAB  be  a portion  of  the  ecliptic,  EAQ,  an  arc  of  the  equator,  and  let  their 
interfeClion  be  in  A.  Let  CE  be  the  declination  of  the  fun  at  the  time  of  the  firft  obfer- 
vation, OD  his  declination  in  the  fecond  obfervation  ; the  arc  CO  will  be  the  motion 
of  the  fun  in  the  ecliptic  for  one  day.  In  the  fpherical  triangle  AEC,  right-angled  at  E, 
we  have  the  angle  A which  the  equator  and  the  ecliptic  make,  as  alfo  CE  the  declination 
of  the  fun,  known  by  obfervation,  by  which  may  be  found  the  arc  CA.  And  in  the  fame 
manner  in  the  triangle  AOD  the  fide  AO  is  found  ; and  thence  the  arc  CO,  which  is 
the  fum  or  difference  of  the  arcs  CA,  AO.  Therefore  as  CO  is  to  CA,  fo  is  24  hours 
to  the  time  between  the  firft  obfervation,  and  the  moment  of  the  ingrefs  of  the  fun  to 
the  equinox. 

D ef.  XXVI.  The  points  of  the  ecliptic  which  are  at  the  greateft: 
diftance  from  the  equator,  are  called  the  Solflices  ; and  the  circles 
which  pafs  through  thefe  points  parallel  to  the  equator,  are  called 
the  Propics  :•  the  fummer  folftice  is  at  the  firft  of  Cancer,  the  winter 
folftice  at  the  firft  of  Capricorn  : the  northern  tropic  is  called  the 
tropic  of  Cancer,  the  fouthern,  of  Capricorn. 

.Cor.  The  fun  is  once  in  the  year  at  each  of  the  tropics,  and  twice  at  the  equator. 

Def.  XXVII.  Circles  which  pafs  through  the  poles  at  right 
angles  to  the  equator,  or  any  other  great  circle,  are  called  Secondaries 
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to  that  circle  : the  fecondary  which  pafles  through  the  equinodtial 
points,  is  called  the  Equinoctial  Colure . 

Def.  XXVIII.  That  pole  which  is  neareft  the  tropic  of  Cancer,  is 
called  the  North  Pole , that  which  is  neareft  the  tropic  of  Capricorn, 
is  called  the  South  Pole . 

Def.  XXIX.  An  imaginary  line  pafling  through  the  center  of 
the  ecliptic,  and  perpendicular  to  the  plane  of  it,  is  the  Axis  of  the 
Ecliptic : its  extremities  are  the  Poles  of  the  Ecliptic , and  all  circles, 
pafling  through  thefe  poles  and  perpendicular  to  the  ecliptic,  are  its 
fecondaries. 

Cor,  The  axis  of  the  ecliptic  makes  an  angle  of  234-  degrees  with  that  of  the  equator. 
Compare  Prop.  V.  Cor.  2. 

Def.  XXX.  The  Polar  Circles  are  defcribed  by  the  revolution 
of  the  poles  of  the  ecliptic  about  the  poles  of  the  equator;  that  which 
is  next  to  the  north  pole,  is  called  the  ArCtio  circle  ; the  oppofite, 
the  Antarctic  circle. 

Def.  XXXI.  The  Declination  of  any  heavenly  body,  is  its  diftance 
from  the  equator ; this  is  either  northern,  or  fouthern.  The  degrees 
of  declination  of  any  body  are  reckoned  upon  a fecondary  of  the 
equator  pafling  through  that  body. 

Def.  XXXII.  The  Right  Afcenfon  of  any  heavenly  body,  is 
its  diftance  from  the  firft  of  Aries  reckoned  upon  the  equator  : this 
is  meafured,  by  obferving  the  arc  which  is  intercepted  between  Aries 
and  a fecondary  to  the  equator  pafling  through  the  fun  or  ftar. 

Def.  XXX11I.  The  Latitude  of  any  heavenly  body,  is  its  diftance 
from  the  ecliptic  ; and  the  degrees  of  latitude  are  reckoned  on  a 
fecondary  of  the  ecliptic  pafling  through  the  body. 

Def.  XXXIV.  The  Longitude  of  any  heavenly  body,  is  its  diftance 
from  the  firft  of  Aries  ; and  is  meafured  on  the  ecliptic  by  the  arc 
intercepted  between  the  firft  of  Aries  and  the  fecondary  of  the  ecliptic 
which  paflfes  through  the  body  : the  longitude  increafes,  as  the  body 

H h 2 recedes 


236 


OF  ASTRONOMY.  Book  V.  Part  L 

recedes  from  Aries,  through  the  whole  revolution,  till  it  reaches 
360°.  or  comes  again  to  Aries. 

Def.  XXXV.  Two  bodies  are  faid  to  be  in  Conjunction  with  each 
other,  when  they  have  the  lame  longitude,  or  are  in  the  fame 
fecondary  of  the  ecliptic  on  the  fame  fide  of  the  heavens,  though  their 
latitude  be  different : they  are  faid  to  be  in  Oppojition , when  their 
longitudes  differ  half  a circle,  or  they  are  on  oppofite  fides  of  the 
heavens. 

PROP.  IX. 

The  axis  of  the  heavens  is  perpendicular  to  the  planes  of  all  the 
circles  which  the  heavenly  bodies  defcribe  in  their  apparent  diurnal 
motions. 

For  the  heavenly  bodies,  from  the  revolution  of  the  earth  round  its  axis,  appear  to  move 
from  eaft  to  weft  in  circles  perpendicular  to  the  axis. 

Cor.  1.  The  planes  of  all  thefe  circles  are  parallel  to  the  equator. 

Cor.  2.  The  axis  pafles  through  the  centers  of  the  circles. 

D ef.  XXXVI.  The  celeftial  fphere  is  called  right , oblique , or 
parallel,  as  the  celeftial  equator  is  at  right  angles,  oblique,  or  parallel 
to  the  horizon. 

PROP.  X. 

In  all  places  on  the  equator,  the  poles  lie  in  the  horizon,  and  all 
the  circles  of  daily  motion  make  right  angles  with  the  horizon. 

For  thefe  places  (by  Def.  XVIII.)  having  no  latitude,  the  poles  (by  Prop.  III.) 
are  neither  elevated  above  nor  depreffed  below  the  horizon  : and  fince  the  equator  is 
90  degrees  from  the  poles,  it  is  at  right  angles  to  the  horizon,  and  alfo  all  circles 
parallel  to  it. 

PROP.  XI. 

Thofe  who  live  at  the  equator  are  in  a right  fphere  and,  con- 
fequently,  their  days  and  nights  are  always  equal. 
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The  great  circle  of  the  celeftial  equator  and  its  parallels  (by  laft  Prop.)  make  right 
angles  with  the  horizons  of  all  places  in  the  earth’s  equator;  therefore  (by  Def.  XXXVI.) 
the  inhabitants  of  thofe  places  live  in  a right  fphere.  Hence,  becaufe  the  celeftial 
axis  PTS  is  in  the  plane  of  their  horizon,  and  that  this  axis  is  at  right  angles  to  the 
plane  of  the  equator,  and  (by  Prop.  X.)  paftes  through  its  center  and  through  that  of 
all  circles  parallel  to  the  equator,  the  plane  of  the  horizon  alfo  paftes  through  the  centers 
of  thefe  circles ; and  confequently  divides  the  equator  and  its  parallels  into  two  equal 
parts.  One  half  of  thefe  circles  will  therefore  always  be  above  the  horizon,  and  the  other 
half  below  it.  But  each  of  the  heavenly  bodies  in  their  daily  motion  defcribes  fome  one 
of  thofe  circles,  and  the  diurnal  motion  of  the  earth  is  uniform  ; therefore  any  heavenly 
body  will,  in  this  fttuation,  be  juft  as  long  above  the  horizon  as  below  it.  And  becaufe 
this  will  be  the  cafe  with  refpedt  to  the  fun,  as  well  as  any  other  body,  in  whatever  part 
of  the  heavens  he  is  feen,  the  days  and  nights  at  the  equator  will  always  be  of  equal 
length. 


PROP.  XII. 

\ 

At  the  poles  of  the  earth,  one  celeftial  pole  is  in  the  zenith,  and 
the  other  in  the  nadir ; the  equator  coincides  with  the  horizon, 
and  all  the  circles  of  daily  motion  are  parallel  to  the  horizon. 

For  the  latitude  of  the  poles  is  90  degrees  from  the  equator,  and  the  circles  of  daily 
motion  are  parallel  to  the  equator. 

PROP.  XIII. 

Thofe  who  live  at  either  pole  are  in  a parallel  fphere ; they  fee 
the  heavenly  bodies  carried  round  them  in  circles  parallel  to  the 
horizon ; and  their  day,  and  their  night,  continues  each  half  a year. 

An  inhabitant  at  P has  the  equator  EQ^  in  the  horizon,  and  all  its  parallel  circles  alfo 
parallel  to  the  horizon.  Therefore  each  of  the  heavenly  bodies,  in  its  apparent  daily 
motion,  being  in  fome  one  of  thefe  circles,  muft  defcribe  a path  parallel  to  the  horizon  : 
fo  that  thofe  which  are  above  the  horizon  will  never  fet  by  this  motion,  and  thofe  which 
are  below  it  will  never  rife.  The  fun  therefore,  in  this  fttuation,  will  not  rife  or  fet  by 
the  diurnal  motion  of  the  earth.  But  from  the  annual  motion  of  the  earth,  the  fun  daily 
changes  its  apparent  place  in  the  heavens,  till  it  has  defcribed  the  circle  of  the  ecliptic 
CL;  one  half  of  which  is  above  the  horizon,  and  the  other  half  below  it,  becaufe  thefe 
circles  have  a common  center  T,  the  center  of  the  earth.  Therefore,  for  one  half  of 
the  year  the  fun  will  be  in  fome  part  of  CT,  that  half  of  the  ecliptic  which  is  above  the 
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horizon,  and  will  daily  revolve  in  circles  above  the  horizon  ; and  for  the  other  half,  it 
will  be  in  fome  part  of  XL,  and  will  perform  its  daily  revolutions  in  circles  below  the 

horizon. 

PROP.  XIV. 

In  any  place  between  the  poles  and  the  equator,  one  celeftial  pole 
will  be  elevated,  and  the  other  depreffed,  at  an  angle  lefs  than  a right 
angle  ; and  the  celeftial  equator  will  make  an  angle  lefs  than  a right 
angle  with  the  horizon. 

For,  fmce  the  place  is  not  in  the  equator,  it  has  fome  latitude  ; and  ftnce  it  is  not  at 
either  of  the  poles,  its  latitude  is  lefs  than  90  degrees  : whence  (by  Prop.  III. ) the 
poles  are  elevated,  or  depreffed,  in  an  angle  lefs  than  a right  angle;  and  confequently 
the  equator,  which  is  perpendicular  to  the  axis,  makes  an  angle  lefs  than  90  degrees  with 
the  horizon. 

PROP.  XV. 

Thofe  who  live  on  any  part  of  the  furface  of  the  earth  between 
the  equator  and  either  pole,  are  in  an  oblique  fphere,  and  have  all 

the  circles  of  daily  motion  oblique  to  their  horizon. 

\ 

Let  HO  be  the  horizon  of  a place  which  lies  between  the  earth’s  equator  and 
either  of  its  poles,  the  celeftial  equator  EQ_,  and  all  its  parallel  circles,  will  be  oblique 
to  the  horizon,  and  therefore  each  of  the  heavenly  bodies,  being  in  fome  one  of  thefe 
circles,  will  appear  to  move  in  a path  oblique  to  the  horizon. 


PROP.  XVI. 

When  the  fun,  in  his  annual  apparent  courfe,  is  in  the  points  in 
which  the  ecliptic  cuts  the  equator,  the  day  and  night  will  be  of  the 
fame  length  at  all  places  on  the  furface  of  the  earth  : but,  when  the 
fun  is  in  any  other  part  of  the  ecliptic,  the  days  will  be  longer  as 
the  fun’s  declination  towards  the  elevated  pole  increafes,  and  fhorter 
as  its  declination  towards  the  depreffed  pole  increafes. 

The  plane  of  the  horizon  HO,  of  any  place,  pafting  through  T,  the  center  of  the 
fphere,  and  alfo  through  the  center  of  the  equator,  divides  the  equator  CL  into  two 
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equal  parts,  one  half  above  and  the  other  half  below  the  horizon.  When  therefore  the 
fun  has  no  declination,  or  is  in  the  equator,  it  will  appear  in  its  daily  revolution  to  de- 
fcribe  the  equator  CL,  and  therefore,  during  one  half  of  the  revolution,  it  will  be  above 
the  horizon,  and,  during  the  other  half,  below  it. 

But  fuppofe  the  fun  to  have  its  declination  towards  P,  the  elevated  pole,  equal  to  E m : 
its  diurnal  apparent  revolution  will  be  in  the  circle  to,  the  center  of  which  is  in  a part 
of  the  axis  above  the  horizon ; whence  the  plane  of  the  horizon  does  not  pafs  through  the 
center,  and  confequently  the  circle  mm  is  divided  into  two  unequal  parts,  the  greater 
above  the  horizon,  and  the  lefs  below  it.  Therefore  the  fun,  defcribing  the  circle  mm, 
with  an  uniform  velocity,  in  its  apparent  diurnal  revolution,  will  be  longer  in  defcribing 
the  part  above  the  horizon  than  the  part  below  it.  And  this  difference  manifeftly  in- 
creafes,  as  the  circle  of  the  fun’s  apparent  diurnal  motion  recedes  from  the  equator,  that 
is,  as  the  fun’s  declination  towards  P increafes.  In  like  manner,  it  may  be  fhewn,  that 
the  days  will  be  fhorter,  as  the  fun’s  declination  towards  the  depreffed  pole  increafes. 

Or  thus  : Let  AB  reprefent  the  plane  of  the  ecliptic  feen  edgeways;  S the  fun  in  the  focus 
of  the  orbit ; MO,  KL,  XY,  the  earth  in  different  parts  of  its  orbit.  If  FI,  the  axis  of  the 
ecliptic  BA,  were  alfo  the  axis  of  the  earth,  that  is,  if  the  planes  of  the  equator  and  ecliptic 
were  coincident,  it  is  manifeffc  that  the  fun,  the  apparent  annual  motion  of  which  is  in  the 
plane  of  the  ecliptic,  would  at  all  times  of  the  year  appear  to  move  in  the  circle  of  the 
equator,  and  to  be  equally  diftant  from  the  poles,  and  confequently  could  produce,  by 
its  apparent  motion,  no  varieties  in  the  length  of  days  and  nights.  But  the  earth’s  axis 
being  inclined  to  the  plane  of  its  orbit,  as  Pp,  when  the  earth  is  at  MO,  the  pole  P will 
be  towards  the  fun,  and  the  pole  p turned  from  it,  and  the  revcrfe  when  the  earth  is 
arrived  at  XY.  When  the  earth  is  in  the  middle  flation  between  B and  A,  in  either  part 
of  its  orbit,  both  the  poles  will  be  in  the  circle  illuminated  as  at  KL. 

In  the  pofition  MO,  fince  the  fun  muff  always  illuminate  one  half  of  the  globe,  the 
light  will  pafs  beyond  the  pole  P as  far  as  F,  and  will  extend  towards  the  pole  p no 
farther  than  I.  Confequently,  in  the  diurnal  revolution  of  the  earth  round  its  axis,  while 
the  earth  remains  in  this  pofition,  all  the  parts  of  the  globe  between  F and  G will  be 
illuminated,  and  all  the  parts  between  I and  H will  be  dark.  Farther,  in  this  pofition 
greater  portions  of  thofe  parallels  which  lie  between  the  equator  and  the  circle  FG,  will 
at  any  inftant  be  in  the  illuminated,  than  in  the  dark,  hemifphere  ; and,  on  the  contrary, 
greater  portions  of  thofe  which  lie  between  the  circle  HI  and  the  equator,  will  at  any 
inftant  be  in  the  dark,  than  in  the  enlightened,  hemifphere.  Confequently,  any  given 
place  on  the  fide  of  the  equator  towards  Pr  will,  in  one  diurnal  revolution,  be  longer  in 
the  light  than  in  the  dark,  and  the  reverfe  on  the  fide  towards  p.  The  difference  between 
the  length  of  day-light  and  night,  will  decreafe  on  either  fide  of  the  equator,  as  we 
approach  towards  it ; and  at  the  equator,  the  illuminated  and  dark  portions  of  the  circle 
being  always  equal,  the  days  and  nights  will  be  of  equal  length.  The  contrary  to  all  this 
will  take  place  in  the  fituation  XY.  Continual  variations  will  take  place,  while  the  earth 
paffes  from  MO  to  KL,  and  trom  KL  to  XY.  But  in  the  fituation  KL,  the  illumination 
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extending  exa&ly  to  both  poles,  all  the  parallel  circles  are  half  illuminated,  and  half  dark; 
confequently,  any  place  upon  the  globe  will,  in  a diurnal  revolution,  have  equal  portions 
of  light  and  darknefs  $ that  is,  day  and  night  will  be  every  where  of  equal  length.  This 
mull  happen  twice  in  every  annual  revolution. 

Schol.  i.  When  the  fun  is  very  near  either  of  the  tropics,  the  days  do  not  appear  of 
different  lengths,  for  the  circles  of  apparent  diurnal  motion  are  fo  near  to  each  other, 
that  they  cannot  be  fenfibly  diftinguifhed. 

Schol.  2.  The  different  degrees  of  heat  at  different  feafons  of  the  year  are  owing  partly 
to  the  different  lengths  of  the  days,  and  partly  to  the  different  degrees  of  obliquity  with 
which  the  rays  fall  upon  the  atmofphere  at  different  altitudes  of  the  fun. 

PROP.  XVII. 

When  the  fun,  or  any  other  heavenly  body,  is  in  the  equator,  it 
rifes  in  the  eaft,  and  fets  in  the  weft. 

For  it  then  rifes  and  fets  in  the  points  in  which  the  equator  cuts  the  horizon  ; that  is, 
becaufe  the  equator  is  at  right  angles  to  the  meridian,  which  paffes  through  the  north  and 
fouth  points,  in  the  points  of  eaft  and  weft. 

PROP.  XVIIL 

When  the  declination  of  the  fun  is  towards  the  elevated  pole,  its 
meridian  altitude  is  equal  to  its  declination  added  to  the  elevation 
of  the  celeftial  equator : when  its  declination  is  towards  the  deprefted 
pole,  its  meridian  altitude  is  equal  to  its  declination  fubtradled  from 
the  elevation  of  the  equator. 

Let  HO  be  the  horizon,  T the  earth,  P and  S the  celeftial  poles,  D the  zenith,  N 
the  nadir,  EQ_  the  equator.  If  the  fun  be  at  C,  having  its  declination  towards  the 
elevated  pole  P,  when  it  arrives  at  the  meridian  PS,  its  meridian  altitude  CH  is  equal  to 
the  fum  of  CE  its  declination,  and  EH  the  elevation  of  the  equator.  If  the  fun  be  at  I, 
having  its  declination  towards  the  deprefted  pole  S ; when  it  arrives  at  the  meridan,  its 
altitude  DH  is  equal  to  the  difference  of  EH  the  elevation  of  the  equator,  and  El  the 
fun’s  declination,  as  appears  from  the  figure. 
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When  the  declination  of  a heavenly  body  towards  the  elevated 
pole,  is  equal  to  the  latitude  of  any  place,  the  body  will  pafs  through 
the  zenith  of  that  place  : and  when  its  declination  towards  the  de- 
preffed  pole  is  equal  to  the  latitude,  it  will  pafs  through  the  nadir. 

Any  ftar  or  planet  which  paftes  through  D,  the  zenith,  in  its  apparent  diurnal  re- 
volution muft  defcribe  the  circle  DO  ; whence  its  diftance  from  the  equator  or  declination 
will  be  ED.  But  ED  is  the  diftance  of  the  zenith  from  the  equator,  which,  becaufe 
the  elevation  of  the  equator  is  equal  to  the  complement  of  latitude  (Prop.  IV.)  is  equal 
to  the  latitude.  In  like  manner  the  reverfe  may  be  proved. 

PROP.  XX. 

A heavenly  body  feen  from  any  place,  will  never  fet  from  the 
diurnal  motion  of  the  earth,  if  the  complement  of  its  declination 
towards  the  elevated  pole  be  equal  to,  or  lefs  than,  the  latitude  of  the 
place : and  it  will  never  rife,  if  the  complement  of  its  declination 
towards  the  deprelfed  pole  be  equal  to,  or  lefs  than,  the  latitude. 

Let  PD,  which  is  the  complement  of  declination  of  a body  at  D,  and  alfo  the  diftance 
of  the  body  at  D from  the  pole,  be  equal  to  PO,  the  elevation  of  the  pole,  or  (by  Prop. 
III.)  the  latitude;  it  is  manifeft,  that  the  body  at  its  loweft  depreflion  will  be  no  farther 
from  the  pole  than  the  horizon  is,  that  is,  will  never  be  below  it.  In  like  manner  the 
reverfe  may  be  fhewn. 

Schol.  The  latitude  of  a place  may  be  found,  by  obferving  the  greateft  and  leaft 
altitude  of  a fixed  ftar  that  never  fets. 

Let  A be  a ftar  near  the  north  pole,  which  in  its  daily  motion  defcribes  the  circle  AB 
without  fetting.  A quadrant  being  placed  in  the  plane  of  the  meridian,  or  along 
the  meridian  line,  obferve  its  altitude  when  it  is  at  A,  and  afterwards  when  at  B;  the 
difference  of  thefe  altitudes  is  AB.  And  fince  the  ftar,  in  its  revolution  about  the  pole, 
is  always  at  equal  diftances  from  it,  if  AB  be  bifecled  in  P,  this  point  will  be  the  pole, 
and  confequently  PO  will  be  the  elevation  of  the  pole.  But,  fince  the  lengths  of  the 
arcs  AO,  BO,  have  been  found  by  obfervations,  their  difference  AB,  and  the  half  of 
this  difference,  AP,  or  BP,  is  known:  and  PO  is  equal  to  BP  + BO,  or  to  AO  — PA. 
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Whence  the  elevation  of  the  pole,  that  is,  the  latitude,  is  equal  to  the  fum  of  the  lead 
altitude  added  to  half  the  difference  of  the  greateft  and  lead  altitude,  or  it  is  equal  to  the 
remainder  arifing  from  fubtracding  half  the  difference  of  the  greated  and  lead  altitudes 
from  the  greated  altitude. 

Or,  the  latitude  may  be  found  from  the  fun’s  meridian  altitude  and  declination. 
If  the  fun’s  meridian  altitude,  found  by  a quadrant,  be  CH,  this  altitude  is  equal  to  the 
fun’s  declination  CE,  added  to  the  elevation  of  the  equator  EH.  Therefore,  if  CE,  the 
declination  towards  the  elevated  pole,  be  taken  from  the  meridian  altitude,  the  remainder 
EH  will  be  the  elevation  of  the  equator.  But  fince  the  elevation  of  the  equator  is  the 
complement  of  latitude,  the  latitude  is  the  complement  of  the  elevation  of  the  equator. 
This  elevation  therefore  being  found,  the  latitude  of  the  place  is  known. 

Def.  XXXVII.  The  two  tropics  and  two  polar  circles  upon  the 
furface  of  the  earth,  divide  it  into  five  parts  called  Zones : the  torrid 
zone  lies  between  the  two  tropics  ; the  temperate  zones  between 
the  tropics  and  polar  circles  5 and  the  frigid  zones  between  the  polar 
circles  and  the  poles. 

PROP.  XXI. 

At  any  place  in  the  torrid  zone  the  fun  is  vertical  twice  every 
year. 

The  fun,  in  palling  from  the  equator  to  the  tropic  of  Cancer,  23^  degrees  from  the 
equator,  has  every  northern  declination  from  o to  23^  : and  every  place  between  the 
equator  and  the  tropic  of  Cancer  has  fome  northern  latitude  between  o and  23^  : therefore, 
in  fome  part  of  its  courfe  from  the  equator  to  the  tropic  of  Cancer,  the  fun  mud:  have 
a declination  equal  to  the  latitude  of  every  place  between  the  equator  and  the  tropic  : 
whence  it  mull  be  once  in  the  zenith  of  every  fuch  place  in  its  courfe  towards  the  tropic 
of  Cancer.  For  the  fame  reafon  it  muff  be  once  in  the  zenith  of  every  fuch  place  in 
its  courfe  from  the  tropic  to  the  equator.  The  like  may  be  fhewn  on  the  fouthern  fide 
of  the  equator. 

PROP.  XXII. 

The  fun  is  vertical  once  every  year  at  the  places  which  lie  in 
the  tropics. 

For  the  fun’s  declination  is  then  23 1 degrees,  equal  to  the  latitude  of  the  tropics. 
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PROP.  XXIII. 

At  the  polar  circles,  the  longeft  day,  and  the  longeft  night,  is 
24  hours. 

When  the  fun  is  in  the  tropic  of  Cancer,  the  complement  of  its  declination  towards 
the  elevated  pole  is  66~  degrees,  equal  to  the  latitude  of  the  ardfic  polar*  circle  : on  this 
day  therefore  (by  Prop.  XX.)  the  fun  will  not  fet.  When  the  fun  is  in  the  tropic  of 
Capricorn,  the  complement  of  its  declination  towards  the  deprefted  pole  will  be  66 \ de- 
grees, equal  to  the  latitude  of  the  ardfic  pole ; whence  the  fun  will  not  rife  during  that 
day.  The  fame  may  be  fhewn  with  refpedt  to  the  antardtic  circle. 

PROP.  XXIV. 

The  longeft  day,  and  the  longeft  night,  are  each  of  them  more 
than  24  hours  within  the  frigid  zone. 

For,  while  the  fun’s  complement  of  declination  towards  the  elevated  pole  is  Iefs  than 
the  latitude  of  the  place,  the  fun  will  not  fet;  while  the  complement  of  declination  towards 
the  deprefted  pole  is  lefs  than  the  latitude  of  the  place,  it  will  not  rife  : but  this  mu  ft 
be  the  cafe  with  refpedt  to  every  place  within  the  frigid  zones,  in  fome  part  of  the  fun’s 
courfe  towards  the  tropics. 


PROP.  XXV. 

The  fun  is  never  vertical  to  any  place  in  either  of  the  temperate 
zones. 

For  the  latitude  of  all  places  in  the  temperate  zone,  is  greater  than  the  complement  of 
any  declination  of  the  fun. 

PROP.  XXVI. 

The  longeft  day,  and  the  longeft  night,  in  any  part  of  the  tem- 
perate zones,  are  lefs  than  24  hours  •>  and  the  days  and  nights  will, 
be  longer,  the  nearer  the  place  is  to  the  polar  circles. 

For  the  complement  of  the  fun’s  declination  can  never  be  lefs  than,  or  equal  to,  the 
latitude  of  any  place  in  the  temperate  zones ; whence  the  fun  will  rife  and  fet  every  day 
within  thefe  zones.  But  the  farther  any  place  is  removed  from  the  equator,  the  nearer 
the  latitude  approaches  to  an  equality  with  the  complement  of  the  fun’s  greateft  declina- 
tion, when  the  day  is  24  hours  ; that  is,  at  the  polar  circles. 
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PROP.  XXVII. 

At  different  places,  the  hour  of  the  day  differs  in  proportion  to 
the  difference  of  longitude ; 1 5 degrees  of  longitude  making  the 
difference  of  one  hour  in  time;  15^,  one  minute  of  time,  15^,  one 
fecond  of  time  : and  it  is  feen  at  any  given  place  fooner  than  at  places 
which  lie  to  the  weft  of  it,  and  later  than  at  places  which  lie  to 
the  eaft  of  it. 

The  fun  in  its  daily  apparent  motion,  .which  is  from  eaft  to  weft,  mull  arrive  at  the 
meridian  of  any  given  place,  as  London,  fooner  than  it  will  arrive  at  the  meridian  of  any 
place  which  lies  to  the  weft  of  London,  and  later  than  at  the  meridian  of  any  place  to 
the  eaft  of  London  : that  is,  fince  it  is  noon  at  any  place  when  the  fun  is  in  its  meridian, 
it  will  be  noon  at  London  fooner  than  at  places  weft,  and  later  than  at  places  eaft,  of  it. 

For  example,  if  any  place  lies  15  degrees  eaft  of  London,  that  is,  has  15  degrees  of  eaftern 
longitude  from  London  taken  as  the  firft  meridian,  the  fun  will  be  one  hour  fooner  at 
its  meridian  than  at  the  meridian  of  London ; for,  fince  the  fun  every  day  appears  to 
make  a complete  revolution  from  any  meridian  to  the  fame,  in  24  hours,  it  will  in  every 
hour  defcribe  a 24th  part  of  the  circle,  that  is,  15 °.  And  fince  a minute  of  a circle  is 
a 60th  part  of  a degree,  and  a fecond  of  a circle  a 60th  part  of  a minute,  and  15'  the 
60th  part  of  150,  and  15^  the  60th  part  of  15',  the  fun  will  move  at  the  rate  of  15'  in 
every  60th  part  of  an  hour,  and  15"  in  every  60th  part  of  a minute,  that  is,  in  every 
minute  or  fecond  of  time.  Confequently,  it  will  be  noon  one  minute  or  one  fecond 
fooner  at  a place  which  is  15^  or  15"  eaft  of  London,  than  at  London. 

PROP.  XXVIII. 

The  difference  of  longitude  at  two  places  may  be  found  by  ob~ 
ferving,  at  the  fame  time  from  both  places,  fome  inftantaneous  ap- 
pearance in  the  heavens. 

If  the  eclipfe  of  Jupiter’s  innermoft  fatellite,  on  the  inftant  of  its  immerfton  into  the 
lhadow  of  Jupiter,  be  obferved  by  two  perfons  at  different  places,  it  will  be  feen  by  both 
at  the  fame  inftant.  But  if  this  inftant  be  half  an  hour,  for  example,  fooner  at  one 
place,  than  at  the  other,  becaufe  the  places  differ  half  an  hour  in  their  reckoning  of 
time,  their  difference  of  longitude  (by  Prop.  XXVII  .)  is  70.  30'. 
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Schol.  From  tables  of  eclipfes  correctly  calculated  for  any  place,  the  longitude  of  any 
place  may  be  found  by  one  obferver.  But  fuch  obfervations  can  only  be  made  with 
certainty  by  land,  on  account  of  the  motion  of  a {hip  at  fea.  In  order  to  determine 
accurately  the  longitude  at  fea,  it  is  necelTary  to  have  a clock  which  Ihall  not  be  fenfibly 
affected  by  difference  of  climate,  difference  of  gravity  at  different  places,  or  the  motion 
of  the  fhip.  Such  a clock  fet  for  the  meridian  of  London  would  conffantly  {hew  the 
hour  of  the  day  at  London,  w.hich  it  is  eafy  to  compare  with  the  hour  of  the  day  where 
the  Ihip  is,  found  by  obfervations  on  the  fun  or  ftars. 

PROP.  XXIX, 

Thofe  who  live  in  oppofite  femicircles  of  the  fame  meridian,  but 
in  the  fame  circle  of  latitude,  have  oppofite  hours  of  the  day,  but  the 
fame  feafons. 

Being  both  on  the  fame  fide  of  the  equator  and  at  the  fame  diftance  from  it,  when  the 
fun’s  declination  makes  it  fummer  or  winter  in  one  of  the  places,  it  will  be  the  fame  at 
the  other  : but  becaufe  they  are  diftant  from  each  180  degrees  of  longitude,  when  it  is 
noon  at  one  place  it  will  be  midnight  at  the  other  : thefe  are  called  Periaci . 

PROP.  XXX. 

Thofe  who  live  in  oppofite  circles  of  latitude,  but  in  the  fame 
femicircle  of  the  meridian,  have  oppofite  feafons  of  the  year,  but  the 
fame  hour  of  the  day. 

When  the  fun  has  declination  towards  the  north  pole,  it  will  be  fummer  to  thofe 
who  live  in  the  northern  circle  of  latitude,  and  winter  to  thofe  who  live  in  the  fouthern 
circle  of  latitude.  But,  having  the  fame  longitude,  their  hours  of  the  day  will  be  the 
fame  : thefe  are  called  Antceci. 

PROP.  XXXL 

Thofe  who  live  in  oppofite  circles  of  latitude  and  oppofite  femi- 
circles of  the  meridian,  have  both  oppofite  feafons  of  the  year,  and 
oppofite  hours  of  the  day. 

Becaufe  they  are  in  oppofite  latitudes,  they  will  have  oppofite  feafons  ; and  becaufe 
they  are  in  oppofite  femicircles  of  the  meridian,  they  will  have  noon  when  it  is  midnight 
at  the  other  : thefe  are  called  Antipodes* 
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Def.  XXXVIII.  Twelve  fecondaries  to  the  celeftial  equator  being 
conceived  to  be  drawn  at  equal  diftances  from  each  other,  that  is, 
dividing  the  equator  into  24  equal  parts,  and  the  meridian  of  any 
place  being  made  one  of  tliefe  fecondaries,  they  are  called  Hour- 
Circles  of  that  place.  Compare  Prop.  XXVII. 

PROP.  XXXII. 

If  the  celeftial  fphere  had  an  opake  axis,  the  fhadow  of  the  axis 
would  always  be  oppofite  to  the  fun  ; and  when  the  fun  was  on  one 
fide  of  any  hour-circle,  the  fhadow  of  the  axis  would  fall  upon  the 
oppofite  fide  of  the  fame  hour-circle. 

For  all  the  hour-circles  being  fecondaries  to  the  equator,  pafs  through  the  poles,  and 
the  celeftial  axis  is  in  the  plane  of  every  hour-circle.  And  the  fhadow  of  any  opake  body, 
being  oppofite  to  the  fun,  is  in  the  fame  plane  with  the  fun.  Therefore  in  whatever 
hour-circle  the  fun  is,  the  fhadow  of  the  fuppofed  opake  axis  would  be  in  the  plane  of 
that  circle  and  oppofite  to  the  fun,  that  is,  while  the  fun  is  in  one  femicircle  of  any  hour- 
circle,  the  fhadow  of  the  axis  would  fall  upon  the  oppofite  femicircle. 

Cor.  Hence  as  the  fun  performs  its  apparent  courfe  from  eaft  to  weft,  the  fhadow  of 
the  fuppofed  axis  would  move  from  weft  to  eaft. 

Schol.  The  gnomon  of  a fun-dial  reprefents  the  fuppofed  axis,  and  hence  its  fhadow 
is  a meafure  of  time. 


PROP.  XXXIII. 

The  orbit  in  which  the  earth  revolves  about  the  fun,  is  elliptical. 

It  is  known  from  obfervation,  that  the  apparent  motion  of  the  fun,  that  is,  the  real 
motion  of  the  earth,  in  the  ecliptic,  is  not  uniform.  But  by  the  univerfal  law  of  bodies 
revolving  about  a center,  if  its  orbit  were  circular,  its  velocity  muft  be  uniform  ; fince 
(Book  II.  Prop.  LXXII.)  it  muft  defcribe  equal  areas  in  equal  times.  Whereas  if  its 
orbit  be  an  ellipfe,  and  the  fun  be  placed  in  one  of  the  foci , the  fame  law  will  require 
(fee  Book  II.  Prop.  LX VIII.)  that  its  velocity  fhould  not  be  uniform,  but  that  in  pafting 
r through  its  greateft  diftance  C,  to  its  leaft  diftance  A,  it  fhould  be  accelerated,  and  in 

palling  from  the  leaft  diftance  A to  the  greateft  C,  it  fhould  be  retarded.  Since  then 
the  motion  of  the  earth  is  in  fa£t  thus  retarded  and  accelerated  in  different  parts  of  its 
orbit,  it  is  manifeft,  that  its  orbit  is  elliptical. 
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Def.  XXXIX.  The  greateft  diftance  of  the  earth  or  any  other 
planet  from  the  fun,  is  called  its  Aphelion  its  neareft  diftance,  its 
Perihelion  ; the  longer  axis  of  the  ellipfe  is  called  the  Linea  Apjidum , 
the  aphelion  is  alfo  called  the  Summa  Apjis , and  perihelion  the 
Ima  Ipjis . 

Def.  XL.  The  Excentricity  of  the  earth,  or  any  planet,  is  the 
diftance  between  the  fun  and  the  center  of  the  elliptical  orbit. 

PROP.  XXXIV. 

# 

The  fun  is  eight  days  longer  in  performing  its  apparent  courfe 
through  the  fix  northern  figns,  than  through  the  fix  fouthern  figns. 

Let  ABCD  be  the  orbit  of  the  earth,  S the  fun,  and  EFGH  the  ecliptic.  While  the 
earth  moves  in  its  orbit  from  B through  C to  D,  the  fun  appears  to  move  in  the  ecliptic 
from  H through  G to  F,  pafling  through  the  fix  northern  figns ; and  while  the  earth 
pafles  from  D through  A to  B,  the  fun  appears  to  move  from  F to  H,  through  the  fix 
fouthern  figns.  Now  the  line  HF  bifects  the  circle  EFGH,  but  divides  the  ellipfe  ABCD 
unequally.  And,  while  the  fun  appears  to  pafs  through  the  northern  figns,  the  earth 
pafles  through  more  than  half  of  its  orbit;  and  while  the  fun  appears  to  pafs  through  the 
fouthern  figns,  the  earth  pafles  through  lefs  than  half  of  its  orbit.  Therefore,  if  the 
velocity  of  the  motion  of  the  earth  were  uniform,  the  fun  muff  appear  to  be  longer  in 
pafling  through  the  fix  northern  than  the  fix  fouthern  figns.  But  whilfl:  the  earth  is 
pafling  through  the  greater  part  of  its  orbit  BCD,  it  is  farther  from  the  fun,  and  confe- 
quently  moves  flower  than  in  the  leffer  part  DAB.  On  both  thefe  accounts,  the  fun’s 
apparent  motion  is  flower  in  the  northern  figns  than  the  fouthern : the  difference  is 
found  by  obfervation  to  be  about  eight  days. 

PROP.  XXXV. 

The  apparent  diameter  of  the  fun  is  greater  in  winter  than  fummer. 

It  is  found  by  obfervation,  that  the  diameter  of  the  fun  in  winter  is  32  minutes, 
47  feconds ; in  fummer,  31'.  40". 

Cor.  Hence  it  appears,  that  the  earth,  at  the  winter  folffice,  or  Capricorn,  is  in  its 
perihelion. 
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Schol.  i.  The  difference  between  fummer  and  winter  in  the  degrees  of  heat,  is  owing 
chiefly  to  the  different  heights  to  which  the  fun  rifes  above  the  horizon,  and  the  dif- 
ferent lengths  of  the  days.  When  the  fun  rifes  higheft,  in  fummer,  its  rays  fall  lefs 
obliquely,  and  confequently  more  of  them  fall  on  the  earth’s  furface  than  in  winter  ; and 
when  the  days  are  long  and  the  nights  fhort,  the  earth  and  air  are  more  heated  in  the 
day  than  they  are  cooled  in  the  night,  and  the  reverfe. 

Schol.  2.  The  dodtrine  of  the  Sphere  having  been  explained  in  the  preceding  pro- 
pofitions,  fome  of  the  more  ufeful  Problems  to  be  performed  on  the  Terreftrial  and  Celefiial 
Globes  are  here  fubjoined. 

l 

Problem  I.  To  find  the  latitude  of  any  place.  Bring  the  place  to  the  graduated  fide  of 
the  fixed  brafs  meridian  ; the  degree  under  which  it  is  found,  is  its  latitude.  All  places 
under  the  fame  degree  are  in  the  fame  latitude. 

Pr  ob.  II.  To  find  the  longitude  of  any  place.  Bring  the  place  to  the  fixed  meridian  ; 
the  difiance  of  this  meridian  from  the  firft  meridian,  meafured  on  the  equator,  is  the 
longitude  of  the  place. 

Prob.  III.  To  rectify  either  globe  to  the  latitude  of  any  place , the  zenith , and  the  fun’ s place. 
If  the  place  be  in  the  northern  hemifphere,  raife  the  north  pole  above  the  horizon ; 
but  if  the  place  be  in  the  fouthern  hemifphere,  raife  the  fouth  pole.  Then  move  the 
meridian  up  and  down  in  the  notches,  till  the  degree  of  the  place’s  latitude,  counted 
upon  the  meridian,  below  the  pole,  cuts  the  horizon  ; and  then  the  globe  is  adjufted  to 
the  latitude  of  the  place. 

Having  elevated  the  globe  according  to  the  latitude  of  the  place,  count  the  fame  number 
of  degrees  upon  the  meridian,  from  the  equator  towards  the  elevated  pole,  and  that  point 
will  be  the  zenith  or  vertex  of  the  place.  To  this  point  of  the  meridian  fcrew  the  qua- 
drant of  altitude,  fo  that  its  graduated  edge  may  be  joined  to  the  faid  point;  then  is  the 
globe  rectified  for  the  zenith. 

Bring  the  fun’s  place  in  the  ecliptic  to  the  meridian,  and  fet  the  hour-index  to  12  at 
noon ; and  then  the  globe  will  be  rectified  for  the  fun’s  place. 

Prob.  IV.  To  determine  the  difference  of  time  in  different  places.  Find  the  longitude  of 
each  place,  and  reduce  the  difference  into  time,  allowing  an  hour  for  every  15  degrees, 
and  proportionally  for  leffer  parts  ; the  difference  of  time  will  be  found  : if  the  place 
lies  weftward  of  another,  it  has  its  noon  later  than  that  other;  if  eaftward,  fooner. 

Prob.  V.  The  latitude  and  longitude  of  any  place  bemg  known , to  find  the  place  on  the  globe. 
Bring  the  degree  of  the  equator  which  expreffes  the  given  longitude  to  the  fixed  meridian, 
then  find  the  given  latitude  on  the  meridian  ; under  this  point  is  the  place  fought. 
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Prob,  VI.  To  find  the  difiance  between  any  two  places , and  their  bearings  or  relative 
fituation  with  refpeft  to  the  points  of  the  compafs.  Rectify  the  globe  to  the  latitude  of  one 
of  the  places,  and  bring  that  place  to  the  fixed  meridian  : then  fix  the  quadrant  of  altitude 
to  the  uppermoft  point  of  the  meridian,  and  putting  its  lower  end  between  the  horizon 
and  the  globe,  Aide  it  along,  till  it  pafles  through  the  other  place  : the  number  of  degrees 
on  the  quadrant  between  the  two  places,  will  give  their  diftance,  allowing  694*  Englifh 
miles  for  each  degree ; and  the  number  of  degrees  upon  the  horizon  between  the  meridian 
and  the  quadrant,  will  give  the  bearing  of  the  fecond  place  with  refpedf  to  the  firft. 

Prob.  VII.  To  find  the  right  afcenfion  and  declination  of  the  fun , or  any  fiar . On  the 
celeftial  globe  find  the  day  of  the  month  under  the  ecliptic,  againft  which  is  the  fun's, 
place,  or  find  his  place  by  an  ephemeris  \ bring  that  point  under  the  meridian,  and  the 
degree  which  is  over  the  point  is  the  fun’s  declination,  and  the  degree  of  the  equator  then 
under  the  meridian  will  be  the  fun’s  right  afcenfion.  A ftar’s  declination  and  right 
afcenfion  are  found,  by  bringing  the  fiar  on  the  globe  to  the  meridian,  and  proceeding  as 
with  refpedt  to  the  fun. 

Prob.  VIII.  To  find  what  fiars  pafs  over , or  near , the  zenith  of  any  place.  Having 
found  the  latitude  of  the  place  on  the  terreftrial  globe,  all  thofe  fiars  on  the  celeftial  globe, 
which  pafs  under  the  fame  degree  of  the  meridian  with  the  given  latitude,  become  vertical 
at  that  place. 

Prob.  IX.  To  find  what  fiars  never  rife , or  never  fet , in  any  given  place . The  globe 
being  rectified  for  the  given  place,  thofe  fiars  which  do  not  pafs  under  the  wooden  horizon, 
never  fet ; thofe  which  do  not  come  above  it,  never  rife. 

Prob.  X.  To  reprefent  the  appearance  of"  the  heavens  at  any  time . Redlify  the  globe  to 
the  latitude  ; bring  the  fun’s  place  in  the  ecliptic  to  the  meridian,  and  fet  the  horary 
index  to  the  upper  12th  hour : then  turn  the  globe  till  the  index  points  to  the  given  hour. 

Prob.  XI.  The  latitude  of  a place  being  given , to  find  the  time  of  the  fun’s  rifing  and  feiting , 
or  any  given  day , at  that  place.  Having  rectified  the  globe  according  to  the  latitude,  bring 
the  fun’s  place  in  the  ecliptic  to  the  graduated  edge  of  the  meridian,  and  fet  the  horary 
index  to  the  upper  12.  Then  turn  the  globe  to  bring  the  fun’s  place  to  the  eaftern  part 
of  the  horizon,  the  index  will  point  to  the  hour  at  which  the  fun  rifes  ; on  the  weftern 
fide,  to  the  time  of  its  fetting. 

Prob.  XII.  To  find  all  the  places  on  the  globe  to  which  the  fun  will  be  vertical  on  a given 
day.  Bring  the  fun’s  place  to  the  fixed  meridian,  and  obferve  the  point  of  the  fun’s 
declination  ; all  the  places  which,  in  turning  the  globe  round,  pafs  under  that  point, 
have  the  fun  vertical  on  the  given  day. 

Prob.  Xlll.  To  find  the  fun’s  amplitude.  The  globe  being  rectified  for  the  latitude  of 
the  place,  bring  the  fun’s  place  to  the  eaftern  fide  of  the  horizon;  the  arc  of  the  horizon 
intercepted  between  that  point  and  the  eaftern  point,  is  the  fun’s  amplitude  at  rifing. 
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Prob.  XIV.  To  find  the  funs  altitude.  The  globe  being  re&ified  for  the  latitude, 
zenith,  and  fun’s  place,  the  number  of  degrees  contained  between  the  fun’s  place  and  the 
zenith,  is  the  diftance  of  the  fun  from  the  vertex  at  noon,  the  complement  of  which  to 
90  degrees,  is  the  fun’s  altitude. 

Prob.  XV.  To  find  the  place  of  any  heavenly  body  upon  the  globe , its  longitude  and 
latitude  being  given.  Place  the  firft  degree  of  the  quadrant  of  altitude,  upon  that  degree 
of  the  ecliptic  which  expreftes  the  given  longitude,  and  the  90th  degree  on  the  pole  of 
the  ecliptic ; the  point  of  the  globe  which  is  under  that  degree  of  the  quadrant  which 
exprelTes  the  given  latitude,  is  the  place  of  the  body  : for  the  quadrant  reprefents  a 
fecondary  of  the  ecliptic,  an  arc  of  which  between  the  body  and  the  ecliptic  is  its  latitude, 
and  the  arc  of  the  ecliptic  between  the  fecondary  and  the  firft  degree  of  Aries  its 
longitude. 

Prob.  XVI.  To  find  the  place  of  any  heavenly  body  upon  the  globe , its  right  afcenfion  and 
declination  being  given.  Bring  that  point  of  the  equator  which  expreftes  the  given  right 
afcenfion  to  the  meridian  ; the  place  fought  is  under  that  degree  in  the  meridian,  north 
or  fouth,  which  expreftes  the  given  declination. 

Exp.  Let  the  Propofitions  in  this  Section  be  illuftrated  on  the  Globes,  Armillary  Sphere, 

or  Orrery. 

* 


SECT.  III. 

Of  Twilight. 

PROP.  XXXVI. 

The  atmofphere  above  the  horizon  is  enlightened  by  the  rays  of 
the  fun,  when  the  fun  itfelf  is  below  the  horizon. 

Let  ADL  be  the  furface  of  the  earth  ; CBM,  the  furface  of  the  atmofphere;  A,  any 
place  upon  the  earth  ; PABN,  the  fenfible  horizon.  When  the  fun  is  at  G,  any  point 
below  the  horizon,  it  cannot  be  d ireTtly  feen  by  a fpeclator  at  A.  But,  becaufe  rays  from 
the  fun  at  G can  pafs  to  the  part  of  the  atmofphere  above  the  fenfible  horizon  of  the 
place  A,  this  part  of  the  atmofphere  will  be  illuminated  before  the  fun  rifes,  or  after  it 
lets,  and  will  become  vifible  by  reflection  to  the  fpeclator  at  A ; that  is,  twilight  will 
be  produced. 

PROP. 
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PROP.  XXXVII. 

^ s 

When  the  evening  twilight  ends,  or  the  morning  twilight  begins, 
a ray  of  the  fun  reflected  from  the  higheft  part  of  the  atmofphere 
defcribes,  after  reflection,  a line  which  is  in  the  plane  of  the  fenfible 
horizon. 

As  the  fun  is  deprefled,  the  extreme  ray  of  light  from  the  fun  gradually  recedes  from 
C towards  B,  till  at  laft  it  touches  the  horizon  at  B,  from  whence  it  is  reflected  in  the 
direction  BA,  the  plane  of  the  horizon. 


PROP.  XXXVIII. 

% . „ ..  ■ r 

When  the  evening  twilight  ends,  or  the  morning  twilight  begins, 
a line  drawn  from  the  fun  to  the  top  of  the  atmofphere  is  a tangent 
to  the  furface  of  the  earth. 

From  E,  the  common  center  of  the  earth  and  atmofphere,  draw  a flraight  line  to  B, 
the  point  in  the  top  of  the  atmofphere,  from  which  (by  laft  Prop.)  the  fun’s  ray  is  reflected 
to  A when  the  evening  twilight  ends,  or  the  morning  twilight  begins.  Becaufe  this  line 
EB  is  perpendicular  to  the  refle&ing  furface  of  the  atmofphere,  ABE  is  the  angle  of  re- 
flection. And  AB,  the  reflected  ray,  being  in  the  plane  of  the  fenfible  horizon,  defcribes 
a tangent  to  the  furface  of  the  earth.  At  the  fame  time,  the  fun  muft  be  at  fome  point  S, 
fuch  that  the  incident  ray  SB  fhall  make  the  angle  of  incidence  SBE,  equal  to  ABE  the 
angle  of  reflection.  Draw  AE ; and  from  E,  the  center  to  the  incident  ray  SB,  draw  ED, 
making  the  angle  DEB  equal  to  the  angle  AEB.  Hence  (El.  I.  26.)  the  fide  ED  is 
equal  to  the  fide  AE,  that  is,  ED  is  a femidiameter  of  the  earth;  alfo,  the  angle  EDB 
is  equal  to  the  angle  EAB,  or  is  a right  angle  : whence  (El.  III.  16.  Cor.)  SB  is  a 
tangent  to  the  circle;  that  is,  when  the  reflected  ray  defcribes  a line  in  the  plane  of  the 
fenfible  horizon,  the  line  defcribed  by  the  incident  ray  falling  upon  the  top  of  the  atmo- 
fphere, is  a tangent  to  the  furface  of  the  earth. 

PROP.  XXXIX. 

If  the  time  of  the  beginning  of  the  morning,  or  end  of  the 
evening  twilight  is  known,  the  height  of  the  atmofphere  may  be 
determined. 
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It  is  found,  that  at  the  beginning  of  the  morning,  or  the  end  of  the  evening  twilight, 
the  fun  is  i8°.  degrees  below  the  horizon.  If  therefore  S is  the  place  of  the  fun  at  that  time, 
and  ABN  the  horizon,  the  angle  SBN  is  i8°.  But  at  that  time  (by  Prop.  XXXVIII.) 
if  B is  the  top  of  the  atmofphere,  the  incident  ray  SB,  and  the  refle&ed  ray  BA,  touch 
the  earth  at  D and  A.  And,  becaufe  (El.  III.  18.)  in  the  quadrilateral  figure  ABDE, 
the  angles  ABD,  AED,  are  together  equal  to  two  right  angles,  or  ABD  is  the  complement 
to  two  right  angles  of  AED,  and  that  ABD  is  alfo  (El.  I.  13.)  the  complement  to  two 
right  angles  of  SBN,  AED,  the  angle  contained  by  the  femidiameters  AE,  DE,  is  equal 
to  SBN  the  angle  of  the  fun’s  depreflion  : whence  AED,  at  the  time  fuppofed,  is  an 
angle  of  18  °.  But,  on  account  of  the  refra&ion  of  the  fun’s  rays  in  coming  into  the 
atmofphere,  his  apparent  place  is,  at  the  fuppofed  time,  30'  higher  than  its  true  place. 
Allowance  muft  therefore  be  made  for  this  refra£tion  in  meafuring  the  angle  SBN,  made 
by  SB  the  line  of  dire&ion  in  which  the  fun’s  ray  appears  to  come,  and  BN  a line  in 
the  plane  of  the  fenfible  horizon.  Confequently,  the  angle  SBN,  and  its  equal  AED, 
is  only  17°.  30'.  and  its  half  AEB  is  8°.  45*. 

Now,  in  the  triangle  AEB,  HB,  the  height  of  the  atmofphere,  is  the  difference  between 
HE  the  radius,  and  BE  the  fecant.  Therefore  as  HE  is  to  HB,  the  difference  between 
the  radius  and  fecant  of  an  angle  of  8°.  45'.  fo  is  the  number  of  miles  in  HE,  a femi- 
diameter  of  the  earth,  to  the  number  of  miles  in  HB,  the  height  of  the  atmofphere. 

PROP.  XL. 

The  twilight  is  longeft  in  a parallel  fphere,  and  Ihorteft  in  a 
right  fphere  ; and,  in  an  oblique  fphere,  the  nearer  the  fphere  ap- 
proaches to  parallel,  the  longer  is  the  twilight. 

In  a parallel  fphere,  the  twilight  will  continue  till  the  fun’s  declination  toward  the 
depreffed  pole  is  180.  but  in  this  fphere  his  declination  is  never  more  than  23I  degrees; 
whence  the  twilight  will  only  ceafe,  whilft  the  fun’s  declination  is  increafing  from  180.  to 
23- degrees,  and  decreafing  again  till  in  its  decreafe  it  becomes  180.  The  twilight  is 
here  caufed  by  the  annual  motion  of  the  earth.  In  a right  fphere,  the  fun  appears  to  be 
carried,  by  the  daily  motion  of  the  earth,  in  circles  perpendicular  to  the  horizon ; whence 
it  is  carried  dire£Ily  downwards  by  the  whole  daily  motion,  and  will  arrive  at  180.  below 
the  horizon,  the  fooneft  poffible  : whereas,  in  an  oblique  fphere,  its  path  is  oblique  to 
the  plane  of  the  horizon,  and  therefore  will  be  longer  before  it  is  defcended  18  degrees 
below  the  horizon  : and  the  difference  of  the  time  of  twilight  will  increafe  with  the 
degree  of  obliquity.  As  the  fun  fets  more  obliquely  at  fome  parts  of  the  year  than  others, 
the  twilight  varies  in  its  duration. 
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SECT.  IV. 

Of  the  E qjj  ation  of  Time. 

PROP.  XLI. 

The  time  in  which  the  fun  completes  one  apparent  diurnal  revo- 
lution, is  greater  than  that  in  which  the  earth  revolves  round  its  axis. 

If  the  earth  turns  round  its  center  T in  the  direction  RCB,  and  at  the  beginning  of 
one  revolution  the  lun  was  feen  at  Z,  in  the  meridian ; from  its  apparent  annual  motion 
it  will,  after  the  diurnal  revolution  of  the  earth  is  completed,  be  feen  advanced  in  its 
orbit  towards  E.  The  earth  therefore  muft  perform  more  than  one  revolution,  and  the 
fpe&ator  at  R,  after  returning  to  the  ftation  from  which  he  fet  out,  muft  advance  forwards 
to  £-3  before  the  fun  will  be  again  in  the  meridian. 

PROP.  XLIL 

The  obliquity  of  the  ecliptic  to  the  equator  would  caufe  the  daily 
increments  of  the  fun's  right  afcenlion  to  be  unequal,  although  the 
fun's  motion  in  the  ecliptic  were  uniform. 

Let  E be  the  firft  degree  of  Aries,  EQ_an  arc  of  90°.  of  the  equator,  EC  the  fame  of 
the  ecliptic,  and  CQ^an  arc  of  the  folftitial  colure,  between  Cancer  and  the  equator. 
At  E the  fun  has  neither  longitude  nor  right  afcenfion  : thefe  may  therefore  be  confidered 
as  equal,  when  the  fun  fets  out  from  Aries.  At  C,  the  longitude  is  equal  to  the  right 
afcenfion  ; for  both  EC  and  EQ^are  by  fuppofition  go°.  degrees  of  great  circles  of  the  fame 
fphere.  But  if  the  fun  be  any  where  between  the  firft  of  Aries  and  the.  firft  of  Cancer,  as 
at  S,  the  longitude  will  be  greater  than  the  right  afcenfion  ER.  For  SR  being  an  arc  of 
the  fecondary  of  the  equator  paffing  through  the  fun,  ES  is  the  longitude,  and  ER  the 
right  afcenfion  : but  ES  is  greater  than  ER,  becaufe  the  angle  at  R is  a right  angle,  but 
the  angle  at  S an  acute  angle.  Now,  if  the  fun  be  fuppofed  to  move  uniformly  in  the 
ecliptic,  or  to  defcribe  equal  arcs  in  equal  times,  the  daily  increments  of  longitude  will 
be  equal  to  one  another ; and  confequently,  fince  at  the  two  extremes  E and  C the 
longitude  and  right  afcenfion  are  equal,  and  the  longitude  is  fuppofed  to  increafe  uniformly, 
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if  the  right  afcenfion  alfo  increafed  uniformly,  they  would  at  all  times  be  equal.  But 
at  S,  R,  or  any  other  points  in  the  fame  fecondary,  between  the  firft  of  Aries  and  Cancer, 
the  longitude  is  greater  than  the  right  afcenfion  ; the  daily  increments  of  right  afcenfion 
are  therefore  unequal. 

Plate  9.  The  longitude  and  right  afcenfion  are  equal  when  the  fun  is  at  C and  at  E,  the  former 

Fls’  *4’  being  90°.  the  latter  180°.  from  Aries  both  on  the  ecliptic  and  equator.  But  between 
C and  E,  the  longitude  is  lefs  than  the  right  afcenfion  j becaule  ES,  oppofite  to  the  right 
angle  R,  is  greater  than  ER  oppofite  to  the  acute  angle  S,  and  confequently  the  point 
S is  nearer  Aries  than  the  point  R.  But,  the  fun  being  fuppofed  to  move  uniformly,  or 
to  increale  its  longitude  equally  every  day,  if  the  right  afcenfion  alfo  increafed  equally 
every  day,  fince  the  longitude  and  right  afcenfion  are  equal  at  C and  E,  they  would  be 
always  equal.  But  at  S,  or  any  where  between  Cancer  and  Libra,  the  longitude  is  lefs 
than  the  right  afcenfion  : confequently,  the  daily  increments  of  right  afcenfion  are  not 
equal.  In  like  manner  it  may  be  fhewn,  that  in  the  third  quarter  the  fun’s  longitude  is 
greater  than  its  right  afcenfion,  and  in  the  fourth,  lefs. 


PROP.  XLIII. 

If  the  plane  of  the  ecliptic  coincided  with  that  of  the  equator, 
the  daily  increments  of  the  fun’s  right  afcenfion  would  neverthelefs 
be  unequal. 

Becaufe  (by  Prop.  XXXIV.)  the  apparent  annual  motion  of  the  fun  is  not  uniform, 
it  would  in  fome  days  defcribe  a longer  arc  than  in  others  ; that  is,  fince  its  right  afcenfion 
and  longitude  would  in  this  cafe  be  the  fame,  the  daily  increments  of  its  right  afcenfion 
would  be  unequal. 

Def.  XLI.  A Natural  Day  is  the  time  the  fun  takes  in  palling 
from  the  meridian  of  any  place,  till  it  comes  round  to  the  lame 
meridian  again. 

PROP.  XLIV. 

Any  place  upon  the  earth’s  furface  defcribes  more  than  a circle 
round  the  earth’s  axis  in  a natural  day ; and  the  arc  which  it  de- 
fcribes more  than  a circle  in  any  day,  is  the  fun’s  increment  of  right 
afcenfion  for  that  day. 
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While  the  earth  revolves  round  its  axis,  any  place  upon  the  earth’s  furface  defcribes 
a circle:  but  (by  Prop.  XLIII.)  while  the  fun  completes  it  apparent  diurnal  revo- 
lution, any  place  on  the  earth’s  furface  will  move  through  one  circle  and  an  arc  of 
a fecond  ; therefore  any  fuch  place  defcribes  more  than  a circle  (Def.  XLL)  in  a 
natural  day. 

And  fince  both  a meridian,  and  a fecondary  of  the  equator,  palling  through  the  poles,  plate  9. 

f'  i 

are  perpendicular  to  the  equator  (Def.  VI.  and  X.)  if  the  fun  at  S be  in  SR  the  meri-  's*  *3’ 
dian  of  any  given  place,  it  is  alfo  in  a fecondary  of  the  equator  palling  through  that 
place.  In  like  manner,  if  the  fun  be  at  T,  and  TV  be  after  a natural  day  the  fituation 
of  the  meridian  of  the  given  place,  the  fun  will  be  in  TV,  which  will  be  both  the 
meridian  of  the  place,  and  a fecondary  of  the  equator.  Whence,  RV  being  part  of  the 
equator,  fince  ER  was  the  fun’s  right  afcenfion  when  it  was  at  S,  and  EV  is  its  right 
afcenfion  when  it  is  arrived  at  T,  RV  mull  be  the  increment  of  the  fun’s  right  afcenfion 
for  the  natural  day  in  which  it  is  advanced  from  S to  T.  And,  becaufe  SR,  TV,  are 
both  perpendicular  to  the  equator,  and  any  place,  in  one  diurnal  revolution  of  the  earth 
defcribes  a circle  parallel  to  the  equator,  RV  taken  in  this  circle  will  always  be  the  fame 
arc  with  RV  in  the  equator,  and  therefore  will  be  equal  to  the  fun’s  daily  increment  of 
right  afcenfion. 


PROP.  XLV. 

The  natural  days  are  not  equal  to  one  another. 

For  any  natural  day  is  the  time  in  which  the  earth  performs  one  revolution  round  its 
axis,  and  fuch  a portion  of  a fecond  as  is  equal  to  the  fun’s  increment  of  right  afcenfion 
for  that  day  ; but  the  fun’s  daily  increments  of  right  afcenfion  are  unequal  (by  Prop. 
XLII.  and  XLIII.) ; therefore  the  additional  portion  of  the  fecond  revolution  will  fome- 
times  be  greater  and  fometimes  lefs,  and  confequently  the  times  in  which  the  natural 
days  are  completed  will  be  unequal. 

Cor.  Hence  arifes  the  difference  between  a fun-dial  and  a clock,  as  meafures  of  time  : 
the  former  meafuring  the  length  of  the  natural  day,  the  latter  dividing  time  into  equal 
portions,  of  12  hours  each,  the  clock  will  be  before  the  dial,  when  the  natural  day  is 
more  than  24  hours  (the  mean  length  of  the  natural  day)  and  after  it,  when  the  natural 
day  is  lefs  than  24  hours*  and  they  will  be  together,  only  when  the  natural  day  is  exactly 
24  hours. 

Def.  XLII.  The  'Equation , is  the  difference  between  the  mean; 
length  of  the  natural  day  (or  24  hours)  and  the  length  of  any  tingle 
day  meafured  by  the  fun’s  motion,  or  between  mean  time  and  apparent 
time . 
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Cor.  The  hour  of  the  day  by  apparent  time  being  known,  in  order  to  determine 
what  is  then  the  true  mean  time,  the  equation  is  to  be  added  to  the  apparent  time,  when 
the  day  by  the  clock  is  fhorter  than  the  day  by  the  fun-dial,  that  is,  when  mean  time 
precedes  apparent  time ; and  the  equation  is  to  be  fubtrafted  from  the  apparent  time  when 
the  day  by  the  clock  is  longer  than  the  day  by  the  fun-dial,  that  is,  when  mean  time 
follows  apparent  time.  If,  for  example,  the  natural  day  is  24  hours,  1 minute,  the  day 
by  the  clock  being  24  hours  in  length,  it  will  be  12  by  the  clock,  one  minute  before  it 
is  12  by  the  dial,  or  mean  time  precedes  apparent  time  one  minute  ; therefore  it  will  be 
1 minute  paft  12  by  the  clock,  when  it  is  exactly  12  by  the  fun ; whence  one  minute,  which 
is  the  equation,  muft  be  added  to  the  apparent  time,  to  give  the  true  mean  time,  that  is,  the 
clock  muft  be  fet  at  1 minute  paft  12.  The  reverfe  of  this,  when  mean  time  follows 
apparent  time,  or  the  day  by  the  clock  is  longer  than  the  day  by  the  fun,  is  obvious. 

PROP.  XLVI. 

If  the  fun  were  to  move  uniformly  round  the  equator  in  the  fame 
time  in  which  it  appears  to  deferibe  the  ecliptic,  its  apparent  daily 
motion  would  be  a meafure  of  mean  time. 

For  the  natural  days  in  that  cafe  being  liable  to  no  variation,  either  from  the  declivity 
of  the  fun’s  orbit,  or  the  irregularity  of  its  motion,  muft  be  equal. 

PROP.  XLVII. 

The  portion  of  time  which  pafles  between  the  arrival  of  the  fun 
in  the  ecliptic  to  the  meridian  of  any  place,  and  its  fuppofed  arrival 
at  the  fame  meridian,  if  it  were  to  move  uniformly  in  the  equator, 
is  the  equation. 

For  (by  the  laft  Prop.)  it  would  be  noon  by  mean  time  at  any  place,  when  the  fun, 
if  it  moved  uniformly  in  the  equator,  was  arrived  at  the  meridian  of  that  place  ; and  it 
is  noon  at  the  fame  place  by  apparent  time,  when  the  fun  in  the  ecliptic  arrives  at  the 
fame  meridian  : therefore  the  difference  between  thefe  two  arrivals,  is  the  difference 
between  mean  time  and  apparent  time,  or  the  equation. 

PROP.  XLVIII. 

In  the  time  which  pafles  between  the  arrival  of  the  fun  in  the 
ecliptic  to  the  meridian  of  any  place,  and  its  fuppofed  arrival  at 
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the  fame  meridian,  if  it  were  to  move  uniformly  in  the  equator,  an 
arc  of  the  equator  paifes  under  the  meridian,  which  is  equal  to  the 
difference  between  the  right  afcenfion  of  the  fun,  as  it  moves  in  the 
ecliptic,  and  the  right  afcenfion  which  the  fun  would  have,  if  it 
moved  uniformly  in  the  equator. 

Let  the  fun  be  at  S 3 and  let  EC  be  the  ecliptic,  EQ^  the  equator,  and  E the  firft  of 
Aries  : then  if  a fecondary  of  the  equator  paffes  through  the  fun,  SR,  being  at  right 
angles  to  EQ^,  is  an  arc  of  that  fecondary,  and  (by  Def.  XXXII.)  ER  is  the  fun’s  right 
afcenfion,  and  the  point  R is  the  point  in  which  the  right  afcenfion  ends  ; which  being 
in  the  fecondary  of  which  SR  is  a part,  that  is,  the  fecondary  palling  through  the  fun, 
arrives  at  the  meridian  at  the  fame  time  with  the  fun.  If  the  fun  were  to  move  uni- 
formly in  the  equator,  and  were  arrived  at  P,  EP  would  be  its  right  afcenfion,  and 
confequently  P would  be  the  point  in  which  its  right  afcenfion  would  end,  which  point  P 
mud  arrive  at  the  meridian  at  the  fame  time  with  the  fun,  becaufe  the  fun  is  fuppofed 
to  be  in  that  point.  Therefore  RP,  the  diftance  of  the  two  points  R and  P,  is  an  arc 
of  the  equator  (palling  under  the  meridian  in  the  time  fpecified  in  the  Propofition)  which 
is  equal  to  the  difference  between  the  real  and  fuppofed  right  afcenfions  of  the  fun,  when 
he  arrives  at  the  meridian  by  his  real  motion  in  the  ecliptic,  and  when  he  arrives  at 
the  fame  meridian  by  an  uniform  motion  in  the  equator. 

PROP.  XLIX. 

* 

The  right  afcenfion  of  the  fun,  if  it  were  to  move  uniformly  in 
the  equator,  would  at  any  time  be  equal  to  the  longitude  which  it 
would  have  at  that  time  if  it  were  to  move  uniformly  in  the  ecliptic, 
or  to  its  mean  longitude. 

\ 

For,  on  this  fuppofition,  the  fun,  defcribing  the  equator  with  an  uniform  velocity  in 
the  fame  time  in  which  it  a&ually  defcribes  the  ecliptic,  its  velocity  would  be  the  fame 
with  the  mean  velocity  in  the  ecliptic.  Confequently,  the  diftance  of  the  fun  from  the 
firft  of  Aries  in  the  equator  would  at  any  time  be  the  fame  with  its  diftance  from  the 
fame  point  in  the  ecliptic,  if  it  were  to  move  uniformly  therein  with  its  mean  velocity: 
that  is,  its  right  afcenfion  in  the  equator  would  always  be  equal  to  its  mean  longitude 
in  the  ecliptic. 


L 1 


Plate  9. 

Fig.  13* 


p R o p, 


2 58 


OF  ASTRONOMY. 


Book  V.  Part  I. 


Plate  9. 
Fig.  13. 


P R O P.  L. 

An  arc  of  the  equator,  equal  to  the  difference  between  the  fun's 
right  afcenlion  and  its  middle  longitude,  at  any  given  time  and  place, 
converted  into  time,  is  the  equation. 

It  has  been  fhewn  (Prop.  XLVIII.)  that  in  the  portion  of  time  which  paiTes  between 
the  arrival  of  the  fun  in  the  ecliptic  to  the  meridian  of  any  place,  and  its  fuppofed  arrival 
at  the  fame  meridian  if  it  were  to  move  uniformly  in  the  equator,  an  arc  of  the  equator 
paffes  under  the  meridian,  which  is  equal  to  the  difference  of  the  right  afcenlion  of  the 
fun  as  it  moves  in  the  ecliptic,  and  the  right  afcenfion  which  it  would  have  if  it  moved 
uniformly  in  the  equator.  And  it  has  been  proved  (Prop.  XL VII.)  that  this  portion 
of  time  is  the  equation,  and  (Prop.  XLIX.)  that  the  right  afcenfion  which  the  fun, 
at  any  given  time  and  place,  would  have  if  it  moved  uniformly  in  the  equator,  is  equal 
to  its  mean  longitude  in  the  ecliptic.  Therefore,  in  the  equation,  an  arc  of  the  equator 
paffes  under  the  meridian,  equal  to  the  difference  of  the  right  afcenfion  of  the  fun  in  the 
ecliptic,  and  its  mean  longitude.  Confequently,  if  this  arc  be  converted  into  time,  that  is, 
if  for  15  degrees  be  taken  an  hour,  for  15'  one  minute  of  time,  for  15"  one  fecond  of 
time,  the  equation  of  time  will  be  found. 


PROP.  LI. 

If  the  fun's  mean  longitude  be  greater  than  its  right  afcenfion, 
mean  time  follows  apparent  time ; if  its  mean  longitude  be  lefs  than 
its  right  afcenfion,  mean  time  precedes  apparent. 

If  the  right  afcenfion  of  the  fun,  as  before  fuppofed  in  the  equator,  EP,  that  is  (by 
Prop.  XLIX.)  its  mean  longitude,  be  greater  than  the  fun’s  real  right  afcenfion  ER, 
the  fuppofed  place  of  the  fun  in  the  equator  P,  will  be  to  the  eaft  of  the  point  R,  where 
the  fun’s  real  right  afcenfion  ends.  Therefore  when  this  point  R,  at  apparent  noon,  is 
come  to  the  meridian,  the  point  P will  not  be  arrived  at  the  meridian  ; and  mean  noon 
will  be  later  than  apparent  noon.  Therefore,  when  the  fun’s  middle  longitude  is  greater 
than  its  right  afcenfion,  mean  time  follows  apparent.  In  like  manner  the  reverfe  may  be 
proved. 

Cor.  Hence  in  the former  cafe  the  equation  is  to  be  fubtraSied  from  the  apparent  time 
found  by  the  dial,  and  in  the  latter , to  be  added  to  it,  in  order  to  obtain  the  mean  time. 
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Of  the  inferior  planets,  MERCURY  and  VENUS, 

Def.  XL II I.  The  Elongation  of  any  planet  is  its  apparent  dis- 

tance from  the  fun. 

Def.  XLIV.  The  Nodes  of  the  orbit  of  a planet,  are  the  two 
points  in  which  the  orbit  cuts  the  plane  of  the  ecliptic  : and  a right 
line  drawn  from  one  node  to  the  other,  is  the  Line  of  the  Nodes . 

Def.  XLV.  The  Limits  of  the  orbit  of  a planet,  are  two  points 
in  the  middle  between  the  two  nodes. 

Def.  XL VI.  An  inferior  planet  is  in  its  inferior  conjunction, 
when  it  is  nearer  the  earth  than  the  fun  is,  and  in  its  fuperior  con- 
junction, when  it  is  farther  than  the  fun  is  from  the  earth,  and  both 
in  the  fame  fecondary. 

Let  A be  the  place  of  the  earth  in  its  orbit  ABO,  E the  place  of  Venus  in  its  orbit 
EHG,  S the  fun,  and  FD  an  arc  of  a circle  in  the  heavens.  Venus  will  be  in  its  inferior 
conjun&ion  when  it  is  at  E,  and  at  its  fuperior  when  it  is  at  G,  and  both  are  in  the  fame 
fecondary. 

PROP.  LIE 

An  inferior  planet  is  at  its  greateft  elongation,  when  a line  drawn 
from  the  earth  through  the  planet,  is  a tangent  to  the  orbit  of  the 

When  the  planet  is  at  E,  being  in  conjun&ion  with  the  fun,  it  has  no  elongation.  As 
it  moves  from  E towards  X its  elongation  increafes,  till  at  X,  when  A is  a tangent  to  the 
orbit  of  Venus,  its  apparent  place  is  F,  and  its  elongation  FCU  which  is  the  greateft 
elongation  it  can  have  ; for  in  palling  from  X to  G its  elongation  decreafes,  till  at  G 
it  becomes  nothing.  This  will  be  true  in  elliptical  as  well  as  circular  orbits. 
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PROP.  Till. 

The  inferior  planets  are  never  in  oppolition  to  the  fun. 

For  in  oppofition  the  earth  is  between  the  fun  and  the  planets,  which  can  never  happen 
when  the  orbit  of  the  planet  is  nearer  to  the  fun  than  that  of  the  earth. 

Def.  XLVII.  A planet  is  in  Quadrature , when  it  is  90  degrees  in 
the  celeftial  fphere  diftant  from  the  fun. 

PRO  P.  LIY. 

The  inferior  planets  are  never  in  quadrature. 

The  greateft  angle  of  elongation  is  that  contained  by  AQ_>  drawn  from  the  earth 
through  the  fun,  and  AF  a tangent  to  the  orbit  of  the  planet.  Now  if  QAF  were 
a right  angle,  AF  would  be  (EL  III.  18.)  a tangent  to  the  earth’s  orbit;  but  AF  is  a 
tangent  to  an  orbit  lefs  than  that  of  the  earth ; it  therefore  makes  an  angle  with  AQ^  3eFs 
than  a right  angle,  that  is,  QF  the  greateft  elongation  is  lefs  than  90  degrees. 

Cor.  Hence  the  inferior  planets  never  appear  far  from  the  fun. 

PROP.  LY. 

While  Venus  is  moving  from  the  fuperior  conjunction  to  the 
inferior,  it  fets  after  the  fun ; while  it  is  moving  from  the  inferior 
conjunction  to  the  fuperior,  it  rifes  before  the  fun. 

Whilft  Venus  is  moving  from  G,  its  fuperior  conjunction,  through  P,  to  E its  inferior 
conjunction,  being  in  the  eaftern  part  of  its  orbit,  the  fun  will  be  weftward  of  Venus; 
therefore  Venus,  if  far  enough  from  the  fun,  will  be  feen  in  the  weft  after  the  fun  is 
gone  down,  whence  it  is  then  called  the  evening  ftar.  But  on  the  weftern  fide  of  its  orbit, 
the  fun  being  eaftward  of  it,  Venus  will  fet  before  the  fun,  and  confequcntly  rife  before 
it,  whence  it  is  then  called  the  morning  ftar. 

PR  O P.  LVI. 

The  greateft  elongation  of  an  inferior  planet  on  one  fide  of  the  fun 
is  not  always  equal  to  that  on  the  other. 


For 
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For  fince  the  planet  moves  in  an  elliptical  orbit,  at  the  time  of  its  greateft  elongation 
on  one  fide  it  may  be  in  its  aphelion  ; and  at  its  greateft  elongation  on  the  other  Tide, 
it  may  be  in  fome  part  nearer  the  fun  : hence  its  real  diftanee  from  the  fun  at  its 
elongations  being  unequal,  its  apparent  diftances  will  be  fo  likewife. 

PROP.  LVIL 

The  apparent  velocity  of  the  inferior  planets  is  greateft  at  the 
conjunctions. 

Since  the  plane  of  the  orbit  of  Venus  is  oblique  to  that  of  the  earth,  thofe  parts  of  this 
orbit  which  are  viewed  by  a fpectator  on  the  earth  directly,  would  appear  longer  than 
other  equal  parts  viewed  obliquely  ; whence  its  motions,  if  uniform,  muft  appear  unequal. 

If  the  orbit  EPGH  of  Venus  be  feen  obliquely  by  an  eye  placed  at  A,  the  parts  about  Plate  9*. 
E and  G,  or  near  the  conjunctions,  will  be  feen  directly,  for  AE  is  perpendicular  to  a 
tangent  at  E ; but  the  parts  about  X and  P would  be  feen  obliquely:  whence  the  Pro- 
pofition  is  manifeft. 

Schol.  The  time  when  an  inferior  planet  will  come  again  into  a given  fituation  with 
refpect  to  the  fun  and  the  earth,  may  be  thus  found.  Whilft  Venus  performs  one  revolution, 
the  earth,  whcfe  periodical  time  is  longer  than  that  of  Venus,  will  not  have  completed 
its  revolution.  Before  Venus  and  the  earth  can  be  again  in  the  inferior  conjunction, 

Venus  muft  therefore,  belides  its  entire  revolution,  defcribe  an  arc  equal  to  that  which  the 
earth  has  pafled  over  : confequently,  the  number  of  degrees  pafled  over  by  each,  or  their 
angular  motions,  in  the  fame  time,  will  be  reciprocally  as  their  periodical  times  ; that  is, 
as  the  periodical  time  of  the  earth  is  to  the  periodical  time  of  Venus,  fo  is  the  angular 
motion  of  Venus  (which  is  equal  to  four  right  angles  added  to  the  angular  motion  of  the 
earth  between  two  inferior  conjunctions)  to  the  angular  motion  of  the  earth  in  the  fame 
time:  whence  (El.  V.  17.)  as  the  difference  between  the  periodical  times  of  the  earth, 
and  Venus,  is  to  the  periodical  time  of  Venus,  fo  are  four  right  angles,  or  360°.  to  the 
number  of  degrees  over  which  the  earth  paffes  in  her  orbit  from  one  inferior  conjunction 
to  another. 

* 

\ . 

D ef.  XLVIII.  The  apparent  motion  of  a planet,  if  feen  from 
the  earth,  is  called  its  Geoce?itric  Motion  •>  if  feen  from  the  fun,  its 
Heliocentric  Motion. 

PRO  P.  I.  VI II. 

When  the  inferior  planets  are  pafling  from  their  greateft  elongation* 
through  their  fuperior  conjunction,  to  their  greateft  elongation  on  the 

other 


262 


] 

Plate  9. 
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other  fide,  their  geocentric  motion  is  diredl,  or  they  appear  to  move 
from  weft  to  eaft. 

When  Venus  is  at  X,  it  appears  to  a fpe&ator  at  A to  be  in  the  point  F of  the  concave 
fphere  of  the  heavens  : when  it  has  moved  forwards  in  its  orbit  to  H,  G,  N,  P,  it  will 
appear  fucceftively  in  the  feveral  points  P,  Q_,  R,  D.  But  the  motion  from  F to  D is 
from  weft  to  eaft  ; for  whilft  the  fun  and  earth  are  on  the  fame  fide  of  the  planet,  it  muft 
appear  to  move  in  the  fame  dire&ion,  whether  it  be  viewed  from  the  earth  or  the  fun, 
becaufe  the  fpe&ator  at  either  ftation  views  the  concave  fide  of  the  planet’s  orbit : but 
from  the  fun  it.  is  always  feen  to  move  from  weft  to  eaft ; therefore  its  apparent  geocentric 
motion  in  this  fituation  is  direCI,  or  in  confequentia. 

PROP.  LIX. 

While  the  inferior  planets  are  moving  from  the  greateft  elongation 
on  one  fide,  to  the  greateft  elongation  on  the  other,  through  their 
inferior  conjunction,  their  geocentric  motion  is  retrograde,  or  from 
eaft  to  weft. 

While  the  planet  is  in  this  fituation,  the  convex  fide  of  its  orbit  is  towards  a fpe&ator 
on  the  earth,  but  its  concave  fide  towards  a fpe&ator  at  the  fun  : hence  the  former  will 
fee  the  planet  move  in  a direction  contrary  to  that  in  which  it  will  appear  to  the  latter 
to  move.  Thus,  when  the  planet  is  at  P,  it  will  appear  in  the  heavens  at  D ; and  as  it 
paftes  through  E to  X,  it  appears  to  move  from  D through  R,  Q_,  P,  to  F : but  the 
motion  from  D to  F is  from  eaft  to  weft ; therefore  the  apparent  motion  of  the  planet 
in  this  part  of  its  orbit  is  retrograde,  or  in  antecedentia. 

PRO  P.  LX. 

When  the  inferior  planets  are  at  their  greateft  elongation,  they 
appear  ftationary. 

At  either  of  the  greateft  elongations  P,  of  the  planet  Venus,  AD  is  a tangent  to  the 
orbit ; which  fo  nearly  coincides  with  a fmall  arc  of  the  curve,  that  a fpe&ator’s  eye 
placed  at  the  earth  could  not  diftinguifh  the  tangent  from  this  part  of  the  curve:  confe- 
quently,  a planet,  while  it  is  in  this  part  of  the  curve,  will  appear  to  lie  in  the  tangent 
AD,  that  is,  to  be  ftationary  in  the  point  D. 

Schol.  In  the  preceding  Propofttions,  the  earth’s  motion  in  its  orbit  is  not  regarded, 
becaufe  the  only  effeCl  of  this  motion  on  the  appearances  above  defcribed,  is,  that  they 
take  place  in  different  parts  of  the  heavens  ; whereas,  without  this  motion,  the  inferior 
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planets  would  always  be  direcft  or  retrograde  in  their  motion,  or  be  ftationary,  in  the  fame 
parts  of  the  heavens. 

If  ABO  be  the  orbit  of  the  earth,  and  EHG  that  of  Venus;  when  the  earth  is  at  A, 
the  fun’s  geocentric  place  is  Q^,  and  Venus,  in  order  to  be  in  conjunction,  muft  be  in 
the  line  AQ_at  E or  O.  If  the  earth  ftood  ftill  at  A,  and  Venus  were  in  her  inferior 
conjunction  at  E,  the  fuperior  conjunction  would  always  be  at  O,  and  her  greateft 
elongations  at  X and  P.  But  if  the  earth  be  advanced  in  her  orbit  from  A to  <7,  the  fun’s 
geocentric  place  is  now  at  m<,  and  Venus,  in  order  to  be  in  conjunction,  muft  now  be 
in  one  of  the  points  in  which  her  orbit  cuts  the  line  am*  Thus  the  places  of  the  con- 
junctions, and  confequently  of  the  greateft  elongations  af \ ad , are  continually  carried 
round  the  ecliptic  in  the  order  of  the  figns. 

Exp.  Uluftrate  the  three  preceding  Propofitions  on  the  Orrery. 

PROP.  LXL 

The  heliocentric  latitude  of  an  inferior  planet  is  the  greateft  when 
the  planet  is  in  one  of  its  limits. 

For  the  planet  is  then  (Def.  XLV.)  at  its  greateft  diftance  from  the  ecliptic,  and 
therefore  will  have  the  greateft  latitude,  as  feen  from  the  fun. 

PROP.  LXII. 

The  geocentric  latitude  of  an  inferior  planet  is  diredtly  as  its 
heliocentric  latitude,  and  inverfely  as  its  diftance  from  the  earth. 

The  apparent  length  of  a line  drawn  from  the  planet  to  the  plane  of  the  ecliptic, 
that  is,  its  geocentric  latitude,  is  (by  Book  IV.  Prop.  LXIX,  LXX.)  direcftly  as  its 
real  length,  and  inverfely  as  the  diftance  of  the  fpeeftator’s  eye.  But  the  real  length  of 
a line  drawn  from  the  planet  to  the  plane  of  the  ecliptic,  is  its  heliocentric  latitude;  and 
the  fpedtator’s  eye  is  at  the  earth  : whence  the  Propofition  is  manifeft. 

Cor.  When  Venus  is  in  its  inferior  conjunction,  its  heliocentric  latitude  is  lefs  than 
its  geocentric  ; for  it  is  then  farther  from  the  fun  than  from  the  earth.  The  contrary 
takes  place  with  refpect  to  Mercury. 

PROP.  LXIII. 

The  fun  enlightens  only  one  half  of  a planet,  and  only  one  half  of 
a planet  is  vifible,  at  once. 

This  is  fufficiently  manifeft  from  the  fpherical  form  of  the  planets,  and  the  rectilinear 
motion  of  light. 


Plate  9, 
Fig.  jz. 
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D ef.  XLIX.  The  hemifphere  of  a planet  which  is  towards  the 

earth  is  called  its  Difc , becaufe  it  appears  like  a plane  circle. 

PROF.  LXIV. 

The  inferior  planets  are  Invifible  in  their  inferior  conjunction  ; 
their  whole  difc  is  illuminated*  when  they  are  in  their  fuperior  con- 
junction ; and  they  are  more  or  lefs  illuminated,  as  they  are  nearer 
or  farther  from  their  fuperior  conjunction. 

When  Venus,  or  Mercury,  is  in  its  fuperior  conjunction,  the  whole  of  its  enlightened 
hemifphere  is  towards  the  earth,  and  its.  entire  difc  is  vifible : as  it  paffes  towards  its 
inferior  conjunction,  its  enlightened  hemifphere  turns,  by  degrees,  from  the  earth,  till, 
at  the  inferior  conjunction,  it  is  wholly  turned  from  the  earth,  and  the  planet  becomes 
invifible. 

PROP.  LXV. 

If  an  inferior  planet  is  in  one  of  its  nodes  at  the  time  of  its 
inferior  conjunction,  it  will  appear  as  a fpot  in  the  difc  of  the  fun. 

When  the  planet  is  in  the  nodes,  it  will  be  in  the  plane  of  the  ecliptic  5 and  if  at  the 
fame  time  it  be  in  its  inferior  conjunction,  it  will  neither  appear  above  nor  below  the  fun, 
as  it  does  when  in  conjunction  in  other  parts  of  its  orbit,  but  on  the  fun's  difc. 
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CHAP.  IV. 


Of  the  superior  planets,  MARS,  JUPITER,  and  SATURN. 


D ef.  L.  The  fuperior  planets  are  thofe  whofe  orbits  are  farther 
from  the  fun  than  the  orbit  of  the  earth,  namely.  Mars,  Jupiter, 
and  Saturn, 

PROP.  LX  VI. 

The  fuperior  planets  are  fometimes  in  conjunction  with  the  fun, 
fometimes  in  opposition,  and  fometimes  in  quadrature. 


Plate  10. 
Fig,  1. 


PROP.  LXVIL 

The  apparent  diameter  of  a fuperior  planet  is  greateft  when  the 
planet  is  in  oppofition. 

For,  when  the  planet  is  in  conjunction,  its  diftance  from  the  earth  is  greater  than 
when  it  is  in  oppofition,  by  the  diameter  of  the  earth’s  orbit. 


Becaufe  the  orbit  of  a fuperior  planet  lies  without  that  of  the  earth,  in  performing 
its  revolution  round  the  fun,  it  muft  fometimes  be  in  fuch  a fituation,  that  the  earth  fhall 
be  between  it  and  the  fuq,  v^hen  it  will  appear.^n  the  oppofite  fide  of  the1  heavens,  or  be 
in  oppofition  : fometimes1 » mull  be  between  iw 1 and  the  earth,  when  it  will  be  in 


conjunction,  and  fometimes  in  the  midway  between  the  oppofition  and  conjunction,  or 
in  quadrature. 

Let  S be  the  fun  ; QPO  a part  of  the  orbit  of  Jupiter;  P the  planet;  adg , or  nkg9  the 
earth’s  orbit.  When  the  earth  is  at  d , the  fun  at  S,  and  the  planet  at  P,  the  planet  is 
in  conjunction  : when  the  earth  is  at  k , the  fun  at  S,  and  the  planet  at  P,  the  planet 
is  in  oppofition  : when  the  earth  is  at  n or  g , and  the  planet  at  P,  the  planet  will  be  in 
quadrature. 


PROP, 
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PROP.  LXVIIL 


If  a fuperior  planet  were  at  reft*  its  apparent  geocentric  motion 
in  any  given  time  would  be  proportional  to  the  angle  fubtended  by 
the  arc  defcribed  by  the  earth  in  that  time*  and  feen  from  the  planet. 


plate  io. 
Fig.  i. 


When  the  earth  is  at  a , the  planet  P appears  in  the  right  line  #PA,  and  among  the 
flars  in  the  heavens  at  A : when  the  earth  is  at  b , the  planet  appears  at  B.  Therefore 
while  the  earth  moves  from  a to  Z>,  the  planet  appears  to  move  from  A to  B.  But  this 
arc  AB  is  proportional  to  the  angle  APB,  that  is,  to  the  oppofite  angle  dP£,  which  is 
the  angle  which  the  arc  ah  would  fubtend  to  an  eye  placed  at  the  planet  P. 


PROP.  LXIX. 


The  geocentric  velocity  of  a fuperior  planet  is  greateft  at  its  con- 
jundtion  and  oppofition. 

Arcs  of  a given  length  near  the  points  d and  k , when  the  planet  is  feen  from  the  earth 
in  conjunction  or  oppofition,  would  appear  greater  than  arcs  in  any  other  part  of  the  earth’s 
orbit,  viewed  from  the  planet  P,  becaufe  the  former  are  feen  directly,  the  latter  obliquely : 
confequently,  thefe  arcs  would  fubtend  greater  angles  ; whence  the  apparent  velocity  of 
the  planet,  as  viewed  from  the  earth,  is  greater  at  the  conjunction  or  oppofition,  than  at 
any  other  time. 


PROP.  LXX. 

When  a line  drawn  from  a fuperior  planet  to  the  earth  is  a tangent 
to  the  earth’s  orbit,  the  planet  appears  ftationary. 

While  the  earth  is  near  a or  g,  points  in  its  orbit  lying  in  a line  which,  drawn  from  the 
planet,  is  a tangent  to  that  orbit,  the  arc  which  it  then  defcribes  fo  nearly  coincides  with 
the  tangent  line,  that  the  earth  for  fome  time  feems  to  move  directly  from  or  towards  the 
planet  in  the  line  of  the  tangent ; whence  the  planet  muff,  during  that  time,  appear  to 
be  in  that  line,  or  to  be  flationary. 


PROP. 


Chap.  IV. 


OF  THE  SUPERIOR  PLANETS 


267 


PROP.  LXXI. 

When  a fuperior  planet  is  palling  from  one  of  its  ftationary 
lituations  to  the  other  through  the  conjunction,  its  geocentric  motion 

is  direCt ; when  through  the  oppolition,  retrograde. 

♦ 

While  the  earth  is  moving  from  a through  d to  g9  the  fun  and  planet  being  both  on 
the  fame  fide  of  the  earth,  the  motion  of  the  earth  will  produce  an  apparent  motion  in  the 
fun  and  planet  the  fame  way,  and  both  will  appear  to  move  from  A towards  G.  But 
while  the  earth  moves  from  g to  n through  k , the  fun  and  planet  being  on  contrary 
fides  of  the  earth,  the  motion  of  the  earth  in  its  orbit  will  produce  an  apparent  motion 
of  the  fun  and  planet  in  contrary  directions,  that  is,  whilft  the  fun  appears  to  move  from 
weft  to  eaft,  the  planet  will  appear  to  move  from  eaft  to  weft  in  the  direction  G,  H,  I,  & c. 

Schol.  The  progrefs,  regrefs,  and  ftations  of  the  fuperior  planets,  muft  take  place 
notwithftanding  the  motion  of  the  earth,  fince  this  only  changes  the  place  of  the  con- 
junctions  and  oppofitions,  on  which  thefe  depend,  as  was  fhewn  Prop.  LX.  Schol. 

Exp.  Reprefent  the  direCt  and  retrograde  motions  of  the  fuperior  planets  on  the 
orrery. 

PROP.  LXXIL 

Mars  fometimes  appears  round,  fometimes  gibbous  5 Jupiter  and 
Saturn  always  appear  round. 

When  Mars  is  either  in  oppofition  or  conjunction,  his  whole  illuminated  hemifphere  is 
towards  the  earth,  but  when  it  is  in  quadrature,  fome  part  of  his  illuminated  difc  is 
turned  from  the  earth.  The  fame  muft  happen  in  the  revolutions  of  Jupiter  and  Saturn 
about  the  fun ; but  their  great  diftance  renders  the  difference  between  the  perfeCt  and 
imperfeCt  illumination  of  their  difc  imperceptible. 


Plate  io. 
Fig.  i, 
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Fig.  8. 


c 

H 

A 

p. 

V. 

O F 

T H 

E 

M O 

O N. 

s 

E 

c 

T. 

I. 

Of  the  Variations  in  the  Appearance  of  the  Moon, 

Def.  LI.  When  the  moon  is  at  its  greateft  diftance  from  the 
earth  in  its  orbit/which  is  elliptical,  or  at  its  higher  apfis,  it  is  faid 
to  be  in  its  Apogee  ; when  at  its  lead:  diftance,  or  lower  apfis,  in  its 
Perigee . 

D ef . LII.  When  the  moon  is  in  conjirndfion  with  the  ftin,  it 
is  New  Moon ; when  in  oppofition,  it  is  Full  Moon:  its  conjundtion 
and  oppofition  are  called  by  the  common  name  of  its  Syzygies . 

Def.  LIIL  A Periodical  Month  is  the  time  in  which  the  moon 
defcribes  its  orbit ; a Synodical  Month  is  the  time  which  paffes  be- 
tween one  new  moon  and  the  next. 

PROP.  LXXI1I. 

A fynodical  month  is  longer  than  a periodical  month. 

Becaufe  the  moon  moves  in  the  fame  direction  with  the  fun,  while  the  moon  performs 
one  revolution  in  its  orbit,  the  fun,  by  its  apparent  annual  motion,  is  advanced  in  the 
ecliptic;  confequently,  the  moon  muft  pafs  beyond  the  point  in  which  it  has  completed 
its  revolution  before  it  comes  again  into  conjundtion  with  the  fun. 

Let  S be  the  fun,  BA  a part  of  the  earth’s  orbit,  md , MD,  the  diameter  of  the  moon’s 
orbit  when  the  earth  is  at  B,  or  A.  While  the  earth  is  at  A,  if  the  moon  be  at  D,  it  will 
be  in  conjundtion,  and  if  the  earth  continued  in  the  fame  place,  after  one  revolution  in  its 
orbit,  it  would  be  again  in  conjundtion  : but  if,  during  the  revolution  cf  the  moon. 
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the  earth  is  removed  to  B,  the  moon  at  the  end  of  the  revolution  will  be  at  <r/5  a point 
which  is  not  between  the  earth  and  fun  ; it  muft  therefore  move  on  from  d to  e before  it 
will  be  in  conjunction. 


PROP.  LXXIV. 

The  moon,  at  its  conjundtion,  is  invifible ; at  its  oppofition,  its 
whole  difc  is  enlightened ; at  its  quadratures,  it  is  half  enlightened  j 
between  the  conjunction  and  quadrature,  it  is  horned  ; and  between 
the  quadrature  and  oppolition,  it  is  gibbous. 

Let  QTL  be  a part  of  the  earth’s  orbit,  S the  fun,  T the  earth,  ACEG  the  moon’s  piate  10 
orbit.  When  the  moon  is  at  E,  or  in  conjunction,  becaufe  it  is  between  the  earth  and  F,s’  2l 
fun,  its  illuminated  hemifphere  will  be  wholly  turned  from  the  earth,  confequently,  its  difc 
will  be  dark.  At  A,  being  in  oppolition,  its  illuminated  hemifphere  will  be  wholly  towards 
the  earth,  and  its  whole  difc  will  be  vifible.  At  C,  or  G,  the  apparent  diftance  of  the 
moon  from  the  fun  will  be  90  degrees,  for  a right  line  from  C or  G,  will  make 
a right  angle  with  the  line  TS,  in  which  the  fun  appears  : whence  the  moon  at 
each  of  them  is  half  way  betv/een  the  oppofition  and  conjunction,  that  is,  in  the  middle 
iiate  between  the  perfeCt  illumination  and  the  entire  darknefs  of  its  difc  ; confequently, 
its  difc  is  half  enlightened.  In  palling  from  C to  E,  and  from  E to  G,  its  difc  will  be 
be  more  than  half  illuminated,  or  it  will  appear  gibbous  ; in  palling  from  G to  A,  and 
from  A to  C,  its  difc  will  be  lefs  than  half  illuminated,  or  it  will  appear  horned. 


Def.  LIV.  A circle  fuppofed  to  be  drawn  upon  the  furface  of 
the  moon,  feparating  the  illuminated  from  the  dark  hemifphere,  is 
called  the  Circle  of  Illummation : a circle  which  feparates  its  vifible 
from  its  invifible  hemifphere,  is  called  the  Circle  of  the  Difc „ 


PROP.  LXXV. 


If  the  centers  of  the  fun,  the  earth,  and  the  moon,  are  joined  by 
ftraight  lines  forming  a triangle,  the  external  angle  of  this  triangle 
at  the  moon,  is  equal  to  the  angle  contained  between  the  circle  of 
illumination,  and  the  circle  of  the  difc.^ 

Let  S be  the  fun,  T the  earth,  O the  moon,  and  mrnq  the  moon’s  orb  . Let  STO  be 
the  fuppofed  triangle.  Draw  the  line  rq  perpendicular  to  SO,  and  run  perpendicular  to 
TOP.  The  angle  SOP  will  be  equal  to  the  angle  mOq,  contained  between  rq , which 
reprefents  the  circle  of  illumination,  and  n?n,  which  reprefents  the  circle  of  the  difc. 
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Becaufe  the  angles  SOr,  TQw,  are  by  conftru&ion  right  angles,  they  are  equal : and 
POr,  ^OT,  are  vertical  angles,  and  therefore  equal.  Confequently,  the  remaining  angles 
POS,  mOq3  are  equal. 

Schol.  This  Proportion  ferves  to  explain  all  the  different  phafes  of  the  moon.  For 
Plate  10.  example  ; when  the  moon  is  moved  from  O to  A,  the  line  SO  coincides  with  SA,  and 
3*  TO  with  TA;  therefore  TO,  OS,  lie  in  the  fame  line,  and  the  external  angle  POS  is 

nothing  : whence  the  two  circles  of  illumination  and  of  the  difc  coincide  ; and  becaufe 
the  difc  is  then  turned  from  the  fun,  it  is  wholly  dark.  When  the  moon  is  in  quadrature, 
the  line  TOP  will  be  a tangent  to  the  moon’s  orbit  , whence  SOP  will  be  a right  angle, 
and  the  two  circles  will  be  at  right  angles  to  each  other,  and  the  difc  will  appear  half 
illuminated.  If  the  angle  POS  be  lefs  or  greater  than  a right  angle,  the  circle  of  illumina- 
tion will  make  an  angle  with  that  of  the  difc,  lefs  or  greater  than  a right  angle  : whence 
the  illuminated  part  will  appear  horned  or  gibbous.  Laftly,  when  the  moon  is  in  oppo- 
fition,  the  lines  SO,  ST,  become  one  and  the  fame  line  5 whence  the  circles  coincide, 
and  the  whole  difc  is  illuminated. 

Exp.  Reprefent  the  changes  of  the  moon  upon  the  orrery. 

PROP.  LXXYL 

The  horns  of  the  moon,  before  the  conjunction,  are  turned  towards 
the  eaft  after  it,  towards  the  weft. 

The  fun,  after  the  conjunction,  fetting  before,  that  is,  to  the  weft  of  the  moon, 
illuminates  the  weft  fide  of  the  moon’s  difc  ; whence  its  horns,  which  are  towards  the 
dark  part  of  the  difc,  are  towards  the  eaft.  The  reverfe  takes  place  at  the  oppofttion, 
when  the  moon  is  feen  in  the  eaft,  before  the  fun  rifes. 

PROP.  LXXVII. 

When  the  moon  is  horned,  its  obfcure  part  is  vifible  by  the  re- 
flection of  the  rays  of  the  fun  from  the  earth. 

Plate  10.  When  the  moon  is  at  D or  F,  near  the  conjunction,  the  enlightened  hemifphere  of  the 
1 z‘  earth  will  be  towards  the  moon,  and  refleCt  the  rays  of  the  fun  upon  it. 

P R O P.  LXXVII  L 

The  moon  always  has  nearly  the  fame  fide  towards  the  earth. 

This  is  proved  by  obfervation. 

Cor.  Hence,  if  the  moon  revolves  about  its  axis,  its  periodical  time  muft  be  equal  to 
that  of  its  revolution  in  its  orbit  round  the  earth. 
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PROP.  LXXIX. 

The  moon  appears  to  have  two  librations,  one  upon  a line  per- 
pendicular to  its  axis,  called  its  libration  in  latitude  ; the  other 
upon  its  axis,  called  its  libration  in  longitude. 

This  appears  from  obfervation,  fome  fmall  portions  of  the  furface  of  the  moon  being 
vifible  in  fome  parts,  and  invifible  in  other  parts,  of  its  orbit. 

PROP.  LXXX. 

The  librations  of  the  moon  may  be  explained  on  the  fuppolition 
that  the  moon  has  a revolution  round  its  axis. 

/ 

Let  IH  reprefent  the  plane  of  the  moon’s  orbit,  E the  earth,  and  CMD  the  moon  5 Pjate 
and  let  AB  be  the  axis  round  which  the  moon  revolves,  and  A be  called  its  north  pole,  4* 

and  B its  fouth  pole.  CMD  will  in  this  fituation  be  the  vifible  hemifphere,  and  CD 
the  plane  of  the  difc.  By  the  libration  in  latitude  the  line  AB  appears  to  vibrate  on 
the  line  IH,  fo  that  fometimes  the  point  A is  vifible,  and  fometimes  the  point  B.  This 
variation  attends  the  moon’s  revolution  in  its  orbit  : in  one  half  of  the  orbit,  the  pole  A 
is  always  vifible,  and  in  the  other  half  the  pole  B.  It  muft  therefore  arife  from  the  in- 
clination of  the  axis  of  the  moon  to  the  plane  of  its  orbit.  When  the  moon  is  at  I,  if 
the  axis  AB  is  inclined  to  IH  the  plane  of  the  orbit,  making  with  it  the  angle  AIH  to 
a fpedlator  at  E,  the  vifible  hemifphere  will  be  CND,  and  the  pole  A will  be  within 
the  difc  : but  when  the  moon  is  at  H,  the  vifible  hemifphere  will  be  CMD  5 and,  the 
axis  AB  being  always  parallel  to  itfelf,  the  pole  B will  be  w»thin  the  difc. 

Again,  let  the  moon  be  at  A,  the  earth  at  T,  and  a line  dcs,  paffing  through  the  center  Fig.  5. 

of  the  moon,  be  its  axis.  If  a circle,  whofe  plane  is  perpendicular  to  Tr,  pafs  through 

the  line  dcs , this  circle  will  be  that  of  the  difc,  and  dpqs  will  be  the  vifible  hemifphere. 

/ 

But  the  moon  has  an  apparent  motion,  by  which  the  difc  is  changed,  fo  that  at  one  time 
rb  is  the  circle  of  the  difc,  and  rqb  the  vifible  hemifphere,  at  another  fqy  and  fcq.  In 
the  former  cafe,  sr  becomes  vifible,  and  db  invifible,  in  the  latter  cafe,  df  becomes 
vifible,  and  qs  invifible.  This  libration  in  longitude  arifes  from  the  elliptical  form  of 
the  moon’s  orbit.  If  the  moon  has  a rotation  round  its  axis,  it  has  been  fhewn  that  its 
revolution  will  be  completed  in  the  time  of  one  revolution  in  its  orbit;  and  becaufe 
the  motion  round  the  axis  is  uniform,  one  quarter  of  a revolution  will  be  completed 
in  one  fourth  part  of  the  periodical  time.  But,  the  moon’s  orbit  being  fuppofed 
elliptical,  and  the  earth  placed  at  T one  of  the  foci,  the  moon  will  move  dower  at 
A its  apogee,  than  at  P its  perigee,  and  its  velocity  will  continually  increafe  in  moving 
from  A to  P,  and  decreafe  in  moving  from  P to  A.  If  therefore  when  the  moon  is 
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at  A,  dbqs  is  the  vifible  hemifphere,  after  it  has  moved  from  A to  B,  through  that  quarter 
of  its  orbit,  in  which  it  moves  with  its  lefs  velocity,  and  confequemly  takes  up  more  than 
a quarter  of  its  periodical  time,  ds  will  not  be  perpendicular  to  TV,  but  the  point  s will 
have  turned  from  well  to  ea ft  more  than  a quarter  round  the  axis  O : hence  the  point 
s will  not  be  vifible  when  the  moon  is  at  B,  and  bl  inflead  of  dc  will  be  the  circle  of  the 
difc.  In  palling  from  B to  P,  its  excefs  of  velocity  will  make  up  for  its  defeel  in  palling 
from  A to  B;  and  at  B it  will  have  completed  half  its  orbit  in  half  its  periodical  time  : but 
in  half  its  periodical  time,  it  will  have  revolved  half  round  its  axis,  therefore  at  P,  ds 
will  again  be  perpendicular  to  Tr,  and  dxs  will  again  be  the  vifible  hemifphere.  The 
reverfe  will  take  place  in  palling  from  P to  A through  D,  when  lb  will  again  be  the  circle 
of  the  difc,  and  s will  be  within  it. 

PROP.  LXXXI. 

The  moon  revolves  about  its  axis  in  the  fame  time  in  which  it 
revolves  about  the  earth. 

Without  fuch  a revolution,  the  phenomena  of  its  librations  could  not  happen.  If 
the  point  A were  vifible  in  one  part  of  the  moon’s  orbit,  it  would  be  always  vifible, 
without  a rotation  about  an  axis  oblique  to  the  plane  of  the  orbit,  to  produce  an  apparent 
motion  of  the  point  A,  or  the  libration  of  latitude.  If  ds  were  perpendicular  to  cT, 
when  the  moon  is  at  A,  it  would  be  fo  in  every  other  part  of  the  orbit  3 and  therefore 
dxs  would  always  be  the  illuminated  hemifphere,  if  there  were  not  a revolution  about 
the  axis  to  produce,  in  the  manner  above  explained,  the  libration  of  longitude.  Thefe 
librations  therefore  prove  the  exigence  of  this  revolution  : and  it  has  been  fhewn,  that 
if  there  be  fuch  a revolution,  its  periodical  time  is  the  fame  with  that  of  the  moon  in 
its  orbit. 

PROP.  LXXXII. 

The  orbit  of  the  moon  is  an  ellipfe. 

It  is  only  on  this  fuppofition  that  the  libration  of  longitude  can  be  explained  : from 
this  phenomenon,  therefore,  the  elliptical  form  of  the  orbit  may  be  inferred. 

PRO  P.  LXXXIII. 

The  moon's  furface  is  irregular. 

If  the  furface  were  every  where  regular,  the  limit  between  the  enlightened  and  dark 
parts  of  the  difc  being  the  circle  of  light,  that  is  a perfedl  great  circle  of  a fphere,  would 

be  exactly  defined  when  the  moon  is  horned,  half  enlightened,  or  gibbous,  contrary  to 
obfervation. 
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S ’E  C T.  II. 

Of  Eclipses, 


Def.  LV.  An  Eclipfe  of  the  Moon  happens  when  the  earth,  palling 
between  the  fun  and  moon,  calls  its  lhadow  on  the  moon. 

PROP.  LXXXIV. 

The  moon  can  only  be  eclipfed  at  the  full,  or  in  oppofition. 

For  it  is  only  when  the  moon  is  in  oppofition  that  it  can  come  within  the  lhadow  of 
the  earth,  which  mull  always  be  on  that  fide  of  the  earth  Which  is  from  the  fun. 

PROP.  LXXXV. 

The  moon  can  only  be  eclipfed  when,  at  the  full,  it  is  in  or  near 
one  of  its  nodes. 

The  earth  being  in  the  plane  of  the  ecliptic,  the  center  of  its  lhadow  is  always  in  that 
plane  ; if  therefore  the  moon  be  in  its  nodes,  that  is,  in  the  plane  of  the  ecliptic,  the 
lhadow  of  the  earth  will  fall  upon  it:  alfo,  lince  this  lhadow  is  of  confiderable  breadth, 
it  is  partly  above  and  partly  below  the  plane  of  the  ecliptic  $ if  therefore  the  moon 
in  oppofition  be  fo  near  one  of  its  nodes,  that  its  latitude  is  lefs  than  half  the  breadth  of 
the  lhadow,  it  will  be  eclipfed.  But,  becaufe  the  plane  of  the  moon’s  orbit  makes  an 
angle  of  more  than  5 degrees  with  the  plane  of  the  ecliptic,  it  will  frequently  have  too 
much  latitude  at  its  oppofition  to  come  within  the  lhadow  of  the  earth. 

PROP.  LXXXVI. 

The  fun  is  larger  than  the  earth,  and  the  fhadow  of  the  earth  is 
a cone,  the  bafe  of  which  is  on  the  furface  of  the  earth. 

If  the  earth  were  larger  than,  or  equal  to,  the  fun,  it  is  manifeft,  that  its  lhadow  would 
either  perpetually  enlarge,  or  be  always  of  the  fame  dimenfion  ; but  in  this  cafe,  the 
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fuperior  planets  would  fometimes  come  within  it,  and  be  eclipfed,  which  never  happens. 
Therefore  the  fun  is  larger  than  the  earth,  and  produces  a fhadow  from  the  earth  of  a 

conical  form,  which  does  not  extend  to  the  orbit  of  Mars. 

• 

PROP.  LXXXVII. 

The  moon  is  eclipfed  by  a fedtion  of  the  earth’s  fhadow. 

Plate  10. 
Fig.  7. 

Let  CDE  be  the  earth,  CME  the  cone  of  its  fhadow,  and  FH  a part  of  the  moon^s 
orbit  paffing  through  the  fhadow  ; it  is  manifeft  that  as  the  moon  defcribes  this  part  of 
its  orbit,  it  pafles  through  the  circular  fedfion  FGHL. 

Def.  LVI.  The  moon's  Horizontal  Parallax  f is  the  angle  which 
a femidiameter  of  the  earth  would  fubtend,  if  it  were  viewed  diredtly 
from  the  moon. 

Plate  10. 
Fig.  6. 

LEMMA. 

Half  the  angle  of  the  cone  of  the  earth's  fhadow  may  be  taken  as  equal 
to  the  angle  of  the  fun  s apparent  femidiameter . 

Let  AFBG  be  the  fun,  HED  the  earth,  HMD  or  BMA  the  angle  of  the  cone  of  the 
earth’s  fhadow,  and  CMD  half  this  angle.  SA,  a femidiameter  of  the  fun,  drawn  from 
its  center  to  the  point  of  conta£f  of  the  tangent  AM,  is  perpendicular  (El.  III.  16.)  to 
AM,  and  is  therefore  feen  diredfly  from  D;  and  it  fubtends  the  angle  SDA;  it  mu  ft 
therefore  appear  large  in  proportion  to  the  magnitude  of  this  angle.  But  in  the  triangle 
SDM,  the  external  angle  SDA  is  equal  to  the  two  angles  CSD,  CMD ; of  which, 
CSD,  the  angle  in  which  the  femidiameter  of  the  earth  is  viewed  from  the  fun,  is  fo  fmall 
that  without  any  fenftble  error  it  may  be  reckoned  as  nothing,  and  SDA  be  faid  to  be 
equal  to  SMD. 

PROP.  LXXXVII  I. 

The  femidiameter  of  the  feftion  of  the  earth's  fhadow  which 
eclipfes  the  moon,  is  equal  to  the  difference  between  the  horizontal 
parallax  of  the  moon,  and  the  fun's  apparent  femidiameter. 

Plats  10.  CT,  being  a femidiameter  of  the  earth  drawn  from  the  point  of  contact  of  the  tangent 
7'  CM,  is  perpendicular  to  CM.  CT  will  therefore  be  feen  direcftly,  from  the  point  F 
in  the  moon’s  orbit,  fubtending  the  angle  CFT,  which  is  (Def.  LVI.)  the  moon’s 
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horizontal  parallax.  FMG  is  the  femiangle  of  the  cone  of  the  earth’s  fhadow,  equal  to 
the  angle  of  the  fun’s  apparent  femidiameter,  becaufe  MC  produced  would  be  a tangent 
to  the  circle  of  the  fun’s  difc.  FG  is  the  femidiameter  of  the  fe&ion  FGHL  of  the 
earth’s  fhadow  through  which  the  moon  pafies  in  an  eclipfe ; and  FTG  the  angle  which 
this  femidiameter  will  fubtend  when  it  falls  upon  the  moon,  and  is  viewed  from  the  earth. 
Now  the  angle  CFT  is  equal  to  the  two  angles  FMG,  FTG  (El.  I.  32.)  confequently, 
FTG  is  equal  to  CFT  — FMG;  but  by  the  preceding  Lemma,  FMT  may  be  taken  for 
the  angle  of  the  fun’s  apparent  femidiameter ; and  CFT  is  the  moon’s  horizontal  parallax  : 
whence  the  Proportion  is  manifefl. 

Cor.  Hence  the  fe£lion  of  the  earth’s  fhadow,  by  which  the  moon  is  eclipfed,  is  broader 
than  the  moon;  for  the  femidiameter  of  the  fhadow,  by  this  Prop,  is  61 ' — 16—45'.  anc^ 
the  diameter  of  the  moon  is  about  31’. 

Def.  LV1I.  An  eclipfe  of  the  moon  is  partial , when  only  a part 
of  its  difc  is  within  the  fhadow  of  the  earth ; it  is  total , when  all 
its  difc  is  within  the  fhadow ; and  it  is  central , when  the  center  of 
the  earth’s  fhadow  falls  upon  the  center  of  the  moon’s  difc. 

PROP.  LXXXIX. 

The  moon,  at  the  full,  will  not  be  eclipfed,  if  its  latitude  is  equal 
to,  or  greater  than,  the  fum  of  its  own  femidiameter,  added  to  the 
femidiameter  of  the  earth’s  fhadow. 

Becaufe  a circle  or  ellipfe  appears  as  a right  line  when  the  eye  is  in  the  fame  plane  with 
it,  let  OO  reprefent  the  plane  of  the  ecliptic,  RR  the  plane  of  the  moon’s  orbit,  and  N 
the  node.  At  the  full  moon,  if  the  earth’s  fhadow  be  at  A,  the  moon  F mu  ft  be  in  the 
fame  part  of  the  heavens,  becaufe  it  is  in  oppofition.  But  becaufe  only  one  half  of  the 
fhadow  of  the  earth,  or  about  45’.  is  on  the  fame  fide  of  the  ecliptic  with  the  moon, 
and  only  one  half  of  the  moon’s  breadth,  or  about  16'.  is  on  the  fide  of  its  orbit  towards 
the  earth’s  fhadow;  if  the  center  of  the  moon  • is  more  than  61 from  the  center  of  the 
fhadow,  the  moon  will  pafs  clear  of  the  fhadow,  and  will  not  be  eclipfed. 

Let  GE  be  an  arc  of  the  moon’s  orbit,  AB  an  arc  of  the  ecliptic,  and  Cr  an  arc  in 
a fecondary  of  the  ecliptic  equal  to  the  moon’s  latitude.  If  this  arc  be  equal  to,  or 
greater  than,  Ct  and  c/,  the  fum  of  the  femidiameters  of  the  earth’s  fhadow,  and  of  the 
moon,  it  is  manifefl,  that  the  fhadow  cannot  pafs  over  any  part  of  the  moon’s  difc. 
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PROP.  XQ 

The  moon,  at  the  full,  will  be  partially  eclipfed,  if  its  latitude  is 
lefs  than  the  fum,  but  greater  than  the  difference,  of  its  own  femi- 
diameter  and  that  of  the  earth's  fhadow. 

Plate  10.  If  (X  the  latitude  of  the  moon  be  fuppofed  lefs  than  Ct.  cl,  the  fum  of  the  femidiameters 
of  the  fhadow  and  the  moon,  / the  lower  edge  of  the  moon  will  be  below  t the  upper 
edge  of  the  fhadow;  whence  the  fide  of  the  moon  towards  the  ecliptic  will  be  eclipfed. 
But,  becaufe  Cc  the  moon’s  latitude,  added  to  co  its  femidiameter,  is  greater  than 
the  femidiameter  of  the  earth’s  fhadow,  the  upper  edge  of  the  moon  c,  cannot  come 
within  the  fhadow;  whence  the  eclipfe  will  be  partial.  And  becaufe  in  this  cafe  the 
moon’s  latitude,  together  with  its  femidiameter,  is  greater  than  the  femidiameter  of  the 
fhadow,  the  moon’s  latitude  is  greater  than  the  difference  of  the  femidiameters  of  the 
fhadow  and  the  moon : or,  becaufe  Qc  + co  is  greater  than  Qt,  C c is  greater  than  C/— r 0. 

PROP.  XCI. 

The  moon  will,  at  the  full,  be  totally  eclipfed,  if  its  latitude  is 
lefs  than  the  difference  between  its  own  femidiameter,  and  that  of 
the  earth's  fhadow. 

Fig.  9.  If  C c-\  co  be  lefs  than  Ct,  that  is,  if  C c be  lefs  than  C t—cl,  the  upper  edge  of  the 
moon  may  come  within  the  fhadow  of  the  earth. 

PROP.  XCIL 

The  moon  is  centrally  eclipfed,  only  when,  in  oppofition,  it  is  in 
one  of  its  nodes. 

The  node  N,  being  the  common  interfe&ion  of  the  moon’s  orbit,  and  the  plane  of  the 
ecliptic,  is  in  both.  Therefore  when  the  moon  is  in  the  node,  its  center  is  in  the  plane  of 
the  ecliptic,  in  which  is  the  center  of  the  earth’s  fhadow,  and  confequently  at  the  full 
thefe  centers  coincide. 

•'i 

Schol.  1.  Both  the  moon  and  the  fhadow  moving  from  eaft  to  weft,  the  moon  would 
always  be  in  eclipfe  while  it  was  at,  or  near,  its  nodes,  if  it  moved  with  the  fame  velocity 
as  the  earth  : but  becaufe  it  moves  much  fafter  than  the  fhadow  of  the  earth,  it  foon 
paffes  from  its  oppofition  out  of  the  fhadow, 

Schol. 
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Schol.  2.  The  femiangle  of  the  cone  of  the  earth’s  fhadow  being  known,  the  length 
of  the  fhadow  may  be  found. 

The  femiangle  CMT  being  equal  to  the  fun’s  apparent  femidiameter,  or  about  i6\  and 
CT  a femidiameter  of  the  earth  being  perpendicular  to  the  tangent  CM,  if  TM  be  radius, 
CT  is  the  fine  of  the  angle  CMT.  Therefore  as  the  fine  of  an  angle  of  16'.  is  to  radius, 
fo  is  CT  to  TM,  the  height  of  the  cone ; that  is,  as  i to  217.  Whence  the  length  of  the 
fhadow  is  about  217  femidiameters  of  the  earth. 

PROP.  XCIII. 

The  moon  in  a total  eclipfe,  is  not  wholly  invilible. 

This  is  known  by  obfervation  ; and  the  phenomenon  is  produced  by  the  reflection  ot 
rays  of  light  falling  upon  the  earth’s  atmofphere,  towards  the  fhadow,  and  confequently 
towards  the  moon  in  the  fhadow. 


Def.  LVIII.  An  Eclipfe  of  the  Sun  happens  when  the  moon, 
paffing  between  the  fun  and  the  earth,  intercepts  the  fun’s  light. 

PROP.  XCIV. 

The  fun  can  only  be  eclipfed  at  the  new  moon. 

For  it  is  only  when  the  moon  is  in  conjunction,  that  it  can  pafs  direClly  between  the 
fun  and  the  earth. 

PROP.  XCV. 

The  fun  can  only  be  eclipfed,  when  the  moon,  at  its  conjunction, 
is  in  or  near  one  of  its  nodes. 

For  unlefs  the  moon  is  in  or  near  one  of  its  nodes,  it  cannot  appear  in  or  near  the  fame 
plane  with  the  fun;  without  which  it  cannot  appear  to  us  to  pafs  over  the  difc  of  the  fun. 
At  every  other  part  of  its  orbit,  it  will  have  fo  much  northern  or  fouthern  latitude,  as  to 
appear  either  above  or  below  the  fun.  If  the  moon  be  in  one  of  its  nodes,  having  no 
latitude,  it  will  cover  the  whole  difc  of  the  fun,  and  produce  a total  eclipfe , except  when 
its.  apparent  diameter  is  lefs  than  that  of  the  fun  : if  it  be  near  one  of  its  nodes,  having 
a fmall  degree  of  latitude,  it  will  only  pafs  over  a part  of  the  fun’s  difc,  or  the  eclipfe 
will  be  partial. 
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P R O P.  XCVI. 

. In  a total  ecllpfe  of  the  fun,  the  fhadow  of  the  moon  falls  upon 
that  part  of  the  earth  where  the  eclipfe  is  feen. 

Let  SL  be  the  fun,  TR  the  moon,  VM  a part  of  the  furface  of  the  earth.  A fpe&ator 
placed  any  where  between  V and  M,  will  not  fee  any  part  of  the  fun,  becaufe  the  moon 
will  intercept  all  the  rays  of  light  which  come  to  him  directly  from  the  fun  ; and  it  is 
manifeft,  that,  in  this  fituation,  the  moon,  being  an  opaque  body,  will  caft  its  fhadow 
upon  VM,  the  part  of  the  earth  where  the  eclipfe  is  total. 

* 

PROP.  XCVIL 

The  fhadow  of  the  moon  is  a cone,  terminated  in  a point. 

Becaufe  (by  Prop.  LXXXVIII.  Cor.)  the  diameter  of  the  moon  is  lefs  than  the  diameter 
of  the  earth’s  fhadow,  where  it  eclipfes  the  moon,  and  this  diameter  (by  Prop.  LXXXVI.) 
is  lefs  than  the  diameter  of  the  earth,  the  diameter  of  the  moon  is  much  lefs  than  that  of 
the  fun  : confequently,  its  fhadow  will  be  a cone,  terminated  in  a point.  The  tangents 
LAR,  SAT,  terminate  in  A ; and  only  the  rays  that  would  pafs  within  thefe  tangents 
are  intercepted  by  the  moon  ; therefore  RTA  is  the  form  of  the  moon’s  fhadow. 

LEMMA. 

Half  the  angle  of  the  cone  of  the  moon  s fhadow  is  equal  to  the  angle 
of  the  apparent  femidia?neter  of  the  fun . 

Let  FBGA  be  the  fun  ; HED  the  moon  ; the  cone  HMD  the  moon’s  fhadow  ; CMD 
the  femiangle  of  this  cone;  SA  the  femidiameter  of  the  fun,  and  SDA  the  angle  which 
this  femidiameter  would  fubtend,  if  viewed  from  D.  It  may  be  proved,  as  in  Prop. 
LXXXVIII.  Lemma , that  CMD  is  equal  to  SDA  ; for  the  diftance  of  the  moon  from 
the  fun  is  fo  nearly  equal  to  that  of  the  earth  from  the  fun,  that  the  apparent  femidiameter 
of  the  fun,  as  feen  from  the  earth  or  moon,  may  be  confidered  as  equal. 

P R O P.  XCVIII. 

A femidiameter  of  the  moon's  fhadow,  where  it  falls  upon  the 
earth,  is  equal  to  the  difference  between  the  apparent  femidiameters 
of  the  moon  and  fun. 


Let 
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Let  CDE  reprefent  the  moon,  CME  the  cone  of  its  fhadow ; FG  the  femidiameter 
of  the  moon’s  fhadow  where  it  falls  upon  the  earth  in  a folar  eclipfe  j CT  the  femidiameter 
of  the  moon,  CFT  its  angle  viewed  from  F,  and  FTG  the  angle  of  the  apparent  femi- 
diameter of  the  moon’s  fhadow  viewed  from  T . 

In  the  triangle  TFM,  the  external  angle  TFC  (El.  I.  32.)  is  equal  to  the  two  angles 
FTG,  FMG.  Therefore  FTG  is  equal  to  the  difference  between  TFC  and  FMG  : and 
FMG  is  (by  the  preceding  Lemma)  equal  to  the  angle  of  the  fun’s  apparent  femidiameter, 
and  TFC  is  the  angle  of  the  moon’s  apparent  femidiameter:  whence  the  Proportion  is 
manifeft, 

PROP.  XCIX. 

In  a partial  eclipfe  of  the  fun,  a penumbra , or  imperfect  fhadow 
of  the  moon,  falls  upon  that  part  of  the  earth  where  the  partial 
eclipfe  is  feen. 

A fpe&ator  at  N,  or  P,  might  fee  the  whole  fun ; for  a ray  pading  from  the  moft 
remote  fide  of  the  fun,  S or  L,  would  not  be  intercepted  by  the  moon.  But  at  any  point 
in  NM,  VP,  the  fpaces  between  the  moon’s  fhadow  and  the  points  N,  P,  the  fpeftator 
would  only  fee  a part  of  the  fun  : thus  at  G,  or  D,  he  would  fee  that  half  of  the  fun 
which  lies  without  the  tangents  DRC,  GTC  : confequently,  in  all  places  between  the 
points  N,  M,  and  P,  V,  there  will  be  lefs  light  from  the  fun,  than  if  it  were  not  at  all 
eclipfed.  This  deficiency  of  light  is  called  the  moon’s  penumbra . 

P R O P.  " C. 

The  moon's  penumbra  is  an  increafmg  cone,  and  its  darknefs 
increafes  towards  the  fhadow  of  the  moon. 

While  a fpedlator  is  in  the  fpace  between  N and  M,  or  P and  V,  he  is  in  the  penumbra ; 
but  at  the  points  N,  P,  pafTes  out  of  it.  Therefore  the  tangents  NS,  PL,  are  the  limits 
of  the  penumbra.  If  tangents  be  fuppofed  drawn  round  the  fpherical  furfaces  of  the  fun 
and  moon,  they  will  form  two  cones,  having  their  common  vertex  at  F,  and  increafing, 
the  one  towards  the  points  L,  S,  the  other  towards  the  points  N,  P.  And  as  the  fpedfator 
moves  from  N towards  M,  or  from  P towards  V,  a greater  and  greater  portion  of  the  fun 
continually  becomes  invifihle  to  him  \ whence  the  penumbra  increafes  in  darknefs  towards 
M and  V, 
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Plate  io. 
Fig.  ii. 

PROP.  CL 

The  femiangle  of  the  moon's  penumbra  is  equal  to  the  angle  of 
the  fun's  apparent  femidiameter. 

Let  SL  be  the  fun,  and  TR  the  moon.  By  Prop.  C.  the  tangents  SFN,  LFP, 
terminate  the  cone  of  the  penumbra.  CE,  drawn  from  the  center  of  the  fun  to  that  of 
the  moon,  bifedts  TFR,  the  angle  of  this  cone  j whence  EFT  is  its  femiangle.  LC 
being  the  femidiameter  of  the  fun,  LTC  is  the  angle  under  which  this  femidiameter  would 
appear  from  the  moon  T.  I fay,  TFE  is  equal  to  LTC.  For,  in  the  triangle  TCF, 
the  external  angle  EFT  is  equal  to  the  two  internal  and  oppofite  angles  FTC,  FCT, 
that  is,  to  the  two  angles  LTC,  TCE.  Therefore  EFT  is  equal  to  LTC,  TCE.  But 
TCE,  being  the  angle  which  the  moon’s  femidiameter  would  fubtend,  if  viewed  from  the 
fun,  is  fo  fmall  that  it  may  be  negledted  ; ami  whence  EFT  may  be  confidered  as  equal 
to  LTC. 

Plate  io. 
Fig.  12. 

PROP.  CIL 

The  femidiameter  of  the  moon's  penumbra,  in  that  part  through 
which  the  earth  paffes  in  an  eclipfe  of  the  fun,  is  equal  to  the  fum 
of  the  apparent  femidiameters  of  the  fun  and  moon. 

Let  CD  be  the  moon,  CDAB  its  penumbra,  and  CMD  the  angle  of  the  cone  of  the 
penumbra  : and  let  AEBF  be  the  fedtion  of  the  penumbra  through  which  the  earth  paffes 
in  an  eclipfe  of  the  fun,  AB  its  diameter,  and  AT  its  femidiameter.  MLT  drawn  from 
the  vertex  through  the  center  of  the  moon,  will  bifedb  the  angle  CMD.  Therefore  (by 
Prop.  CL)  CML  the  femiangle  of  the  penumbra  is  equal  to  the  fun’s  apparent  femi- 
diameter. And  CL  is  the  moon’s  apparent  femidiameter,  as  feen  from  the  earth  A, 
fubtending  the  angle  CAL  j and  AT  the  femidiameter  of  the  penumbra,  feen  from  L, 
fubtends  the  angle  ALT.  Now  the  angle  ALT  is  equal  to  the  two  angles  CML,  CAL  ; 
whence  the  truth  of  the  Proportion  is  manifeft. 

Def.  LIX.  The  difc  of  the  earth,  is  that  hemifphere  of  the 
earth,  which  is  feen,  as  a circle,  from  the  moon. 

PROP.  CHI. 

At  the  new  moon  the  whole  difc  of  the  earth  is  enlightened. 

For,  the  moon  being  then  between  the  fun  and  the  earth,  the  earth,  viewed  from  the 
moon,  will  appear  in  opposition,  and  confequently  its  enlightened  hemifphere  will  be 
towards  the  moon. 

PROP. 
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PRO  P.  CIV. 

The  femidiameter  of  the  earth’s  difc,  is  equal  to  the  moon’s 
horizontal  parallax. 

The  moon’s  horizontal  parallax  is  the  apparent  femidiameter  of  the  earth,  as  viewed  • 
from  the  moon,  that  is,  it  is  equal  to  the  femidiameter  of  the  difc,  fince  the  difc  is  a 
hemifphere  of  the  earth  viewed  from  the  moon. 

PROP.  CV. 

If  the  latitude  of  the  moon,  when  new,  is  equal  to,  or  greater  than, 
the  fum  of  the  femidiameter  of  the  penumbra  and  the  moon's  hori- 
zontal parallax,  there  will  be  no  eclipfe  of  the  fun ; if  lefs,  there  wdll 
be  an  eclipfe,  either  partial,  or  total. 

Let  ACB  be  a part  of  the  ecliptic  ; let  GNE  be  the  plane  of  the  moon’s  orbit ; let  Plate  io. 
N be  the  node,  DL  the  earth’s  difc,  and  ol  a fe£lion  of  the  moon’s  penumbra.  Be-  F,s'  9‘ 

caufe  the  center  of  the  moon’s  penumbra  is  always  in  a right  line  palling  through  the 
centers  of  the  fun  and  the  moon,  the  diftance  of  c,  the  center  of  the  moon’s  penumbra, 
from  the  plane  of  the  ecliptic  mud  always  be  the  fame  with  the  diftance  of  the  center 
of  the  moon  from  the  fame  plane,  that  is,  with  the  latitude  of  the  moon.  And  becaufe 
the  center  of  the  earth,  or  the  earth’s  difc  C,  is  in  the  ecliptic,  Cc  the  diftance  between 
the  centers  of  the  penumbra  and  of  the  earth’s  difc,  is  always  equal  to  the  latitude  of  the 
moon.  Now,  if  Cc,  or  the  latitude  of  the  moon,  be  equal  to,  or  greater  than,  cl  the 
femidiameter  of  the  penumbra,  together  with  t C the  femidiameter  of  the  earth’s  difc,  or 
the  moon’s  horizontal  parallax,  then  no  part  of  the  penumbra  will  fall  upon  the  difc, 
that  is,  there  will  be  no  eclipfe.  If  Cc  the  latitude  of  the  moon  be  lefs  than  jfCj" die 
edge  of  the  penumbra  will  be  nearer  the  ecliptic  than  the  edge  of  the  difc,  and  there 
will  be  a partial  eclipfe.  And  if  Cc  be  lefs  than  C the  fhadow  of  the  moon  will  pafs 
over  fome  part  of  the  difc  of  the  earth,  and  where  this  happens,  the  eclipfe  will  be  totaL 

s, 

P R O P.  CVI. 

If  the  moon,  when  new,  is  in  one  of  its  nodes,  the  eclipfe  of  the 
fun  will  be  central. 

For  then  the  centers  of  the  earth,  fun  and  moon  being  all  in  the  plane  of  the  ecliptic, 
the  center  of  the  moon  will  pafs  between  the  fun’s  cent&r,  and  that  of  the  earths 
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Schol.  i.  The  penumbra  of  the  moon  in  a central  eclipfe,  will  not  cover  the  whole 
dife  of  the  earth. 

The  femidiameter  of  the  moon’s  penumbra,  being  equal  to  the  fum  of  the  apparent 
femidiameters  of  the  fun  and  moon,  that  is,  about  16'.  23". + 15'.  37".  or  32'.  at  the 
medium;  its  diameter  is  about  64/.  whereas  the  diameter  of  the  earth’s  dife  is  about  120'. 
whence  the  penumbra  cannot  cover  the  whole  dife. 

Schol.  2.  The  height  of  the  fhadow  of  the  moon  is  about  60E  femidiameters  of  the 
earth.  The  femiangles  of  .the  earth’s  fhadow,  and  of  the  moon’s  fhadow,  being-  each 
equal  to  the  fun’s  apparent  diameter,  the  angles  are  equal  to  one  another,  and  thefe  cones 
are  fimilar.  Therefore  as  the  femidiameter  of  the  bafe  of  the  earth’s  fhadow  (that  is,  of 
the  earth)  is  to  the  femidiameter  of  the  bafe  of  the  moon’s  fhadow  (that  is,  of  the  moon), 
fo  is  the  height  of  the  earth’s  fhadow  to  the  height  of  the  moon’s  fhadow.  Now  the 
femidiameter  of  the  earth  is  to  that  of  the  moon  nearly  as  100  to  28,  and  the  height  of 
the  earth’s  fhadow  is  about  217  femidiameters  of  the  earth  : whence  the  height  of  the 
moon’s  fhadow  is  equal  to  about  60 \ femidiameters  of  the  earth  ; for  100  : 28  : : 217  : 
60  ~ nearly. 

D ef.  LX.  An  eclipfe  of  the  fun  is  faid  to  be  annular , when 
at  the  time  of  the  eclipfe,  a ring  of  the  fun  appears  round  the  edges 
of  the  moon. 


PROP.  CVII. 

A central  eclipfe  of  the  fun  will  be  an  annular  one,  if  the  diftance 
of  the  moon  from  the  earth  at  the  time  of  the  eclipfe  be  greater 
than  its  mean  diftance. 

Plate  10.  SL  being  the  fun,  TR  the  moon,  TAR  the  moon’s  fhadow,  and  EA  the  heio-ht  of 
this  fhadow,  v,7hich  is  about  60^  femidiameters  of  the  earth  ; if  at  the  time  of  a central 
eclipfe  PN  is  a part  of  the  furface  of  the  earth,  thofe  who  live  in  the  parts  PV,  MN, 
being  in  the  penumbra,  will  (by  Prop.  XCIX.)  fee  a partial  eclipfe;  and  thofe  who 
live  between  V and  M,  being  in  the  fhadow,  will  (by  Prop.  XCVf.)  fee  a total  eclipfe. 
But  if  the  diftance  of  the  moon  from  the  earth  be  equal  to  EA,  or  6o~  femidiameters  of 
the  earth  (which  is  the  moon’s  mean  diftance)  A will  be  the  only  point  from  which  the 
eclipfe  will  appear  total.  And  if  the  moon’s  diftance  be  greater  than  EA,  as  EO,  the 
ihadow  not  reaching  the  earth,  there  will  be  no  total  eclipfe.  Confequently,  though  a 
fpedfator  at  O would  fee  a central  eclipfe  (becaufe  the  centers  C,  E,  are  in  the  fame  lino 
with  the  point  of  vifion  S),  yet  the  eclipfe  would  not  be  total,  becaufe  the  fpeefator  is 
not  in  the  fhadow  of  the  moon.  Hence  it  muft  appear  annular  : for  let  ORX  be  a 
tangent  to  the  moon  drawn  from  the  eye  at  O ; it  will  fall  upon  the  fun  at  X,  and  the 

part 
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part  XL  of  the  fun  will  be  vifible : in  like  manner,  parts  of  the  fun  equal  to  XL  will 
be  vifible  all  round  the  moon,  forming  a ring. 

Cor.  Hence  it  appears,  that  in  an  annular  eclipfe  it  is  the  penumbra  of  the  moon 
which  falls  upon  the  earth. 

Def.  LXI.  The  L unar  'Ecliptic  Limit , is  the  leaft  diftance  that 
the  moon  can  be  at  from  one  of  its  nodes,  without  being  eclipfed 
at  the  time  of  oppofition  : the  Solar  Ecliptic  Limit , is  the  leaft  diftance 
the  moon  can  be  at  from  one  of  its  nodes,  without  eclipfing  the  fun 
at  the  time  of  conjunction. 

PROP.  CV1IL 

The  folar  ecliptic  limit  is  greater  than  the  lunar. 

By  Prop.  CV.  it  is  found,  that  92'.  is  the  leaft  latitude  the  moon  can  have,  when 
new,  without  eclipfing  the  fun.  If  therefore  Nr  be  the  diftance  of  the  moon  from  the 
node,  when  its  latitude,  or  c C,  is  92'.  in  the  triangle  CcN,  the  angle  cCN  being  a right 
angle,  becaufe  c C is  perpendicular  to  the  plane  of  the  ecliptic,  the  angle  rNC  being  about 
5°.  30'.  the  inclination  of  the  moon’s  orbit  to  the  plane  of  the  ecliptic;  and  the  fide  c C 
being  92'.  Nr  will  be  found  by  trigonometry  to  be  about  160.  In  the  fame  manner, 
fuppofing  C c the  latitude  of  the  moon  to  be  61'.  according  to  Prop.  LXXXIX.  the  length 
of  the  fide  Nr,  or  the  lunar  ecliptic  limit,  will  be  found  to  be  about  12°.  Whence 
the  truth  of  the  Proportion  is  manifeft. 

Cor.  There  are  more  eclipfes  of  the  fun,  in  a courfe  of  years,  than  of  the  moon  ; 
for,  the  fun  will  be  eclipfed,  if,  when  the  moon  is  new,  it  is  within  160.  of  one  of  the 
nodes,  but  the  moon  only  when  at  the  full  it  is  within  12°.  of  one  of  the  nodes;  the  fun 
may  be  eclipfed  while  the  mobn  is  in  64  degrees  of  its  orbit,  but  the  moon  only  while 
it  is  in  48  degrees  of  its  orbit. 

Schol.  Every  eclipfe  of  the  moon  will  be  vifible,  if  the  moon  be  above  the  horizon 
at  the  time  of  the  eclipfe;  becaufe  that  part  of  the  moon  on  which  the  fhadow  of  the  earth 
falls,  muft  appear  obfcured  wherever  the  difc  of  the  moon  is  vifible.  But  the  fun  may 
be  eclipfed,  and  yet  the  eclipfe  be  invifible  in  places  to  which  the  fun  is  above  the  horizon, 
becaufe  there  can  be  mo  eclipfe  of  the  fun,  except  in  thofe  parts  of  the  earth  which  are 
within  the  fhadow  or  penumbra  of  the  moon,  and  neither  of  thefe  are  large  enough  to 
cover  the  whole  difc.  Hence,  in  any  given  place,  more  eclipfes  of  the  moon  than  of  the 
fun  will  be  feen  in  a courfe  of  years  : for  though  there  are  more  eclipfes  of  the  fun  than 
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of  the  moon,  many  of  the  former  are  not  vifible  at  any  one  place  whilc’the  fun  is  above 
the  horizon  ; but  all  the  latter  are  vifible  at  the  fame  place  while  the  moon  is  above  the 
horizon. 

/ 

PRO  P.  CIX. 

When  the  moon  is  near  the  firft  of  Aries,  and  is  moving  towards 
the  tropic  of  Cancer,  the  time  of  its  riling  will  vary  but  little  for 
feveral  days  together. 

If  the  moon  were  to  move  in  the  equator,  its  motion  in  its  orbit,  by  which  it  de- 
fcribes  a revolution,  in  refpedl  of  the  fun,  in  29  days  12  hours,  would  carry  it  every 
day  eaftward  from  the  fun  about  120.  1 1 f.  whence  its  time  of  rifing  would  vary  daily 
about  50  minutes.  But,  becaufe  the  moon’s  orbit  is  oblique  to  the  equator,  nearly 
coinciding  with  the  ecliptic,  different  parts  of  it  make  different  angles  with  the  horizon, 
as  they  rife  or  fet,  thofe  parts  which  rife  with  the  fmalleft  angles  fetting  with  the  greateft, 
and  the  reverfe.  Now  the  lefs  this  angle  is,  the  greater  portion  of  the  orbit  rifes,  in  the 
fame  time.  Confequently,  when  the  moon  is  in  thofb  parts  which  rife  or  fet  with  the 
fmalleft  angles,  it  rifes  or  fets  with  the  leaft  difference  of  time,  and  the  reverfe.  But  in 
northern  latitudes,  the  fmalleft  angle  of  the  ecliptic  and  horizon  is  made  when  Aries 
rifes  and  Libra  fets,  and  the  greateft  when  Libra  rifes  and  Aries  fets  ; and  therefore, 
when  the  moon  rifes  in  Aries,  it  rifes  with  the  leaft  difference  of  time.  Now  the  moon 
is  in  conjundfion  in  or  near  Aries,  when  the  fun  is  in  or  near  Libra,  that  is,  in  the 
autumnal  months;  when,  the  moon  rifing  in  Aries,  whilft  the  funis  fetting  in  Libra, 
the  time  of  its  rifing  is  obferved  to  vary  only  two  hours  in  6 days  in  the  latitude  of 
London.  This  is  called  the  harveft-moon. 

Exp.  Let  fmall  patches  be  placed  on  the  ecliptic  of  a globe,  as  far  from  one  another 
as  the  moon  moves  from  any  point  of  the  ecliptic  in  24  hours,  that  is,  about  13^  degrees; 
then,  while  the  globe  is  turned  round,  obferve  the  rifing  and  fetting  of  the  patches  in  the 
horizon  ; the  hour  index  will  fhew  the  difference  of  time  at  which  the  moon  rifes  or  fets 
in  different  parts  of  its  orbit. 
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C H A P.  VI. 

# 

Of  the  satellites  of  JUPITER  and  SATURN. 


PROP.  CX. 

Any  fatellite  is  at  its  greateft  elongation  from  its  primary,  when 
a line  drawn  from  the  earth  through  the  fatellite,  is  a tangent  to 
the  orbit  of  the  fatellite. 

Let  FIE  be  a part  of  the  orbit  of  the  primary  planet,  AXBT  the  earth’s  orbit,  S the  Plate  10. 
fun,  KGNL  the  orbit  of  a fatellite.  If  the  earth  is  at  X,  and  the  fatellite  at  L or  N,  F s‘  *4’ 
fo  that  a line  XL  or  XN  drawn  from  the  earth,  is  a tangent  to  the  orbit  KGNL,  it 
may  be  fhewn,  as  before  concerning  the  planets,  that  L or  N is  the  greateft  elongation 
of  the  fatellite. 


PROP.  CXI, 

Any  fatellite  appears  in  inferior  conjunction  with  its  primary, 
when  the  fatellite  is  between  the  earth  and  the  primary,  and  in 
fuperior  conjunction,  when  the  primary  is  between  the  fatellite  and 
the  earth. 

If  the  earth  is  at  X,  and  the  planet  at  I,  the  outermoft  fatellite  will  be  in  conjunction 
with  its  primary  when  they  both  appear  in  the  fame  line  MIV,  and  in  its  inferior  con- 
junction at  M,  and  its  fuperior  at  V. 

PROP,  CXII. 

The  apparent  motion  of  any  fatellite,  as  it  palfes  from  its  greateft 
elongation  on  one  fide  of  its  primary  through  the  fuperior  con- 
junction, to  its  greateft  elongation  on  the  other  fide,  is  direCt. 

As  the  fatellite  pafles  from  N,  its  greateft  elongation  on  one  fide,  through  V its  fuperior 
conjunction  to  L,  its  geocentric  motion  is  from  weft  to  eaft,  or  in  confequentia , as  was 
{hewn  concerning  the  planets. 


PROP. 
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PROP.  CXIII. 

The  apparent  motion  of  any  fatellite,  as  it  paffes  from  its  greateft 
elongation  on  one  lide  of  its  primary  through  the  inferior  conjundtion, 
to  its  greateft  elongation  on  the  other  lide,  is  retrograde. 

As  the  fatellite  paffes  from  L through  M to  N,  its  geocentric  motion  will  be  from  eaft 
to  weft,  or  in  antecedentia , as  w7as  proved  concerning  the  planets. 

Cor.  The  fatellites  are  fometimes  to  the  weft  and  fometimes  to  the  eaft  of  their 
primaries. 

PROP.  CX1V. 

The  greateft  elongations  of  a fatellite  on  each  fide  are  equal. 

For  by  obfervation  it  is  found,  that  the  angles  LXI,  NXI,  are  equal  with  refpe£t  to 
all  the  fatellites. 

Cor.  Hence  it  appears  that  the  orbits  of  the  fatellites  are  circular,  or  nearly  fo,  having 
their  primaries  at  the  center  of  their  orbits. 

PROP.  CXV. 

The  fatellites  of  Jupiter  and  Saturn  are  eclipfed  by  their  relpedtive 
primaries. 

! 

Plate  jo.  The  planet  I being  an  opaque  body,  cafts  a fhadow  IV,  oppofite  to  the  fun.  There- 
fore, when  one  of  its  fatellites  in  defcribing  the  arc  HOP  comes  to  H,  it  will  be  eclipfed 
by  falling  into  this  fhadow.  If  the  earth  is  at  B in  its  orbit,  a fpe&ator  from  the  earth 
will  lofe  fight  of  the  fatellite,  when  it  is  thus  eclipfed  at  V ; and  then  as  it  emerges  from 
the  fhadow  it  becomes  again  vifible,  till,  at  P,  it  paffes  behind  its  primary.  If  the 
earth  be  at  X,  the  fatellite  will  be  eclipfed  and  in  occultation  at  the  fame  time. 

PROP.  CXVI. 

When  one  of  the  fatellites  paffes  between  the  fun  and  its  primary, 
it  eclipfes  the  fun. 

A fatellite  at  M will  be  between  the  fun  and  its  primary,  and  occafion  an  eclipfe  of  the 
fun  on  that  part  of  the  primary  where  the  fhadow  of  the  fatellite  paffes,  which  fhadow 
will  appear  as  a dark  fpot  on  the  difc  of  the  planet  to  an  inhabitant  of  the  earth. 

PROP. 
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PROP.  CXVII. 

A ray  of  light  is  about  8 minutes  in  coming  from  the  fun  to  the 
earth. 

Let  A be  the  fun,  BECD  the  earth’s  orbit,  F the  planet  Jupiter,  and  HNG  the  orbit 
of  its  inner  fatellite.  Let  FGH  reprefent  the  fhadow  of  Jupiter.  While  the  fatellite  is 
between  H and  G,  it  is  eclipfed ; when  it  comes  to  H,  it  emerges,  and  becomes  vifible  to 
a fpe&ator  at  B.  From  comparing  the  times  of  the  apparent  entrance  and  emerfion 
of  the  fatellite,  with  tables  calculated  for  the  mean  diftances  of  the  earth  from  the 
fatellite,  the  vifible  emerfion  at  the  leaft  diftance  is  found  to  happen  about  8 minutes 
fooner,  and  at  the  greateft  diftance  about  8 minutes  later  than  by  the  tables:  confequently, 
the  ray  of  light  is  about  16  minutes  in  palling  through  the  earth’s  orbit,  or  8 minutes  in 
coming  from  the  fun  to  the  earth. 


PROP.  CXVIII. 

Jupiter  is  furrounded  by  cloudy  fubftances,  fubjedt  to  frequent 
changes  in  their  fituation  and  appearance,  called  his  Belts.  Saturn 
is  encompaffed  with  a Ring. 

Thefe  are  known  from  obfervation.  The  Belts  of  Jupiter  are  fometimes  of  a regular  form; 
fometimes  interrupted  and  broken  ; and  fometimes  not  at  all  to  be  feen.  The  plane  of 
Saturn’^  ring  is  inclined  to  the  plane  of  the  ecliptic  at  an  angle  of  31  degrees;  which 
appears  like  two  arms  to  the  planet,  and  which  is  only  vifible  when  the  fun  and  the  earth 
are  both  on  the  fame  fide  of  its  plane.  On  account  of  its  inclination,  it  always  appears 
oblique  to  the  eye,  and  therefore  elliptical  : whence  the  part  behind  Saturn  is  invifible, 
and  the  part  before  cannot  be  diftinguifhed  from  the  planet.  The  ring  being  opaque, 
can  only  be  vifible  when  the  fun’s  rays  are  refle&ed  from  its  broad  furface  to  the  earth, 
that  is,  when  the  fun  and  the  earth  are  both  on  the  fame  fide  of  the  plane  of  the  ring. 
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CHAP.  VII. 


Of  COMETS. 


PROP.  CXIX. 

Comets  are  opaque  and  folid  bodies. 

A comet,  at  a given  diftance  from  the  earth,  fhines  much  brighter  when  it  is  on  the 
fame  fide  of  the  earth  with  the  fun,  than  when  it  is  on  the  contrary  fide ; from  whence 
it  appears  that  it  owes  its  brightnefs  to  the  fun.  Comets  have  been  obferved  to  approach 
fo  near  the  fun,  that  their  great  heat  (computed  to  be  to  that  of  red  hot  iron  as  2000  to  1) 
muft  have  entirely  difHpated  them,  if  they  had  been  other  than  fixed  and  folid  bodies. 

PROP.  CXX. 

The  comets  defcribe  very  eccentric  ellipfes  about  the  fun,  placed 
in  one  of  their  foci. 

They  are  obferved  to  approach  towards,  and  afterwards  recede  from,  the  fun,  and  to 
defcribe  paths  in  the  heavens,  which  agree  with  elliptic  orbits  : it  is  therefore  moft 
probable,  that,  agreeably  to  the  general  analogy  of  nature,  they  move  in  fuch  orbits,  and 
have  the  fun  in  one  of  the  foci  of  the  ellipfe.  The  calculations  framed  upon  this  fuppo- 
fition,  by  which  the  returns  of  comets  have  been  foretold,  having,  as  far  as  obfervations 
have  been  made,  been  found  to  agree  with  the  phenomena,  ftrongly  confirm  the  truth  of 
the  Propofition. 

Schol.  1.  Comets  are  often  accompanied  with  a luminous  train,  called  the  tail,  which 
is  conjedfured  to  be  fmoke  rifing  from  the  body  in  a line  oppofite  to  the  fun.  The  body 
of  the  comet  is  fuppofed  to  be  furrounded  by  an  atmofphere ; the  fun  is  alfo  fuppofed 
to  be  furrounded  by  an  ether,  or  a fubtile  fluid,  extending  to  a great  diftance  from  the 
fun,  which  may  be  confidered  as  the  folar  atmofphere.  From  the  heat  which  the  comet 
has  acquired  by  approaching  towards  the  fun,  and  by  the  refledfion  of  the  fun’s  rays  from 
the  folid  body  and  atmofphere  of  the  comet,  the  parts  of  the  folar  atmofphere  where  the 
comet  pafles  are  more  heated,  and  confequently  more  rarefied  or  fpecifically  lighter  than 
elfewhere.  The  parts  thus  rarefied  will  be  put  into  motion;  and  iince  there  will  be 

a conftant 
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a conftant  fucceflion  of  frefh  portions  of  the  fun’s  atmofphere  within  that  of  the  comet* 
there  will  be  a perpetual  ftream  of  this  rarefied  matter.  This  ft  re  am  will  impel  the  par- 
ticles of  the  comet’s  atmofphere,  and  make  them  move  along  with  it,  thus  producing  the 
fmoke  which,  reflecting  the  fun’s  rays,  forms  the  vifible  tail.  And  this  ftream  of  rarefied 
folar  atmofphere  will  move  thofe  parts  of  this  atmofphere  which  have  the  leaft  fpecific 
gravity,  that  is,  direCtly  from  the  fun. 

Schol.  2.  Of  all  the  comets,  the  periods  of  only  three  are  known  with  any  degree 
of  certainty.  The  firft  of  thefe  comets  appeared  in  the  years  1531,  1607,  and  1682; 
and  is  expeCted  to  appear  every  75th  year.  The  fecond  of  them  appeared  in  1532  and 
1661,  and  may  be  expeCted  to  return  in  1789,  and  every  129th  year  afterwards.  The 
third,  having  laft  appeared  in  1680,  and  its  period  being  no  lefs  than  575  years,  cannot 
return  until  the  year  2225.  This  comet,  at  its  greateft  diftance,  is  about  11  thoufand 
two  hundred  millions  of  miles  from  the  fun ; and  at  its  leaft  diftance  from  the  fun’s  center, 
which  is  49,000  miles,  is  within  lefs  than  a third  part  of  the  fun’s  femidiameter  from 
his  furface.  In  that  part  of  its  orbit  which  is  neareft  the  fun,  it  moves  at  the  rate  of 
880,000  miles  in  an  hour. 
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C H A P.  VIII. 

* 

Of  the  S U N. 

PROP.  CXXI. 

The  fpots  which  appear  upon  the  fun’s  difc,  adhere  to  its  furface. 

If  one  of  thefe  fpots  appears  upon  the  caftern  limb  or  edge  of  the  fun’s  difc,  it  moves 
from  thence  towards  the  weftern  edge,  and  arrives  at  the  weflern  edge  in  about  13^  days. 
Here  the  fpot  difappears;  and  in  about  134  days  more,  it  is  feen  again  upon  the  ealtern  edge^ 
and  fo  continues  to  go  round  completing  its  apparent  revolution  in  27  days;  during  one 
half  of  which  time  we  fee  it  on  the  difc  of  the  fun,  and  during  the  other  half  it  difappears; 
which  could  not  happen,  if  the  fpots  did  not  adhere  to  the  furface  of  the  fun.  Let  A be 
the  center  of  the  fun’s  difc,  C its  eaftern,  and  D its  weftern  edge  ; HEG  the  orbit  of  an 
opaque  body  moving  round  it,  and  B the  eye  of  the  fpedtator  at  the  earth.  If  two  lines 
BD  and  BC  are  fuppofed  to  be  drawn  from  the  fpedlator’s  eye  B,  fo  as  to  touch  the  fun 
at  D and  C,  then  DBC,  the  angle  contained  between  thefe  lines,  is  the  angle  under 
which  the  fun’s  diameter  appears  to  a fpedfator  on  the  earth.  EG  is  the  only  part  of  the 
fuppofed  body’s  orbit  that  is  within  this  angle  DBC,  and  confequently,  if  the  body  was 
in  any  other  part  of  its  orbit,  except  EG,  it  would  not  appear  upon  the  fun’s  difc.  But 
EG  is  lefs  than  half  its  orbit ; and  the  body  would  not  take  up  half  the  time  of  a revo- 
lution to  defcribe  EG.  Therefore  fuch  a body  would  not  be  feen  upon  the  fun’s  difc,  as 
the  fpots  are  for  half  the  time  of  a revolution.  But  if  the  orbit  HEG  is  not  greater  than 
LDFC,  or  is  clofe  to  the  fun,  that  is,  if  the  fpot  adheres  to  the  fun’s  furface,  then  half 
its  orbit  DFC,  will  be  within  the  angle  DBC,  and  confequently  the  fpot  will  appear  upon 
the  fun’s  difc  during  one  half  its  revolution;  but  during  the  other  half  of  its  revo° 
lution,  whilft  it  defcribes  CLD,  it  will  difappear,  becaufe  then  it  will  be  behind  the 
fun,  and  fo  will  be  concealed  from  the  earth,  which  agrees  with  the  phenomena. 

PROP.  CXXII. 

The  fun  is  a fpherical  body,  which  revolves  upon  its  axis  from 
weft  to  eaft. 

The  fpots  which  appear  in  the  fun’s  difc,  adhere  to  its  furface  (by  Prop.  CXXI.)  and 
thefe  fpots  revolve ; therefore  the  fun  revolves  round  its  axis. 
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Whatever  fide  of  the  fun  is  turned  towards  the  earth  in  this  rotation,  it  always  appears 
to  be  a flat  bright  circle:  but  all  the  fides  of  it  could  not  appear  in  this  manner  unlefs  it 
was  a fphere : therefore  the  fun  is  a fpherical  body. 

Schol.  A real  revolution  of  a fpot,  and  confequently  of  the  fun  round  its  axis,  is 
completed  in  25  days,  two  days  lefs  than  its  apparent  revolution,  in  confequence  of  the 
earth’s  motion  in  its  orbit  in  the  fame  dire&ion  in  which  the  fpot  moves. 


PROP.  CXXIII. 

The  axis  of  the  fun  is  inclined  to  the  plane  of  the  ecliptic. 

Each  fpot  upon  the  fun  mu  ft  defcribe  a circle  round  the  fun,  either  coinciding  with 
its  equator,  or  parallel  to  it.  If  therefore  the  fun’s  axis  were  perpendicular  to  the  plane 
of  the  ecliptic,  the  plane  of  the  fun’s  equator  would  be  in  the  plane  of  the  ecliptic;  and 
a fpe&ator  on  the  earth,  whofe  eye  is  in  the  ecliptic,  would  fee  the  fpots  defcribing  right 
lines,  either  in  the  fun’s  equator,  or  parallel  to  it : but  the  fpots  are  fometimes  feen  to* 
defcribe  lines  oblique  to  the  plane  of  the  ecliptic  : therefore  the  axis  of  the  fun  is  inclined 
to  the  plane  of  the  ecliptic.  This  inclination  is  obferved  to  be  an  angle  of  about  82^ 
degrees.  When  the  fun’s  equator  crofles  the  plane  of  the  ecliptic,  the  fpots  appear  to 
defcribe  right  lines  parallel  to  the  fun’s  equator. 
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C H A P.  IX. 

Of  the  PARALLAXES,  DISTANCES,  and  MAGNITUDES  of  the 

HEAVENLY  BODIES. 


Def.  LXII.  The  Parallax  of  the  heavenly  bodies,  is  the  change 
of  their  apparent  fituation  with  refpedl  to  each  other,  as  the  fpedlator 
views  them  from  different  ftations. 

Def.  LXIII.  The  Diurnal  Parallax,  is  the  diftance  between 
the  apparent  place  of  a heavenly  body,  as  viewed  from  the  furface 
of  the  earth,  and  its  apparent  place,  as  viewed  from  the  center  of  the 
earth . 

Plate  10.  Let  DAB  be  the  earth,  C its  center,  A the  Ration  of  a fpe&ator  on  the  furface  of 
the  earth  5 and  F,  G,  H,  different  places  of  the  moon,  or  any  other  heavenly  body: 
TO,  NM,  LI,  are  its  different  parallaxes,  and  THO,  or  AHC  ; MGN,  or  AGC,  &c. 
angles  of  parallax. 

Schol.  If  a fpedfator  in  his  firft  ftation  at  A,  fees  a planet  at  G,  its  apparent  place 
in  the  heavens  will  be  N ; if  now,  by  the  diurnal  rotation  of  the  earth,  he  comes  into  the 
Ration  P,  the  planet  will  appear  at  M,  which  is  the  place  in  which  it  would  have  appeared 
if  viewed  from  C the  center  : thus,  in  all  cafes,  the  parallax  which  arifes  from  the  diurnal 
motion  is  the  fame  which  would  arife  from  a change  of  ftation  from  the  furface  to  the 
center  ; for  in  either  cafe,  the  change  of  the  fpedtator’s  line  of  view  is  the  fame.  Hence 
appears  the  propriety  of  the  above  definition  of  the  diurnal  parallax* 

PROP.  CXXIV. 

The  parallax  of  any  planet  is  always  proportional  to  the  angle 
which  a femidiameter  of  the  earth,  drawn  from  the  ftation  of  the 
fpedlator  upon  the  furface  to  the  center,  would  fubtend,  if  viewed 
from  the  planet. 

Plate  10.  If  the  planet  be  at  H,  and  the  fpe<ftator  at  A,  AHT  will  be  his  line  of  view;  on  chang- 
ing the  ftation  of  the  fpe&ator  from  A to  C,  the  line  of  view  will  become  CHO  : whence 

TO 
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TO  will  be  the  parallax.  But  TO  fubtends  and  is  proportional  to  THO,  or  (El.  I.  15.) 

AHC,  the  angle  which  the  earth’s  femidiameter  would  fubtend,  if  viewed  from  the 
planet  H. 

I » - 

PROP.  CXXV. 

The  parallax  of  a planet  depreffes  its  apparent  place,  by  the 
paralladtic  arc. 

If  the  planet  be  viewed  from  C,  its  apparent  place  is  O 5 if  from  A,  its  apparent  place  Plate  10. 
is  T,  farther  from  Z the  vertex  than  O,  by  the  paralla&ic  arc  TO.  F)S’  l7' 

PROP.  CXXVI. 

The  diurnal  parallax  of  any  planet,  at  a given  diftance  from  the 
earth,  is  greateft  when  the  planet  is  in  the  horizon,  and  decreafes 
as  the  altitude  of  the  planet  increafes. 

The  parallax  (by  Prop.  CXXIV.)  is  proportional  to  the  angle  which  AC  would  fubtend, 
if  feen  from  the  planet  H : but  this  given  line,  viewed  from  the  given  diftapce  of  the  pla- 
net, would  continually  diminifh  in  its  apparent  magnitude  (by  Book  IV.  Prop.  LXXIII.) 
as  the  degree  of  obliquity  at  which  it  is  viewed  increafes,  that  is,  as  the  planet  advances 
from  H towards  E ; therefore  the  parallax  is  greateft  in  the  horizon,  and  decreafes  as 
the  planet  approaches  the  vertex.  The  paralla&ic  angle  AGC  is  lefs  than  AJ-fC?  and 
AFC  lefs  than  AGC. 

PROP.  CXXVII. 

To  find  the' parallax  of  the  moon,  or  any  planet. 

Let  HMO  be  an  arc  of  the  horizon  ; APVM  an  arc  in  the  meridian  ; P the  elevated  Plate  ie. 
pole ; V the  vertex  ; E the  apparent  place  of  the  planet,  as  feen  from  the  furface  of  the  F,s'  I?* 
earth,  and  S its  place,  as  feen  from  the  center  : then  ES  is  the  diurnal  parallax  in  the 
vertical  circle  VE.  Before  the  planet  comes  to  the  meridian,  obferve  its  altitude,  at  E, 
above  the  horizon,  whence  the  complement  of  its  altitude,  VE,  will  be  known  : at  the 
fame  time  obferve  its  diftance  from  the  meridian,  or  its  azimuth,  EVM.  After  the  planet 
has  pafled  the  meridian,  obferve  when  it  has  the  fame  altitude  as  at  the  iirft  obfervation, 
that  is,  when  eV  is  equal  to  EV.  Now,  if  E is  the  apparent  place  of  the  planet  when 
*t  the  time  of  the  firft  obfervation  it  is  viewed  from  the  earth’s  furface,  and  S would  be 
its  place,  at  that  time,  if  viewed  from  the  center  ^ and  if  e is  its  apparent  place  when 
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viewed,  at  the  fecond  obfervation,  from  the  furface,  and  s would  be  its  place,  at  that  time, 
if  viewed  from  the  center;  the  parallax  ES  is  equal  to  the  parallax  es , fince  the  altitude 
was  the  fame  at  both  obfervations,  and  confequently  SV  is  equal  to  sV.  So  that  if  PS 
is  the  fecondary  of  the  equator  which  paffed  through  the  planet  at  the  firft  obfervation, 
and  Pr  the  fecondary  which  paffed  through  it  at  the  fecond  obfervation,  the  planet, 
between  the  times  of  the  ff rft  and  fecond  obfervation,  muff  have  defer  ibed  the  arc  Ss  in 
a circle  of  daily  motion.  From  the  time  which  has  paffed  between  the  two  obfervations, 
the  arc  Sr  (by  Prop.  XXVII.)  may  be  found,  and  confequently  the  angle  SPr.  Now, 
becaufe  the  angle  EVM  is  known,  PVS  its  complement  to  two  right  angles  is  known  : 
and,  becaufe  at  the  two  obfervations  the  planet  was  at  equal  altitudes,  that  is,  at  equal 
difiances  from  the  meridian,  the  meridian  biiedts  the  angle  SPr,  which  is  known;  whence 
its  half  VPS  is  found.  Alfo,  if  the  latitude  of  the  place  be  known,  PV,  the  diftance  of 
the  elevated  pole  from  the  vertex,  or  the  complement  of  its  diftance  from  the  horizon,  that 
is,  (by  Prop.  III.)  the  complement  of  latitude  is  known.  Therefore  in  the  fpherical 
triangle  PVS,  two  angles  and  one  fide  are  known;  whence  the  length  of  SV  may  be 
determined.  Take  SV  from  EV,  which  is  already  known,  and  SE,  the  planet’s  parallax, 
will  be  found. 

Or  thus  : obferve  when  the  planet  whofe  parallax  is  to  be  found,  and  any  fixed  ftar 
in  conjunction  with  it,  crofs  the  meridian  at  the  fame  inftant : obferve  the  fame  planet 
and  ftar  after  three  hours,  and  remark  how  much  fooner  the  planet  reaches  a line  placed 
perpendicularly  in  the  telefcope  than  the  ftar.  As  24  hours  is  to  this  difference  of 
time,  fo  will  360  degrees  be  to  the  arc  which  fubtends  the  angle  of  the  parallax ; 
whence  the  arc  and  angle  will  be  known. 

m PROP.  CXXVIII. 

Any  parallax  of  a planet  being  given,  to  find  any  other  parallax. 

Plate  10.  The  parallaCIic  angle  AFC  being  given,  it  is  required  to  find  the  angle  AHC.  Having 

F,g*  J'*  meafured  the  angle  ZAL,  let  the  angle  ZAH,  the  apparent  diftance  of  the  planet  from 
the  zenith,  be  alfo  meafured.  Then,  in  the  triangle  CAF,  the  fine  of  the  angle  CAF 
is  to  the  fine  of  the  angle  CFA,  as  the  fide  CF  is  to  the  fide  AC.  Again,  in  the  triangle 
CAH,  the  fine  of  the  angle  CAH  is  to  the  fine  of  the  angle  CHA,  as  CH  is  to  AC. 
But  CH  is  equal  to  CF ; therefore  the  fine  of  the  angle  CAF  is  to  the  fine  of  the  angle 
■CFA  ,as  the  fine  of  the  angle  CAH  is  to  the  fine  of  the  angle  CHA  : but  the  three 
firft  terms  are  known,  therefore  the  fourth,  namely,  the  angle  CHA,  may  be  found. 
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PROP.  CXXIX. 

At  a given  altitude  of  different  planets,  their  diurnal  parallaxes  are 
inverfely  as  their  diftances  from  the  center  of  the  earth. 

Let  one  planet  be  at  f9  where  its  altitude  is  fAp , and  another  at  h9  having  an  equal 
altitude  bAp.  If  the  planet  f is  viewed  from  A at  the  furface  of  the  earth,  the  line  of 
view  is  A fr9  and  r is  its  apparent  place  in  the  heavens  : viewed  from  C,  its  apparent 
place  would  be  whence,  its  parallax  (by  Prop.  CXXV.)  is  rt.  In  the  fame  manner 
it  may  (hewn,  that  rr,  which  is  lefs  than  rt9  is  the  parallax  of  the  planet  h.  But  (by 
Prop.  CXXIV.)  the  parallax  of  each  planet  is  proportional  to  the  angle  which  AC  would 
fubtend,  if  viewed  from  the  planet : and,  fince  AC  is  given,  and  alfo  the  degree  of  obliquity 
at  which  it  is  viewed,  the  apparent  length  of  AC,  or  the  angle  which  AC  would 
fubtend,  at  either  planet,  would  be  (by  Book  IV.  Prop.  LXIX.)  inverfely  as  the 
planet’s  diftance  from  C.  Therefore  the  parallaxes  of  thefe  planets  are  inverfely  as  their 
diftances  from  the  center  of  the  earth. 

PROP.  CXXX, 

The  diurnal  parallax  of  a planet  in  a vertical  circle  produces  a 
parallax  of  declination,  and  alfo,  if  the  planet  is  not  in  the  meridian, 
of  right  afcenfion. 

Let  HQ.be  the  horizon ; EC  an  arc  of  the  equator,  which  cuts  the  horizon  at  C ; 
P the  pole  of  the  equator;  Z the  zenith  ; ZV  a vertical  circle;  F,  the  apparent  place 
of  a planet  in  the  vertical  circle  ZV,  as  viewed  from  the  furface  of  the  earth,  and  I its 
apparent  place,  as  viewed  from  the  center : then  (by  Def.  LXII1.)  FI  is  the  diurnal  pa- 
rallax in  a vertical  circle.  When  the  apparent  place  is  F,  PFA  is  a fecondary  of  the  equator 
palling  through  it,  and  when  it  is  I,  PIB  is  the  fecondary  which  paflfes  through  it. 
Therefore  AF  is  the  declination  of  the  planet  when  it  appears  at  F,  and  BI  its  decli- 
nation when  it  appears  at  I ; the  difference  of  which,  DI,  is  the  change  of  apparent 
declination  arifing  from  the  different  ftation  of  the  fpe&ator,  at  the  furface  or  center  of 
the  earth.  When  the  apparent  place  is  F,  the  diftance  of  A from  the  firft  of  Aries,  is 
the  right  afcenfion  ; when  it  is  I,  the  diftance  of  B from  the  firft  of  Aries,  is  the  right 
afcenfion:  for  PFA  and  PIB  are  fecondaries  of  the  equator  pafling  through  the  planet. 
The  difference  of  right  afcenfion,  therefore,  produced  by  the  parallax  FI,  is  AB.  If  the 
planet  is  in  the  meridian  PZH,  and  if  L be  its  apparent  place,  as  viewed  from  the  furface, 
and  N,  as  viewed  from  the  center  of  the  earth,  LN  will  be  its  diurnal  parallax ; LE 
its  declination,  as  viewed  from  the  furface ; NE  its  declination,  as  viewed  from  the  center;, 
and  NL  its  parallax  of  declination.  But,  becaufe  PZH  is  a fecondary  of  the  equator* 
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Plate  1 1, 
Fig.  1. 


Plate  10. 
Fig.  17. 


Plate  10. 
Fig.  17. 


in  whatever  part  of  this  vertical  circle  the  planet  appears,  its  right  afcenfion  will  be  the 
diftance  of  the  point  E from  the  firft  of  Aries,  that  is,  the  diurnal  parallax,  in  this  cafe, 
makes  no  parallax  of  right  afcenfion. 

PROP.  CXXXL 

The  diurnal  parallax  of  a planet  in  a vertical  circle  produces  a 
parallax  of  latitude,  and  alfo,  if  the  vertical  circle  be  not  a fecondary 
of  the  ecliptic,  of  longitude. 

Let  HQ_be  the  horizon  ; P the  pole  of  the  ecliptic  ; EC  an  arc  of  the  ecliptic,  which 
cuts  the  horizon  at  C ; and  ZV  a vertical  circle  : and  this  Propofition  may  be  proved 
in  the  fame  manner  as  the  laft. 

t 

PROP.  CXXXII. 

The  femidiameter  of  the  earth  is  to  the  diftance  of  any  planet 
from  the  center  of  the  earth,  as  the  fine  of  the  planet’s  parallax 
is  to  the  fine  of  its  apparent  diftance  from  the  vertex. 

If  a planet  is  at  F,  and  the  fpectator  at  A,  where  the  line  of  view  is  AFL,  the  planet 
will  appear  at  L,  and  ZAL  will  be  the  angle  of  its  apparent  diftance  from  the  vertex  Z. 
Let  the  parallax  IL,  or  the  angle  AFC  proportional  (by  Prop.  CXXIV.)  to  IL,  be  found. 
In  the  plane  triangle  ACF  (the  Tides  being  to  one  another  as  the  fines  of  the  oppofite 
angles)  AC,  the  femidiameter  of  the  earth,  is  to  FC,  the  diftance  of  the  planet  from  the 
center  of  the  earth,  as  the  fine  of  the  angle  AFC  the  angle  of  the  parallax,  is  to  the  fine 
of  the  angle  FAC,  or  of  its  complement  to  two  right  angles  ZAL,  the  angle  of  the 
planet’s  apparent  diftance  from  the  vertex. 

Cor.  When  the  horizontal  parallax  is  taken,  the  femidiameter  of  the  earth  AC  is  to 
HC,  the  diftance  of  the  planet,  as  the  fine  of  the  horizontal  parallax  AHC  is  to  the  fine 
of  HAC  or  radius. 


PROP.  CXXXIII. 

To  meafure  the  diftance  of  the  moon  from  the  earth. 

Let  PI  be  the  moon  in  the  fenfible  horizon  obferved  by  a fpedlator  at  A,  and  C the 
center  of  the  earth.  In  the  triangle  AHC,  let  the  angle  AHC,  the  moon’s  horizontal 
parallax,  be  found,  by  Prop.  CXXVII.  The  angle  HAC  is  a right  angle,  and  AC  the 
diameter  of  the  earth  is  known  to  be  3985  miles.  Hence,  AC  the  fine  of  AHC  is  to 
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3985,  as  AH,  taken  as  radius,  to  the  number  of  miles  in  AH  the  moon’s  diftance  from 
the  earth  ; the  moon’s  mean  diftance  is  thus  found  to  be  240,000  Englifh  miles. 

Schol.  The  femidiameter  of  the  earth  is  thus  found  : becaufc  the  circumference  of 
a circle  is  to  its  diameter  nearly  as  355  to  1 13  ; as  355  is  to  113,  fo  is  24930  miles,  the 
known  circumference  of  the  earth,  to  its  diameter  7970;  the  half  of  which  is  3985. 

PROP.  CXXXIY. 

To  determine  the  relative  diftances  of  the  inferior  planets  from 
the  fun. 

♦ 

Let  S be  the  fun,  EHG  the  orbit  of  Venus,  and  LCM  the  orbit  of  Mercury.  Let  pJate  9- 

f ^ pjgj  12# 

AXF  be  a tangent  to  the  orbit  of  Venus,  and  let  the  elongation  of  Venus,  that  is,  the 
angle  XAS,  be  found  by  obfervation.  Then  as  radius  to  the  fine  of  the  angle  XAS, 
fo  is  AS  to  XS  or  ES.  In  like  manner,  if  the  elongation  of  Mercury,  or  the  angle 
CAS,  be  obferved  ; as  radius  to  the  fine  of  CAS,  fo  is  AS  to  CS  or  LS.  If  AS,  the 
fun’s  diftance  from  the  earth,  beTuppofed  to  be  divided  into  1000  equal  parts,  the  diftance 
of  Mercury  will  in  this  manner  be  found  to  be  387,  and  that  of  Venus  723. 

P R O P,  CXXXV. 

To  determine  the  relative  diftances  of  the  fuperior  planets  from 
the  fun. 

Let  S be  the  fun,  nkg  the  orbit  of  the  earth,  OPQ_  the  orbit  of  Mars,  and  NKG  pla.te  ,0* 
a part  of  a great  circle  in  the  heavens,  in  which  the  planet  appears  to  have  a retrograde 
motion  ; let  P be  the  place  of  Mars.  Whilft  the  earth  is  palling  in  its  orbit  from  k to  77, 

Mars  will  appear  to  move  from  K to  N.  The  angle  of  retrogradation  KPN  is  then 

known  by  obfervation.  To  this  the  verticle  angle  77PS  is  equal.  In  the  triangle  77SP, 
the  angle  at  n is  a right  angle  ; the  angle  «PS  is  the  angle  of  retrogradation  which  is 
known,  whence  the  other  angle  77SP  is  known,  and  the  ratio  of  the  lides  of  the  triangle 
to  each  other  is  known  : whence  the  ratio  of  S77  to  SP  is  found.  If  the  mean  diftance 
of  the  earth  from  the  fun  be  called  1000,  that  of  Mars  will  be  found  to  be  1523,  that  of 
Jupiter  5201,  and  that  of  Saturn  9538. 

PROP.  CXXXVI. 

To  find  the  parallax  of  the  fun  by  the  tranfit  of  Venus. 

Let  IT G be  the  earth,  L Venus,  and  S the  fun.  To  an  obferver  at  I,  Venus  will  Plate  it. 

appear  juft  entered  upon  the  fun’s  difc  at  C,  and  its  apparent  place  in  the  heavens  will  IjS»2* 

be  Q;,  But  at  the  fame  inftant  to  a fpedfator  at  G it  will  appear  above  the  fun  in  the 
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right  line  GLN.  The  angle  NLQ_,  or  BLG,  is  the  horizontal  parallax  of  Venus;  and 
the  angle  BCG,  or  its  equal  TCQ_,  is  the  fun’s  horizontal  parallax.  Becaufe  the 
plane  of  Venus’s  orbit  is  inclined  to  the  plane  of  the  ecliptic,  this  planet,  in  its  inferior 
conjun&ion,  will  commonly  pafs  northward  or  fouthward  of  the  fun  ; but,  when  the 
inferior  conjunction  happens  at,  or  very  near,  one  of  the  nodes,  it  will  pafs  over  the 
fun’s  difc.  If,  at  the  time  of  this  tranfit,  a fpectator  at  I,  and  another  at  G (at  the 
diftance  of  90  degrees,  in  longitude,  from  each  other)  obferve  the  exact  time  of  the  total 
ingrefs  of  the  planet,  the  difference,  between  the  actual  time  of  ingrefs,  and  the  time  at  which 
the  ingrefs  would  have  happened  without  any  parallax,  being  known,  and  (by  Prop. 
XXVII.)  converted  into  parts  of  a degree,’  the  horizontal  parallax  of  Venus,  ILG, 
may  be  found.  Or,  if  feveral  different  obfervations  of  the  time  of  ingrefs  be  made 
at  different  places,  after  due  allowance  is  made  for  difference  of  longitude  and  latitude  at 
thofe  places,  the  parallax  of  Venus  at  that  time,  and  thence  its  horizontal  parallax,  will 
be  accurately  difcovered. 

If  two  obfervations  of  this  angle  be  taken  at  the  fame  time  on  oppofite  meridians,  the 
errors  attending  the  obfervations  may  ferve  to  correct  each  other.  For,  fuppofe  MO  to  be 
a part  of  the  orbit  of  Venus,  and  V,  v , uy  the  planet  in  different  fttuations.  The  time  in 
which  Venus  will  pafs  through  fuch  an  arc  V v of  its  orbit,  as  when  viewed  from  the  earth 
fubtends  an  equal  angle  with  the  diameter  or  chord  CD  of  the  fun  being  found,  and  alfo 
the  arc  V v ; let  a fpedlator  on  the  earth’s  furface  view  the  planet  juft  entering  within  the 
fun’s  difc  at  C.  If  the  earth  remained  at  reft,  the  fpe&ator  would  fee  the  planet  palling 
over  the  difc  in  the  line  CD,  whilft  in  its  path  it  defcribes  Vv : but  becaufe  he  is,  in  the 
mean  time,  by  the  earth’s  diurnal  revolution,  carried  from  A towards  P,  at  the  inftant 
when  he  fees  the  planet  palling  off  the  fun’s  difc  atD,  the  planet  is  advanced  in  its  orbit  to 
U.  Confequently,  the  tranfit  will  be  to  this  obferver  as  much  longer  than  the  computed 
time,  as  the  heliocentric  arc  VU  is  longer  than  Vv.  If  another  obfervation  of  the  fame 
kind  be  taken  at  the  fame  time  on  the  oppofite  meridian,  where  the  fpedtator  is  carried  in 
a direction  contrafy  to  the  former,  the  duration  of  the  tranlit  will  to  him  be  as  much 
fhorter  than  the  computed  time,  as  in  the  other  fituation  it  was  longer. 

The  horizontal  parallax  of  Venus  being  thus  found,  the  fun’s  horizontal  parallax,  on 
the  day  of  the  tranfit,  may  be  difcovered  by  Prop.  XXIX.  For,  as  the  fun’s  proportional 
diftance,  at  the  tranfit,  from  the  earth  (taking  1000  for  his  mean  diftance)  is  to  the 
proportional  diftance  of  Venus  from  the  earth  at  that  time,  fo  is  the  horizontal  parallax 
of  Venus,  ILG,  to  the  horizontal  parallax  of  the  fun,  ICG,  on  the  day  of  the  tranfit. 
Whence  the  fun’s  horizontal  parallax,  at  the  time  of  his  mean  diftance  from  the  earth, 
may  be  found  : for  (by  Prop.  XXIX.)  as  the  fun’s  mean  diftance  from  the  earth,  is  to 
his  proportional  diftance  at  the  tranfit,  fo  is  his  horizontal  parallax  at  that  time  to  his 
mean  horizontal  parallax. 

In  this  manner  the  fun’s  mean  horizontal  parallax  has  been  found,  from  comparing  the 
tranfits  of  Venus  in  1761  and  1769,  to  be  8.65''.  or  about  8§.  feconds.  See  Philofophical 
Tranfa&ions,  vol.  LXII.  p.  611,  and  Fergufon’s  Aftronomy,  Chap.  XXIII. 
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PROP.  CXXXVII. 

To  find  the  di (lance  of  the  fun  from  the  earth. 

In  the  triangle  AHC,  fuppofe  H to  be  the  fun.  As  the  fine  of  8§  feconds,  the  hori- 
zontal parallax  of  the  fun  AHC,  is  to  radius,  fo  is  the  femidiameter  of  the  earth  AC, 
which  is  found  by  menfuration  to  be  3985  Englifh  miles,  to  the  number  of  femidiameters 
of  the  earth  contained  in  the  diftance  of  the  fun  from  the  earth.  Hence  the  fun’s  diftance 
from  the  earth  is  found  to  be  about  95,173,100  Englifh  miles* 

* 

PROP.  CXXXVIII. 

To  meafure  the  diftance  of  Mercury  or  Venus  from  the  fun. 

Let  S be  the  fun,  E the  earth,  and  M Mercury  or  Venus.  Meafure  the  angle  SEM, 
and  obferve  accurately  the  time  when  this  meafure  is  taken.  When  Mercury  has  made 
one  revolution,  and  arrives  at  the  fame  point  M,  the  earth  will  be  in  fome  other  part  of 
its  orbit,  as  R ; meafure  at  that  time,  the  angle  SRM,  and  obferve  the  time  when  the 
meafure  is  taken. 

By  thefe  two  obfervations  the  time  in  which  the  earth  pafles  from  E to  R is  known  : 
hence,  as  1 year  is  to  the  time  employed  in  palling  from  E to  R,  fo  are  360  degrees  to  the 
arc  ER  : whence  the  arc  ER,  and  the  angle  ESR,  are  found.  In  the  triangle  ESR, 
the  Tides  SE,  SR,  (the  diftance  of  the  fun  from  the  earth)  being  known,  and  alfo  the 
contained  angle  RSE,  let  the  angles  at  the  bafe  SER,  SR.E,  and  the  bafe  RE,  be  found. 
Then  from  the  known  angle  SER  take  away  the  angle  SEM,  which  is  alfo  known, 
there  will  remain  MER ; and  from  the  known  angle  SRE  take  away  the  known  angle 
SRM,  there  will  remain  MRE.  The  two  angles  MER,  MRE,  being  thus  found,  the 
third  angle  RME  is  alfo  known  ; and  the  fide  RE  is  known.  Wherefore,  the  line  of 
the  angle  RME  is  to  the  fide  RE,  as  the  fine  of  the  angle  MRE  is  to  the  fide  ME,  or  as 
the  fine  of  the  angle  MER  is  to  the  fide  MR.  In  the  triangle  SRM,  the  iides  RS,  RM, 
being  thus  found,  the  fum  of  the  two  fides  RS,  RM,  is  to  their  difference,  as  the  tangent 
of  half  the  fum  of  the  angles  at  the  bafe  RSM,  RMS,  is  to  the  tangent  of  half  their  dif- 
ference. To  half  the  fum  add  half  the  difference,  and  the  greater  angle  at  M is  found  ; 
and  from  half  the  fum  take  away  half  the  difference,  and  the  leffer  angle  at  S is  found. 
Whence,  the  fine  of  the  angle  at  M is  to  the  fide  RS,  or  the  fine  of  the  angle  at  S is  to 
the  fide  RM,  as  the  fine  of  the  angle  at  K is  to  the  bafe  SM,  which  is  the  diftance  required., 
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PROP.  CXXXIX. 

To  meafure  the  diftance  of  Mars  from  the  mmtim 

Let  S be  the  fun,  E the  earth,  and  M Mars.  Meafure  the  angle  SEM : when  Mars 
has  made  one  revolution,  obferve  the  place  of  the  earth  in  its  orbit  R,  and  meafure  the 
angle  SRM.  Having  found  as  before  the  arc  ER,  and  the  angle  ESR,  in  the  triangle 
ESR,  in  which  the  two  fides  SE,  SR,  and  the  contained  angle  ESR,  are  known,  let  the 
angles  at  the  bafe  SER,  SRE,  and  the  bafe  RE,  be  found.  If  from  the  angle  SEM 
(which  has  been  obferved)  be  taken  SER,  there  remains  REM;  and  if  from  the  angle 
SRM  (which  has  been  obferved)  be  taken  SRE,  there  remains  ERM.  Whence,  in  the 
triangle  RME,  the  angles  at  R and  E being  found,  the  third  angle  is  known  : and  the 
fine  of  the  angle  at  M is  to  the  fide  RE,  as  the  fine  of  the  angle  at  E is  to  the  fide  RM. 
Wherefore,  in  the  triangle  SRM,  the  two  fides  of  which,  RS,  RM,  and  the  contained 
angle  at  R,  are  known;  whence,  as  in  the  preceding  Proportion,  the  two  angles  at  the 
bafe  S,  M,  and  laftly  the  bafe  SM,  which  is  the  diftance  required,  may  be  found.  • 

PROP.  CXL. 

To  meafure  the  diftance  of  Jupiter  or  Saturn  from  the  fun  by 
their  fatellites. 

Let  S be  the  fun,  E the  earth,  and  J Jupiter.  Firft,  obferve  the  inftant  in  which  the 
Satellite  R difappears  behind  Jupiter,  and  the  inftant  in  which  it  again  appears:  then, 
dividing  the  intermediate  time  into  two  equal  parts ; this  will  give  the  inftant  in  which 
the  earth  E,  Jupiter  I,  and  the  Satellite  R,  are  in  one  right  line  EID.  Next,  obferve  the 
inftant  in  which  the  Satellite  difappears  behind  the  fhadow  of  Jupiter,  and  the  inftant  in 
¥/hich  it  again  appears  ; and  divide  the  time  between  thefe  inftants  into  two  equal  parts 
to  find  the  inftant  in  which  the  Satellite  is  in  the  midft  of  the  fhadow,  that  is,  in  which 
the  Sun,  Jupiter  and  the  Satellite  form  a right  line  SIR.  Hence,  the  time  taken  up  in 
palling  from  D to  R,  is  known  : whence,  the  time  of  the  entire  revolution  of  the  Satellite 
is  to  360  degrees,  as  the  time  employed  in  pafting  from  D to  R is  to  the  arc  DR.  Thus 
the  arc  DR,  and  the  angles  RID,  EIS,  are  found.  Laftly,  having  taken  an  ob- 
fervation  of  the  angle  IES,  the  other  angle  ESI  is  found  ; and  the  fide  ES,  the  earth’s 
diftance  from  the  fun,  is  known  : whence,  the  fine  of  the  angle  EIS  is  to  the  fide  ES,  as 
the  fine  of  the  angle  IES  is  to  the  fide  IS,  the  diftance  required. 
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P R O P.  CXLIc 

To  meaihre  the  diftance  of  any  planet  from  the  fun. 

Becaufe  the  real  diflances  of  the  planets  from  the  fun  are  as' their  proportional  dis- 
tances ; as  the  proportional  diftance  of  the  earth  from  the  fun  is  to  the  proportional 
diflance  of  any  other  planet  from  the  fun,  fo  is  the  real  diflance  of  the  earth  from  the  fun 
in  miles,  to  the  real  diflance  of  any  other  planet  from  the  fun  in  miles. 

Hence  are  found  the  diflances  of  the  planets  from  the  fun  in  Englifh  miles.  Mercury* 
36,503,408;  Venus,  68,209,408;  Maas,  143,683,080 ; Jupiter,  490,452,000 \ Saturn* 
899,561,100. 

PROP.  CXLIL 

The  horizontal  parallax  of  any  planet  being  given,  to  find  Its 
diftance  from  the  earth* 

Let  H be  the^  planet,  whofe  horizontal  parallax  AHC  is  known.  The  femidiameter  plate  tor 
of  the  earth  AC  being  known,  in  the  triangle  CAH  the  fine  of  the  angle  AHC  is  to 
• the  fide  AC,  as  the  fine  of  the  angle  HAG  is  to  the  fide  HC,  the  diflance  fought. 

P R O R CXLIIL 

The  diftance  of  any  planet  being  given,  to  meafure  its  real  > 
magnitude. 

Let  A be  the  earth,  and  C the  center  of  any  planet;  and  let  the  diflance  CA  be  known.  Plate  iu 
Suppofe  two  right  lines,  AB,  AD,  drawn  tangents  to  the  planet,  the  angles  CBA,  CD  A,  ^ 

are  right  angles;  therefore  the  fquare  of  AC  is  equal  to  the  two  fquares  of  AB  and  BC 
together.  The  fame  fquare  of  AC  will  alfo  be  equal  to  the  two  fquares  of  AD  and 
•CD.  And  fince  the  fquare  of  the  radius  CB  is  equal  to  the  fquare  of  the  radius  CD 
'.(on  account  of  the  fpherical  figure  of  the  planets)  the  fquare  of  the  tangent  AB  is 
equal  to  the  fquare  of  the  tangent  AD,  and  the  tangent  AB  to  the  tangent  AD.  Hence 
the  two  triangles  ABC,  ADC,  are  equal,  and  confequently,  the  angles  BAG,  CAD, 
are  equal.  The  angle  BAD  being  meafured  by  a micrometer,  its  half  BAC  is  known  ; 
whence,  in  the  triangle  ABC,  the  fine  of  the  angle  at  B,  which  is  a right  angle,  is  to 
the  fide  AC,  as  the  fine- of  the  angle  at  A is  to  the  fide  BC.  The  radius,  and  confe- 
quently the  diameter  of  the  planet,  being  thus  found  5 becaufe  fpheres  are  as  the  cubes 
of  their  diameters,  its  magnitude  is  known  by  finding  the  cube  of  its  diameter. 
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The  diameter  of  the  fun  is  found  to  be  878808  Englifh  miles;  of  Mercury,  3207  j 
of  Venus,  7649;  of  Mars,  4168;  of  Jupiter,  88724 ; of  Saturn,  786480 


P R G P.  CXLIVo 
To  find  the  periodical  time  of  a planet. 

Becaufe,  whilft  any  planet  is  performing  its  revolution  the  earth  is  carried  forward  la 
its  path,  the  planet,  after  one  greatefl  elongation,  mufl  not  only  complete  a revolution* 
but  likewife  the  whole  angular  fpace  which  the  earth  deferibed  in  that  time,  before  it 
arrives  again  at  the  fame  elongation.  Thus,  before  Venus  can  return  to  the  fame  elonga- 
tion, befides  performing  an  entire  revolution  in  its  orbit  (equal  to  4 right  angles)  it 
mud  pafs  through  as  much  more  angular  fpace,  as  the  earth  has  done  in  the  mean  time. 
Hence,  as  the  angular  motion  of  Venus  is  to  the  angular  motion  of  the  earth  in  the  time 
between  the  greatefl  elongation  and  its  return,  fo  is  the  periodical  time  of  the  earth  to 
the  periodical  time  of  Venus.  In  this  manner  the  periodical  times  of  all  the  planets 
may  be  found.  The  periodical,  times  of  the,  planets  are  as  follows. 


rDays 

Hours 

Minutes. 

Mercury  revolves  round  the  fun  in  87 

23 

*5i 

Venus 

224 

16 

49t 

Earth 

36S 

6 

9t 

Mars 

- 686 

23 

3°t 

Jupiter 

4382 

8 

5i£ 

Saturn 

10761 

14 

36t 

Cor.  Becaufe  the  fquares  of  the  periodical  times  of  the  planets  are  found  t©  be  as 
the  cubes  of  their  diftances,  the  periodical  times  of  any  two  planets  being  known,  and 
the  comparative  or  real  diftance  of  one  of  them  from  the  fun  being  given,  the  diflance 
of  the  other  may  from  this  proportion  be  found. 


PROP.  CXLVo 

To  find  the  mean  velocities  of  the  planets. 

The  periodical  time  of  a planet'  being  known,  and  alfo  the  diameter,  and  confequently  the 
circumference  of  its  orbit  (for  the  diameter  of  a circle  is  to  its  circumference  nearly  as  113 
to  355) ; its  mean  velocity,  or  the  velocity  with  which  it  would  move  if  its  motion 
were  uniform,  may  be  thus  found  : as  the  whole  periodical  time  of  the  planet  is  to  an 
hour,  fo  is  the  whole  circumference  of  its  orbit  to  the  angular  fpace  palled  over  in 
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an  hour.  Thus  it  is  found,  that  the  mean  horary  velocity  of  the  earth  is  68,216.9 
Englifli  miles.  In  like  manner,  the  horary  velocity  of  the  other  planets  may  eafily  be 
found. 
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PROP.  CXLVI. 

The  planets  revolve  round  their  axes. 

% 

It  is  found  by  obfervation,  that  the  earth  revolves  round  its  axis  in  23  hours  56  minutes; 
Venus  in  23  hours  ; Mars  in  24  hours  40  minutes;  and  Jupiter  in  9 hours  56  minutes. 
And  though  Mercury  is  fo  near  the  fun,  and  Saturn  fo  remote  from  him,  that  no  fpots 
have  been  difcovered  in  them,  from  whence  their  diurnal  revolution  might  be  certainly 
inferred,  it  is  concluded  from  analogy,  that  thefe  two  planets  have  fuch  a revolution 
as  well  as  the  reft. 
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Of  the  causes  of  the  CELESTIAL  MOTIONS 

and  of  other  phenomena.  ' 

I 

CHAP.  I. 

Of  the  Caufe  of  the  Revolutions  of  the  Heavenly  Bodies 

in  their  Orbits. 

PRO  P.  CXLVII. 

The  moon  is  retained  in  its  orbit  by  a force  which  impels  it 
towards  the  center  of  the  earth. 

Since  (by  Book  II.  Prop.  I.)  the  moon,  or  any  other  planet,  being  put  into  motion, 
would  continually  move  on  uniformly  in  a right  line,  there  mu  ft  be  fome  force  which 
draws  it  from  its  rectilineal  path.  Whatever  this  force  is,  ftnce  it  is  found  by  obfervation 
that  the  moon  by  a radius  drawn  to  the  earth’s  center  defcribes  equal  areas  in  equal  times, 
it  follows  (from  Book  II.  Prop.  LXXIII.)  that  it  is  impelled,  by  that  force,  towards 
the  earth’s  center.  The  earth  indeed  is  not  at  reft;  but  becaufe  both  the  moon  and  earth 
revolve  round  the  fun,  the  motion  of  the  moon  with  refpecft  to  the  earth  is  the  fame  as  if 
the  earth  were  at  reft. 


PROP.  CXLVIII. 

The  force  which  retains  the  moon  in  its  orbit  is,  at  different 
diftances  from  the  earth,  inverfely  as  the  fquares  of  thofe  diftances. 

The  moon’s  orbit  being  an  ellipfe,  which  has  the  earth  in  one  of  its  foci,  the  force 
which  retains  it  in  its  orbit,  muft  (by  Book  II.  Prop.  LXXXI.)  in  different  parts  of 
the  orbit  be  inverfely  as  the  fquares  of  the  diftances  from  the  earth. 
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PROP.  CXLIXc 

The  moon  is  retained  in  its  orbit  by  a force  which  carries  it 
towards  the  earth  with  the  fame  velocity  with  which  a body,  afted 
upon  by  gravitation  at  the  diftance  of  the  moon,  would  fall  towards 
the  earth. 

Let  AER  be  the  earth,  PLV  a part  of  the  moon’s  orbit,  LC  an  arc  which  the  moon 
defcribes  in  its  orbit  in  one  minute  of  time.  Since  the  moon  defcribes  its  whole  orbit 
in  27  days  7 hours  43  minutes,  that  is,  in  39343  minutes,  the  length  of  the  arc  LCS 
which  the  moon  defcribes  in  one  minute,  is  the  part  of  360°.  or  33".  If 

the  moon  fetting  out  from  L,  were  not  impelled  towards  the  earth,  it  would  move  in 
the  right  line  LB.  Since  therefore  it  moves  in  the  arc  LC,  there  mud  be  a force  im- 
pelling it  towards  the  earth’s  center  which  draws  it  from  the  tangent  LB,  fo  that,  at  the 
end  of  1 minute,  when  it  is  arrived  at  C,  it  will  have  departed  from  the  tangent  as  far 
as  BG,  or  LD  : or,  becaufe  the. moon  defcribes  the  diagonal  LC  in  1 minute,  it  would 
in  the  fame  time,  by  the  proje&ile  force,  defcribe  LB,  and  by  the  centripetal,  LD. 
LD  is  then  the  fpace  through  which  the  centripetal  force  makes  the  moon  fall  towards 
the  earth  in  1 minute;  and  LD  is  the  verfed  fine  of  the  arc  LC? which  is  an  arc  of  33". 
Therefore  the  force  which  impels  the  moon,  would  make  it  fall,  in  1 minute  of  time, 
through  the  verfed  fine  of  an  arc  of  33".  Becaufe  AER,  the  earth’s  circumference,  is 
found  to  meafure  123249600  Paris  feet,  its  femidiameter  AT  will  be  about  19615800 
fuch  feet.  Since  therefore  the  mean  diftance  of  the  moon  from  the  earth  is  found  to  be 
60  femidiameters  of  the  earth,  AT  multiplied  by  60  will  give  the  length  of  LT  a femi- 
diameter of  the  moon’s  orbit,  namely,  1 1 76948000  feet.  And  as  radius  is  to  the  verfed 
fine  of  33".  fo  is  LT  to  LD,  or  nearly  as  11769480,00  to  15A  Paris  feet,  which  is 
nearly  equal  to  16^  Englifh  feet,  or  1 pole.  Therefore,  if  the  moon  were  to  fall  towards 
the  earth,  the  centripetal  force  which  impels  it  towards  the  earth  would  make  it  fall 
1 pole  in  the  firft  minute  of  its  defcent.  But  becaufe  (by  Prop.  CXLVIII.)  this 
centripetal  force  is  inverfely  as  the  fquares  of  the  diftances,  a body  which  is  at  the 
diftance  of  the  moon,  or  60  femidiameters  of  the  earth,  will  be  attracted  by  a force  as 
much  lefs  than  that  at  the  furface,  as  the  fquare  of  60,  or  3600,  is  greater  than  the 
fquare  of  1,  or  1 ; that  is,  the  force  at  the  furface  being  1,  it  will  be  to  the  force  at  the 
diftance  of  the  moon,  as  1 to  ^o,  and  the  velocities  will  have  the  fame  ratio.  But 
a body  at  the  furface  of  the  earth  falls  through  1 pole  in  a fecond  of  time,  that  is,  (by 
Book  II.  Prop.  XXVI.)  through  3600  poles  in  a minute.  Therefore,  at  the  diftance  of 
the  moon  the  body  would  fall  through  3-5V0  Part  °f  this  length,  that  is,  through  1 pole, 
in  a minute.  But  it  has  been  fhewn  that  the  moon,  by  its  centripetal  force,  falls  towards 
the  earth  1 pole  in  a minute  : therefore  the  moon  is  retained  in  its  orbit  by  a force  which 
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moves  it  with  the  fame  velocity  with  which  a body,  adled  upon  by  gravitation,  and 
removed  to  the  diftance  of  the  moon  from  the  earth,  would  fall  towards  the  earth. 

PROP.  CL. 

The  moon  is  retained  in  its  orbit  by  the  force  of  gravitation. 

The  force  which  retains  the  moon  in  its  orbit  agrees  with  gravitation  in  its  direction 
(by  Prop.  CXLVII.)  and  in  its  degree  of  force  (by  Prop.  CXLIX.}  ; it  may  therefore 
be  concluded  to  be  the  force  of  gravitation. 

PROP.  CLI. 

The  primary  planets  are  retained  in  their  orbits  by  a force  which 
impels  them  towards  the  fun. 

It  is  found  by  obfervation,  that  each  of  them,  as  they  revolve  in  their  refpedfive  orbits, 
defcribe,  by  a radius  drawn  to  the  fun,  equal  areas  in  equal  times.  Therefore  (by 
Book  II.  Prop.  LXXIII.)  the  force  which  retains  them  in  their  orbit,  impels  them 
towards  the  fun. 

PROP.  CLII. 

The  forces  which  retain  the  primary  planets  in  their  refpe&ive 
orbits  are,  at  different  diftances  from  the  fun,  inverfely  as  the  fquares 
©f  thofe  diftances. 

It  appears  from  obfervation,  that  the  fquares  of  the  periodical  times  of  the  planets  are 
as  the  cubes  of  their  mean  diftances  from  the  fun.-  For  example,  Saturn’s  periodical 
time  being  found  to  be  to  Jupiter’s  about  as  30  to  12,  and  the  diftance  of  the  former  from 
the  fun,  to  that  of  the  latter  nearly  as  9 to  5 j the  fquares  of  the  times  are  900  and  144- 
which  are  to  one  another  nearly  as  729  to  125,  the  cubes  of  the  diftances.  This  propor- 
tion takes  place  in  all  the  primary  planets-:  hence  (by  Book  II.  Prop.  LXXIX.)  the 
force  by  which  they  are  retained  in  their  orbits  is  inverfely  as  the  fquares  of  the  diftances. 

PROP.  CLIII. 

The  primary  planets  are  retained  in  their  orbits  by  the  force  of 
gravitation. 

The  moon  having  been  fhewn  from  the  dire&ion,  and  the  law  of  its  centripetal  force, 
to  be  retained  in  its  orbit  by  gravitation;  fince  the  primary  planets  are  impelled  towards 
the  fun  (by  Prop.  CLI.)  as  the  moon  is  towards  the  earth,  and  fince  their  centripetal 
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force  a&s  with  refpecft  to  the  fun  by  the  fame  law,  by  which  the  force  which  retains  the 
moon  in  its  orbit  a£is  with  refpeCI  to  the  earth,  namely,  that  this  force  is  inverfely  as  the 
fquare  of  the  diftance  of  the  planet  from  the  fun;  it  may  be  concluded,  as  in  the  cafe  of 
the  moon,  that  they  are  retained  in  their  orbits  by  the  force  of  gravitation. 

Th  is  follows  likewife  from  their  moving  in  elliptical  orbits,  fince  it  has  been  proved 
(Book  II.  Prop.  LXXXI.)  that  bodies  revolving  in  fuch  orbits  have  their  centripetal 
forces  inverfely  as  the  fquares  of  their  diftances  from  the  center  about  which  they  revolve. 

PROP.  CLIY. 

The  fatellites  of  Jupiter  and  Saturn  are  retained  in  their  refpeftive 
orbits  by  the  force  of  gravity. 

They  are  obferved  to  defcribe  equal  areas  round  the  refpedtive  primaries  in  equal  times, 
and,  confequently  (by  Book  II.  Prop.  LXXIII.)  are  impelled  towards  them;  and  the 
forces  which  retain  them  in  their  orbits,  are  at  different  diftances  inverfely  as  the  fquares 
of  thofe  diftances  (by  Book  II.  Prop.  LXXXI.)  becaufe  it  has  been  obferved  that  the 
fquares  of  their  periodical  times  are  as  the  cubes  of  their  diftances  from  their  refpedtive 
centers.  Therefore  the  force  which  retains  the  fatellites  of  Jupiter  and  Saturn  in  their 
orbits,  a£I  in  the  fame  manner,  and  by  the  fame  law,  as  the  force  which  retains  the  moon 
in  its  orbit  a£ts  with  refpefl  to  the  earth.  But  all  effedls  of  the  fame  fort  are,  without 
proof  of  the  contrary,  to  be  confidered  as  produced  by  the  fame  caufe.  Therefore  the 
power  which  retains  the  fatellites  in  their  orbits  is  gravitation. 

PROP.  CLV. 

The  fun  and  any  planet  revolve  round  a common  center  of  gravity, 
which  remains  at  reft. 

Let  S be  the  fun,  and  P any  planet,  mutually  attracting  each  other.  If  neither  of  the  plate  u. 
two  bodies  revolved  in  any  orbit,  they  would  move  towards  each  other,  and  would  meet  F,s'  ** 
at  C their  common  center  of  gravity  ; and  during  the  approach  of  thefe  two  bodies,  C 
their  common  center  of  gravity  would  be  at  reft,  by  Book  II.  Prop.  LI.  But  if  the  body 
P has  a projedile  force  given  to  it  in  the  direction  P /,  and  if  this  projectile  force  and  its 
gravitation  towards  S make  it  defcribe  an  orbit  round  S,  (by  Book  II.  Prop.  LXVIII.) 
fuch  a projeClile  force  will  prevent  the  body  P from  approaching  to  S,  though  it  gravitates 
towards  S.  But  if  S has  not  as  great  a projeCtile  force  given  to  it  at  the  fame  time  in 
the  oppofite  direction  Sj,  then  becaufe  S continues  to  gravitate  towards  P,  and  there  is 
no  force  which  can  prevent  its  approaching  to  P,  it  follows  that  S will  approach  to  P, 
or  as  P revolves  round  S the  mutual  gravitation  of  thefe  two  bodies  will  diminifh  the 
diftance  SP,  Now  it  appears  from  Book  II.  Prop.  LI.  that  C the  common  center  of 
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gravity  always  divides  this  diftance  SP  in  the  inverfe  ratio  of  S to  P,  or  that  SC  is  always 
as  much  lefs  than  PC*  as  the  quantity  of  matter  in  S is  greater  than  the  quantity  of  matter 
in  P : confequently,  fince  the  quantity  of  matter  in  S and  in  P is  always  the  fame,  SC 
and  PC  have  always  the  fame  ratio  to  one  another.  But  as  S approaches  to  P,  SC  de- 
creafes.  Therefore  PC  muff  decreafe  in  the  fame  ratio.  But  PC  can  decreafe  no  otherwife 
than  either  by  the  approach  of  P to  C,  or  by  the  approach  of  C to  P.  But  the  projedlile 
force  prevents  P from  approaching  to  C.  Therefore  C mud  approach  to  P.  Thus  it 
appears  that,  if  P has  a projedfile  force  given  to  it,  and  is  made  to  revolve,  unlefs  S has 
an  equal  projedtile  force  given  to  it  at  the  fame  time,  the  mutual  gravitation  of  thefe  two 
bodies  towards  one  another  will  put  C,  which  is  their  common  center  of  gravity,  in 
motion  : contrary  to  Book  II.  Prop.  LI.  Cor.  Therefore  as  the  planet  P begins  to  move 
in  the  direction  P /,  the  fun  S will  likewife  begin  to  move  in  the  direction  Sr  ; and  C 
their  common  center  of  gravity  will  continue  at  reft.  And  as  they  tend  mutually  towards 
each  other,  or  towards  C their  common  center  of  gravity,  their  motions  will  not  con- 
tinue to  be  performed  in  right  lines,  but  the  planet  P will  revolve  round  C in  an  orbit 
of  which  PR  is  a part,  and  the  fun  S will  revolve  round  C in  an  orbit  of  which  SQ^ 
is  a part. 

PROP.  CLVL 

The  fun  and  any  planet,  whilft  they  mutually  gravitate  towards 
each  other,  defcribe  fimilar  figures  round  their  common  center  of 
gravity,  and  round  each  other. 

Let  S be  the  fun,  P the  earth,  or  any  other  planet,  and  C their  common  center  of 
gravity,  about  which  (by  the  laft  Prop.)  they  revolve.  To  a fpedfator  at  P,  who 
imagines  the  planet  to  be  at  reft,  the  fun  will  appear  to  revolve  about  P,  and  the  reverfe 
at  S.  Becaufe  the  common  center  of  gravity  of  the  fun  S,  and  any  planet  P,  is  always 
in  a right  line  drawn  from  the  fun  to  the  planet,  if  the  planet  moves  through  any  fmall 
fpace  from  P to  p9  the  line  p C continued  muft  pafs  through  the  fun;  and  confequently 
the  fun  muft  have  moved  from  S to  5.  Thus  Py>,  Sr,  are  arcs  defcribed  by  the  planet 
and  fun  in  their  refpedlive  orbits  in  the  fame  time,  and  PC />,  SCr,  are  aras  defcribed  in 
the  fame  time  by  the  radii  CS,  CP.  And,  becaufe  the  vertical  angles  at  Care  equal,  and 
that  SC  is  to  PC  (as  rC  to  p C,  for  SP,  sp,  are  both  divided  in  C in  the  inverfe  ratio  of 
the  quantities  of  matter  in  P and  S)  the  areas  PC />,  SCr,  are  fimilar.  In  like  manner, 
any  other  parts  of  the  two  orbits  defcribed  in  the  fame  time,  may  be  Ihewn  to  be  fimilar; 
confequently,  the  whole  orbits  are  fimilar. 

Again,  when  P has  completed  its  revolution  round  C,  or  ~ or  ~ of  its  orbit,  it  will 
apppear  to  a fpedtator  at  S,  to  whom  S feems  at  reft,  to  have  completed  its  orbit,  or  ~ or 
~ of  its  orbit  round  S.  And  univerfally,  the  angular  motion  of  the  planet  P about  C, 
m any  given  time,  will  be  equal  to  its  apparent  angular  motion  about  S,  conftdered  as 
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at  reft  by  a fpe&ator  at  S.  If  therefore  the  planet  P in  any  given  time  has  moved  from 
P to  />,  in  which  (by  the  laft  Prop.)  the  fun  S has  moved  from  S to  r,  the  angle  PC p9 
which  is  the  meafure  of  the  planet’s  angular  motion  about  C,  will  be  equal  to  the  apparent 
angular  motion  round  S.  Let  Sr  be  taken  equal  to  sp9  and  make  the  angle  PSr  equal 
to  the  angle  PC p\  P will  by  a radius  drawn  to  S apparently  defcribe  the  area  PSr, 
whilft,  by  a radius  drawn  to  C,  it  is  defcribing  the  area  PC p.  Now,  becaufe  (as  was 
before  fhewn)  SC  is  to  PC,  as  sC  to  />C,  (El.  V.  18.)  SC-f  CP,  or  SP  is  to  PC,  as 
sC  -f-  Cy>,  or  fp  is  to  pC  ; and  sp  is  equal  to  St : therefore  PS  is  to  PC,  as  Sr  is  to  pC . 
Confequently,  the  two  figures  PC^,  PS  r,  are  fimilar.  In  like  manner  it  may  be  fhewn, 
that  any  other  part,  defcribed  in  any  given  time,  of  the  orbit  the  planet  appears  to  move  in 
round  the  fun  confidered  as  at  reft,  will  be  fimilar  to  other  parts,  defcribed  in  the  fame 
time,  of  the  orbit  in  which  the  planet  moves  round  the  common  center  of  gravity  of  the 
fun  and  the  planet  : therefore  the  whole  orbits  are  fimilar.  And  fince  the  orbits  which 
the  fun,  and  the  planet,  defcribe  about  their  common  center  have  been  proved  to  be 
fimilar,  it  follows,  that  the  orbit  which  any  planet  appears  to  defcribe  round  the  fun 
confidered  as  at  reft,  is  fimilar  to  the  orbit  which  the  fun  in  the  mean  time  defcribes 
round  the  common  center  of  gravity. 

In  like  manner  it  might  be  proved,  that  the  orbit  which  the  fun  S appears  to  defcribe 
round  the  planet  P confidered  as  at  reft,  is  fimilar  to  either  of  the  orbits  which  the  planet 
and  fun  defcribe  about  their  common  center  of  gravity. 

Cor.  If  the  fun’s  apparent  motion,  feen  from  the  earth,  is  an  ellipfe,  having  the  earth 
in  one  of  its  foci,  the  earth’s  apparent  motion,  feen  from  the  fun,  will  be  in  a fimilar 
ellipfe,  having  the  fun  in  one  of  its  foci  : and  if  the  fun  and  earth  mutually  gravitate 
towards  each  other,  they  defcribe  fimilar  elliptic  orbits  about  their  common  center. 

PROP.  CLVIL 

The  common  center  of  gravity  of  the  fun  and  all  the  planets  is 
at  reft,  and  is  the  center  of  the  folar  fyftem. 

Since,  from  the  mutual  gravitation  of  the  fun  and  any  one  planet,  they  will  revolve 
about  their  common  center  (by  Prop.  CLV.)  the  fame  muft  hold  good  with  refpeft  to 
the  fun  and  all  the  planets.  Confequently,  there  muft  be  fome  one  point  in  the  folar 
fyftem  which  is  its  center  of  gravity,  and  is  at  reft. 
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PROP.  CLVIIL 

The  nearer  the  moon  is  to  its  fyzygies,  the  greater  is  its  velocity ; 
and  the  nearer  it  is  to  its  quadratures,  the  flower  it  moves. 

Let  S reprefent  the  fun,  T the  earth,  and  LMNO  the  orbit  of  the  moon  ; let  the  moon 
be  in  one  of  its  quadratures  at  L,  and  let  the  lines  LS  and  TS  be  drawn.  It  is  obvious, 
that  the  tendency  which  the  moon  has  towards  the  fun  is  along  the  line  LS,  and  that 
which  the  earth  has,  is  along  the  line  TS  : let  then  the  former  of  thefe  be  refolved  into 
two  others,  the  one  along  LA  parallel  and  equal  to  TS,  the  other  from  L to  T,  along 
the  line  LT.  The  former  of  thefe  tendencies  being  parallel  and  equal  to  that  by  which 
the  earth  tends  along  the  line  TS,  alters  not  the  iituation  of  the  two  bodies  L and  T 
with  refpe£t  to  each  other,  that  is,  it  difturbs  not  the  motion  of  the  body  L ; but  the 
other  along  LT  increafes  its  tendency  towards  T.  And  this  increafe  will  be  to  the 
tendency  the  moon  has  to  A,  which  is  the  fame  which  the  earth  has  to  S,  as  the  diftance 
LT  to  LA,  or  TS  : that  is,  the  gravity  of  the  moon  towards  the  earth  in  the  quadratures 
is  augmented  by  the  adlion  of  the  fun  ; and  that  augmentation  is  to  the  tendency 
which  the  earth  has  to  the  fun,  as  the  length  of  the  line  LT,  or  the  diftance  of  the  moon 
from  the  earth,  to  TS  the  diftance  of  the  earth  from  the  fun. 

Hence  the  greater  the  moon’s  diftance  is  from  the  earth,  the  diftance  of  the  fun  re- 
maining the  fame,  the  greater  will  this  increafe  of  the  moon’s  gravity  towards  the  earth  be. 
But  if  the  diftance  of  the  moon  from  the  earth  remains  the  fame,  and  the  diftance  of  the 
fun  be  augmented,  this  additional  increafe  will  be  the  lefs  in  the  ratio  of  the  cube  of 
that  diftance.  For,  if  TS  be  increafed  while  LT  remains  the  fame,  LT  will  be  fo  much 
the  lefs  with  refpeff  to  TS,  that  is,  the  increafe  will  be  diminifhed  in  the  ratio  of  the 
fun’s  diftance  : but  when  TS  the  diftance  of  the  fun  is  increafed,  the  abfolute  force  of 
the  fun,  and  with  it  the  above-mentioned  increafe,  will  be  diminifhed  alfo  in  proportion 
to  the  fquare  of  that  diftance  ; confequently,  taking  in  both  confiderations,  it  will  upon 
the  whole  be  diminifhed  in  the  ratio  of  the  cube  of  that  diftance. 

Let  now  the  moon  be  in  one  of  its  fyzygies  at  M,  then  will  the  tendency  it  has  to  the 
fun,  more  than  that  which  the  earth  has,  which  is  farther  off  at  T,  be  to  that  which  the 
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earth  has,  as  the  difference  of  the  fquares  of  SM  and  ST  is  to  the  fquare  of  SM  : but 
the  difference  between  the  fquares  of  SM  and  ST  has  nearly  the  ratio  to  the  fquare  of 
SM,  which  twice  MT,  that  is  MO,  has  to  SM  ; becaufe  the  difference  between  the 
fquares  of  two  numbers  whofe  difference  is  very  fmall  with  refpedl  to  either  of  them  (as 
the  difference  between  SM  and  ST  is  with  refpe£f  to  the  diftance  of  S)  has  little  more 
than  double  the  ratio  to  the  fquare  of  the  leffer  number,  that  the  difference  between  the 
numbers  themfelves  has  to  the  leffer  number.  The  tendency  therefore  which  the  moon, 
when  at  M,  has  to  the  fun,  more  than  that  which  the  earth  has,  is  to  that  which  the  earth 
has,  nearly  as  MO,  or  twice  TL,  to  SM,  or  becaufe  of  the  fun’s  great  diftance,  as  twice 
LT  to  TS.  Her  tendency  therefore  to  the  earth  is  now  diminifhed  in  that  ratio  : but  as 
was  fhewn  above,  it  was  augmented  in  the  quadratures  in  the  ratio  only  of  LT  to  TS.  The 
diminution  here  is  therefore  nearly  double  of  the  augmentation  there.  And  whereas  that 
augmentation,  when  the  diftance  of  the  fun  remains  the  fame,  was  fhewn  to  increafe  with 
the  diftance  of  the  moon  ; but  when  the  diftance  of  the  moon  remains  the  fame,  to  decreafe 
with  the  cube  of  the  fun’s  diftance  ; this  diminution  being  always  nearly  double  of  that, 
will  do  the  fame. 

When  the  moon  is  in  the  other  fyzygy  at  O,  it  is  attracted  towards  the  fun  lefs  than 
the  earth  is  by  the  difference  of  the  fquares  of  SO  and  ST ; which,  in  effect,  is  the 
fame  thing  as  if  the  earth  were  not  attracted  at  all  towards  S,  and  the  moon  were 
attracted  the  contrary  way;  fo  that  its  tendency  to  the  earth  is  here  alfo  diminifhed,  as 
well  as  when  it  was  at  M,  and  almoft  in  the  fame  degree;  for  on  account  of  the  fun’s 
great  diftance,  the  difference  between  the  fquares  of  SO  and  ST  is  nearly  the  fame  as 
between  ST  and  SM. 

Or  thus  : the  annual  courfe  of  the  moon  round  the  fun  being  performed  in  the  fame 
time  that  the  earth’s  is,  it  ought  to  be  retained  in  that  courfe  by  the  fame  force  that  the 
earth  is  ; whereas  when  the  moon  comes  to  M,  the  adfion  of  the  fun  upon  it  is  greater 
than  it  is  upon  the  earth,  by  the  difference  of  the  fquares  of  SM  and  ST ; and  when 
the  moon  is  at  O,  it  is  lefs  than  it  is  upon  the  earth  by  the  difference  between  the  fquares 
of  ST  and  SO  : fo  that  in  the  former  cafe  the  moon  is  drawn  too  much  towards  the  fun, 
and  in  the  latter  too  little;  and  therefore  in  both  cafes  its  tendency  towards  the  earth  is 
diminifhed,  and  almoft  in  the  fame  degree;  becaufe,  as  was  obferved  above,  the  difference 
of  the  above-mentioned  fquares  is  nearly  the  fame  in  either  cafe. 

Next,  let  the  moon  be  in  a point  of  her  orbit  between  the  quadrature  and  the  fyzygy. 
Then  being  nearer  the  fun  than  the  earth  is,  fhe  will  be  attracted  with  a ftronger  force  : 
let  it  be  expreffed  by  /S  produced  to  D,  till  ID  be  of  fuch  length,  that  TS  being  put 
to  exprefs  the  adfion  of  the  fun  upon  the  earth,  ID  may  exprefs  the  ftronger  force  of 
the  fun  upon  the  moon  and  let  ID  be  refolved  into  two  others,  one  of  which  let  be 
la  equal  and  parallel  to  TS,  then  will  the  other  be  «D,  or  its  equal  and  parallel  /G. 
This  IG  is  the  only  difturbing  force  upon  the  moon  at  L,  the  other  La  being  parallel 
to  TS,  affedts  the  moon  juft  as  the  fun  does  the  earth ; and  thus  alters  not  their 
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fituations  with  refpedt  to  each  other.  Let  then  this  figure  with  the  line  LG  be  transferred 
to  fig.  9.  This  force  LG  may  be  refolved  into  LI  and  LH,  the  one  a tangent  to  the 
orbit  of  the  moon,  and  the  other  a perpendicular  thereto  : the  former  accelerates  the 
motion  of  the  moon  when  going  from  the  quadrature  at  O to  the  fyzygy  at  B ; and  will 
retard  it  when  going  from  B to  R.  The  other,  when  H falls  upon  TL  produced,  as  in 
this  figure,  diminifhes  the  tendency  of  the  moon  towards  the  earth  ; and  when  it  falls 
between  L and  T,  it  augments  it. 

Thus  the  nearer  the  moon  is  to  its  fyzygies,  the  greater  will  be  its  velocity;  and  the 
nearer  it  is  to  the  quadratures,  the  flower  it  will  move  ; becaufe  one  of  the  forces  into 
which  LG  is  refolvable,  accelerates  its  motion  from  the  quadratures  to  the  fyzygies  ; and 
retards  it  as  much  from  thence  to  the  quadratures. 


PROP.  CLIX. 

The  moon  defcribes  equal  areas  in  equal  times  only  at  the  fyzygies 
and  quadratures,  and  deviates  from  this  law  the  fartheft  in  the  odtants. 

The  difiurbing  force  being  refolved  into  two  others,  one  of  them,  at  the  quadratures  or 
fyzygies,  will  be  found  to  point  from  or  towards  T the  center  of  the  earth  diredtly,  and 
therefore  will  not  hinder  the  moon  from  defcribing  equal  areas  in  equal  times  ; the  other 
likewife,  in  thofe  places  will  be  found  to  tend  towards  the  center  of  the  fun,  and  there- 
fore neither  of  them  will  prevent  the  moon  there  from  defcribing  equal  areas  in  equal 
times,  that  is,  will  not  at  the  quadratures  difturb  the  moon’s  motion  at  all. 

But  when  the  moon  is  in  the  odlants,  as  at  L,  this  force  being  refolved  into  two  others, 
one  of  them,  as  LH,  will  point  diredlly  to  or  from  the  center  of  the  earth,  and  therefore 
will  increafe  or  diminifh  the  moon’s  tendency  towards  the  earth,  but  not  hinder  it 
from  defcribing  equal  areas  in  equal  time.  But  the  other,  as  LI,  or  HG,  points  neither 
towards  the  center  of  the  earth,  nor  fun,  and  therefore,  in  the  odlants,  prevents  its  de- 
fcribing equal  areas  in  equal  times.  But  this  being  the  mid-way  between  the  quadrature 
and  the  fyzygy,  in  both  which  places  this  difiurbing  force  doth  not  prevent  the  moon  from 
defcribing  equal  areas  in  equal  times,  it  follows,  that  at  the  odlants,  this  difiurbing  force 
will  be  greatefi  of  all. 

PROP.  CLX. 

The  orbit  of  the  moon  is  more  curved  in  the  quadratures,  and 
lefs  in  the  fyzygies,  than  it  would  be  if  it  were  only  attracted  by 

the  earth. 
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For  its  motion  (by  Prop.  CLVIII)  being  accelerated  during  its  progrefs  from  the 
quadratures  to  the  fyzygies,  in  the  fyzygies  its  motion  will  be  quicker  than  it  ought 
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otherwife  to  be,  and  therefore  its  centripetal  force  lefs  than  it  would  otherwife  be.  It 
will  therefore  at  the  fyzygies  defcribe  the  portion  of  a larger  curve,  which  confequently 
will  be  lefs  curved  than  a fmaller.  On  the  other  hand,  while  the  moon  pafTes  from  the 
fyzygies  to  the  quadratures,  its  motion  is  continually  retarded,  and  therefore,  at  the 
quadratures,  its  motion  will  be  flower  than  it  would  otherwife  be.  At  the  quadratures 
therefore  the  moon  will  defcribe  the  portion  of  a lefler  curve,  which  therefore  will  be 
more  curved  than  a larger  curve. 

P rR  O P.  CLXI. 

When  the  earth  is  in  its  perihelion,  the  periodical  time  of  the 
moon  will  be  the  greateft  ; when  the  earth  is  in  its  aphelion,  the 
periodical  time  of  the  moon  will  be  the  leaft. 

Since  the  irregularities  explained  in  the  three  preceding  Propofitions  proceed  from  the 
a&ion  of  the  fun,  it  follows,  that  where  the  a&ion  of  the  fun  is  greateft,  the  irregularities 
arifing  from  it  will  be  greateft  too.  But  the  nearer  the  earth  is  to  the  fun,  the  greater 
will  be  the  adlion  of  the  fun  upon  the  moon  ; and  the  more  the  moon  tends  towards 
the  fun,  the  lefs  will  it  tend  towards  the  earth.  When  therefore  the  earth  is  at  the 
perihelion  A,  and  confequently  at  its  leaft  diftance  from  the  fun  S,  the  adlion  of  the  fun 
upon  the  moon  will  be  greateft,  and  deftroy  more  of  its  tendency  towards  the  earth  than 
at  any  other  diftance,  as  SE,  SC,  SD,  &c.  Therefore  when  the  earth  is  at  the  perihelion 

A,  the  moon  will  defcribe  a larger  orbit  about  the  earth,  than  when  the  earth  is  at  any 
other  diftance  from  the  fun,  and  confequently,  her  periodical  time  will  then  be  the  longeft. 

But  the  earth  is  at  its  perihelion  in  the  winter,  and  confequently,  then  the  moon  will 
defcribe  the  outermoft  circle  about  the  earth,  and  her  periodical  time  will  be  the  longeft  : 
which  agrees  with  obfervation.  For  the  fame  reafon,  when  the  earth  is  at  its  aphelion 

B,  the  tendency  of  the  moon  towards  the  earth  will  be  the  greateft,  and  confequently, 
her  periodical  time  the  leaft.  And  in  this  cafe,  which  will  be  in  the  fumnw,  it  will 
defcribe  the  innermoft  circle  about  the  earth. 

PROP.  CLXIL 

The  line  of  the  moon's  apjis  goes  forward  when  the  moon  is  in 
fyzygy,  and  backwards  when  it  is  in  quadrature  ; but  it  goes  farther 
forwards  than  backwards  each  time,  fo  that  at  length  it  performs 
a revolution  according  to  the  order  of  the  figns* 

Since  the  moon  defcribes  an  elliptical  orbit  CEDF  about  the  earth  S,  placed  in  one 
of  its  focij  and  fince  its  centripetal  force  towards  the  earth,  by  means  of  the  adtion  of  the 

S s fun. 


Plate  1 1. 
Fig.  id. 


Plate  it. 
Plate  io. 
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fun  (by  Prop.  CLVI1L)  is  continually  increafing,  or  decreafing,  but  not  equably,  that  is, 
fometimes  lefs,  and  fometimes  more,  than  in  the  inverfe  duplicate  ratio  of  the  diftance 
of  the  moon  from  the  earth,  therefore,  the  line  of  the  moon’s  apfis  AB  will  be  con- 
tinually going  backwards,  or  forwards  ; that  is,  the  axis  AB  will  not  always  lie  in  that 
fituation,  but  go  backwards  into  the  fituation  CD,  or  forwards  into  the  fituation  EF. 
Since  however,  taking  one  whole  revolution  of  the  moon  about  the  earth,  the  adlion  of 
the  fun  more  diminifhes  the  tendency  of  the  moon  towards  the  earth  than  it  augments  it, 
therefore  the  motion  of  the  apfes  forwards,  exceeds  their  motion  backwards.  Upon  the 
whole,  therefore,  the  apfes  of  the  moon’s  orbit  go  forwards,  or  according  to  the  order  of 
the  figns.  Their  revolution  is  completed  in  about  9 years, 

prop:  clxiii. 

The  excentricity  of  the  moon's  orbit  is  varied  in  every  revolution 
of  the  moon,  and  is  greateft  when  the  moon  is  in  fyzygy,  and  leaft 
when  it  is  in  quadrature  : and  the  orbit  is  mo  ft  of  all  excentrical 
when  the  line  of  the  apjis  is  in  the  fyzygies,  and  leaft  of  all  excen- 
trical when  this  line  is  in  the  quadratures. 

Plate  11.  Becaufe  the  moon  defcribes  an  excentrical  orbit  CEDE  about  the  earth  S,  and  the 
10. 

action  of  the  fun  upon  it  fometimes  increafes  its  tendency  towards  the  earth,  and  fome- 
times diminifhes  it,  that  is,  makes  its  gravity  towards  the  earth  increafe  or  decreafe  too 
faft ; if,  while  the  moon  afcends  from  her  lower  apfis  A,  its  gravity  towards  the  earth 
decreafes  too  faft,  inftead  of  defcribing  the  path  DBF,  and  coming  to  the  higher  apfis  at 
B,  it  will  run  out  into  a curve  beyond  DBF,  that  is,  the  orbit  will  become  more  ex- 
centric,  or  farther  from  a circle.  On  the  other  hand,  if  the  moon  is  palling  from  her 
higher  apfis  B,  to  her  lower  A,  and  its  gravity  towards  the  earth,  by  the  adfion  of  the  fun, 
increafes  too  faft,  it  will  approach  nearer  to  the  earth  than  the  curve  CAE,  and  defcribe 
a curve  within  CAE,  or  a portion  of  an  orbit  lefs  excentric,  or  nearer  to  a circle,  than 
CEDF.  And  if  we  compare  feveral  revolutions  of  the  moon  together,  we  fhall  find, 
that  when  the  line  of  the  apfis  is  in  the  fyzygies,  the  excentricity  will  be  the  greateft  of 
all,  becaufe  in  that  fituation,  the  difference  between  the  tendency  which  the  moon  has  to 
the  earth  in  one  of  the  apfes , and  that  which  it  has  in  the  oppofite  one,  is  the  greateft 
of  all ; whereas,  when  the  line  of  the  apfis  is  in  the  quadrature,  this  difference  is  the 
kaft,  and  therefore  the  lunar  excentricity  will  be  fo  too. 


1 


PROP. 


Chap.  II. 


OF  THE  LUNAR  IRREGULARITIES. 


3*5 


PROP.  CLXIV. 

The  line  of  the  nodes  moves  backwards,  but  not  uniformly ; 
when  it  is  in  the  fyzygies  it  ftands  ftill,  and  moves  fafteft  in  the 
quadratures. 

When  the  line  of  the  nodes  is  in  the  fyzygies,  as  CD,  the  plane  of  the  moon's  orbit  Plate  n. 
paffes  through  the  center  of  the  fun  S,  as  well  as  through  that  of  the  earth  E ; whence, 
the  difturbing  force  adfing  in  the  direction  of  the  line  of  the  nodes,  and  confequently  in 
the  plane  of  the  lunar  orbit,  the  moon  is  not  drawn  out  of  the  plane  of  its  orbit  by  the 
fun.  But  when  the  line  of  the  nodes  is  in  any  other  fituation,  and  the  moon  not  in  one 
of  the  nodes,  it  is  continually  drawn  out  of  the  plane  of  its  own  orbit,  on  that  fide  on 
which  the  fun  lies.  For  inftance,  if  the  plane  of  its  orbit  CGDF  produced  paffes  above 
the  fun,  the  fun  draws  it  downwards  j if,  on  the  contrary,  the  plane  of  its  orbit  produced 
paffes  below  the  fun,  it  draws  it  upwards.  Hence  it  follows,  that  when  the  line  of  the 
nodes  is  not  in  the  fyzygies,  and  the  moon  having  paffed  either  of  the  nodes,  has  got  out 
of  the  plane  of  the  ecliptic  ACBD  on  either  fide  of  it,  the  adfion  of  the  fun  occafions  the 
moon  to  return  back  to  the  plane  of  the  ecliptic  fooner  than  it  otherwife  would  do. 

But  where  the  moon  enters  that  plane,  there  is  the  next  node  ; fo  that  each  node  does,  as 
it  were,  come  towards  the  moon  : and  the  nearer  the  line  of  the  nodes  is  to  the  quadratures, 
the  greater  is  this  effedf,  becaufe  in  that  cafe,  the  fun  is  the  fartheft  of  all  from  the  plane 
of  the  lunar  orbit  produced.  So  that  the  line  of  the  nodes  goes  backwards  the  fafteft  of 
all,  when  it  is  in  the  quadratures ; and  not  at  all  in  the  fyzygies. 

PROP.  CLXV. 

The  inclination  of  the  lunar  orbit  is  liable  to  change,  and  is  greateft 
when  the  nodes  are  in  the  fyzygies,  and  leaft  when  they  are  in  the 
quadratures. 

When  the  nodes  are  in  the  quadratures  A,  B,  and  the  moon  in  its  orbit  AGBF  has  Plate  u. 
paffed  A,  and  is  approaching  the  fyzygy  which  is  next  to  the  fun,  the  adfion  of  the  fun  F,s*  I2‘ 
upon  the  moon  prevents  its  afcending  fo  high,  that  is,  departing  fo  far  from  the  plane  of 
the  ecliptic  ADBC  ; whence  the  inclination  of  its  orbit  to  the  ecliptic  will  become  lefs, 
and  it  will  come  to  conjundtion  with  the  fun  at  H,  making  an  angle  with  the  ecliptic 
HAD,  lefs  than  GAD.  As  the  moon  goes  on  to  the  next  quadrature  B,  the  adtion  of 
the  fun  upon  the  moon,  in  its  defcent  towards  the  node,  haftens  its  defcent,  and  thus, 
bringing  it  down  to  the  ecliptic  at  K fooner  than  rt  would  otherwife  arrive  there,  increafes 
the  inclination  of  the  plane  of  its  orbit  as  much  a6  it  was  diminifhed  in  afcending  from 
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A to  H.  And  for  the  fame  reafon,  while  the  moon  pafies  from  B to  the  oppofite  fyzygy 
F,  the  a£tion  of  the  fu,n  decreafes  the  inclination,  of  its  orbit,  and  increafes  it  again  on 
its  paffage  from  thence  to  A the  next  quadrature. 

When  the  nodes  are  in  the  fyzygies,  C,  D,  the  plane  of  the  moon’s  orbit  produced, 
pafies  through  the  center  of  the  fun  ; and  confequently,  not  being  affecfted  by  the  a£lion 
of  the  fun,  its  inclination  is  neither  increafed  nor  diminifhed. 

But  while  the  nodes  are  pafiing  from  the  fyzygies  C,  D,  to  the  quadratures  A,  B,  the 
inclination  of  the  moon’s  orbit  is  diminiihed  in  every  revolution  of  the  moon;  and  while 
they  are  pafiing  from  thence  to  the  fyzygies,  it  is  continually  increafing.  Suppofe  the 
nodes  in  the  oflants  at  O and  L,  and  the  plane  of  AGBF,  the  orbit  of  the  moon,  fo  in- 
clined to  ADBC,  the  ecliptic,  that  if  produced,  it  will  pafs  above  the  fun  S.  When  the 
moon  is  nearer  the  fun  than  the  earth  is,  it  is  attracted  towards  the  fun  more  than  the 
earth  is;  and  when  farther  off,  the  earth  is  attracted  more  than  the  moon  is,  that  is,,  the 
moon  is  as  it  were  attracted  the  other  way.  Hence,  whilft  the  moon  is  afcending  from 
the  ecliptic  in  pafiing  from  O to  P,  the  difturbing  force  being  towards  S,  and  the  orbit 
above  S,  the  moon  will  not  rife  fo  high  as  P,  and  the  inclination  of  its  orbit  will,  be 
diminifhed  while  it  is  pafiing  over  90  degrees  from  the  node  O.  In  going  from  a point 
below  P to  the  next  quadrature  B,  which  is  45  degrees,  the  difturbing  force  being  ftill 
towards  S,  becaufe  the  moon  is  as  yet  nearer  the  fun  than  the  earth  is,  and  the  moon 
now  defcending  towards  the  ecliptic,,  the  attraction  of  the  fun  will  haften  its  defcent,  and 
therefore  caufe  it  to  move  in  a plane  which  will  make  with  the  plane  of  the  ecliptic  a 
larger  angle  than  before;  that  is,,  in  pafiing  from  P to  B the  inclination  of  the  orbit  is 
increafed.  But  when  the  moon  has  pafted  B,  and  is  moving  towards  L,  the  difturbing 
force  acfting,  in  the  plane  of  the  ecliptic,  from  the  fun,  and  the  moon  ftill  defending- 
towards  the  ecliptic,  the  difturbing  force,  attracting  the  moon  upwards,  will  retard  its 
defcent  to  the  ecliptic,  and  caufe  it  to  move  in  a plane  which  will  make  a lefs  angle  with 
the  plane  of  the  ecliptic  than  before;  that  is,  while  it  is  pafiing  from  B to  the  node  L, 
the  inclination  of  its  orbit  is  diminifhed.  Thus,  while  the  moon  pafies  from  O to  L, 
the  inclination  of  its  orbit  is  diminifhed  during  three  fourths  of  the  pafiage.  In  like 
manner,  while  the  moon  is  afcending  from  L to  I,  becaufe  the  difturbing  force  acfts  from 
the  fun,  the  inclination  of  its  orbit  is  diminifhed;,  and  while  it  is  defcending  from  I to 
A,  the  difturbing  force  ftill  acfting  from  the  fun,,  the  inclination  is  increafed.  But  while 
it  is  ftill  defcending  from  A to  O,  becaufe  the  difturbing  force  ac towards  the  fun,  the 
inclination  is  diminifhed.  Add  to  this,  that  while  the  moon  pafies  from  O to  P,  and 
from  L to  I,,  the  difturbing  force  is  much  greater  than  when  it  is  pafiing  from  P to  L, 
and  from  I to  O,.  becaufe  the  difference  between  the  diftances  of  the  moon  and  of  the 
earth  from  the  fun  is  greater  in  the  former  cafe  than'  in  the  latter.  On  the  whole  therefore, 
while  the  nodes  are  between  A and  D,  B and  F,  that  is,  while  they  are  pafiing  from 
fyzygy  to  quadrature,  the  inclination  of  the  lunar  orbit  is  diminifhed  ; for,  though  the 
nodes  have  been  fuppofed  equally  diftant  from  the  quadrature  and  fyzygy?  it  is  obvious 

that 


Chap.  II. 


OF  THE  LU NAP.  IRREGULARITIES. 


that  the  like  effe&s  mud  happen,  though  different  in  degree,  when  they  are  nearer  to 
the  one  than  the  other. 

Next,  let  the  nodes  be  in  the  odtants  I,  P,  between  A and  F,  and  B and  G.  While 
the  moon  is  afcending  from  the  node  I towards  the  quadrature  A,  the  difturbing  force 
acting  from  the  fun,  it  will  be  drawn  upwards,  and  the  inclination  of  its  orbit  will  be 
hereby  increafed.  In  afcending  from  A to  O,  the  difturbing  force  adling  towards  the  fun, 
its  afcent  will  be  diminifhed,  or  the  inclination  of  its  orbit  leflened  : but  in  defending 
from  O to  the  node  P,  the  disturbing  force  Still  adling  towards  the  fun,  it  will  be  drawn 
downwards,  and  confequently,  the  inclination  of  its  orbit  will  be  increafed.  Thus, 
during  one  whole  revolution  of  the  moon  in  this  pofition  of  its  nodes,  the  inclination  of 
its  orbit  will  be  increafed  through  three  fourths  of  its  paffage.  And  this  will  be  true, 
as  in  the  other  cafe,  when  the  nodes  are  not  in  the  odlants.  Alfo,  for  the  reafon  men- 
tioned in  the  other  cafe,  the  force  which  increafes  the  inclination  of  the  orbit  is,  while 
it  adls,  fuperior  to  that  which  diminishes  it.  While  the  nodes  therefore  are  palling  from 
the  quadratures  to  the  fyzygies,  the  inclination  of  the  moon’s  orbit  is  increafing.  From 
all  which  it  is  manifeft,  that  the  inclination  of  the  lunar  orbit  is  the  leaSt  when  the  line 
of  the  nodes  is  in  quadrature,  and  the  moon  in  fyzygy5  and  greateft  when  the  line  of  the 
nodes  is  in  fyzygy. 

PROP.  CLXVL 

The  nodes  of  the  moon  are  at  reft,  when  the  line  of  the  nodes  is 
in  fyzygy  ; they  move  in  antecedents , or  from  eaft  to  weft,  when 
the  line  of  the  nodes  is  in  quadrature  ->  and  alfo  when  it  is  between 
quadrature  and  fyzygy  ; but  their  regrefs  in  one  revolution  is,  in 
this  cafe,  lefs  than  when  the  line  of  the  nodes  is  in  quadrature. 

When  the  line  of  the  nodes  is  in  fyzygy,  becaufe  the  difturbing  force  adls  in  the  plane 
of  the  moon’s  orbit,  it  cannot  change  the  inclination  of  that  plane  to  the  ecliptic;  whence, 
the  common  interfedlion  of  the  two  planes,  or  the  line  of  the  nodes,  is  immoveable.  If, 
whilft  the  line  of  the  nodes  is  in  AB,  the  moon  is  palling  from  A through  G to  B,  being 
conftantly  drawn  towards  the  plane  of  the  ecliptic  by  the  diflurbing  force,  it  will  come 
to  the  plane  fooner  than  it  would  have  done  if  no  fuch  force  had  adted  upon  it,  that  is, 
before  it  has  defcribed  i8o°.  or  is  arrived  at  B. 

In  like  manner,  while  the  moon  is  palling  from  B to  A,  through  F,  being  drawn 
towards  the  plane  of  the  ecliptic  by  the  diflurbing  force,  it  will  crofs  the  ecliptic  fooner 
than  it  would  otherwife  have  done,  that  is,  before  it  arrives  at  A.  Confequently,  the 
nodes  will  have  changed  their  places,  and  moved  in  a contrary  direction  to  the  moon- 
In  any  other  pofition  of  the  line  of  the  nodes,  the  disturbing  force  will,  for  the  fame 
leafon,  caufe  the  line  of  the  nodes  to  move  in  antecedentia , though  in  a lefs  degree  : be— 

caufe,. 
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caufe,  whilft  the  moon  is  defcribing  the  greater  part  of  its  orbit,  it  is  drawn  by  the  dis- 
turbing force  (as  was  fhewn  in  the  laft  Prop.)  towards  the  ecliptic,  and  confequently  is 
made  to  crofs  the  eclipti^fooner  than  it  would  otherwife  have  done,  that  is,  the  nodes 
are,  on  the  whole,  in  one  revolution  of  the  moon,  made  to  move  in  a direction  contrary  to 
that  of  the  moon : but  this  regrefs  is  lefs  than  when  the  line  of  the  nodes  is  in  quadrature, 
becaufe,  during  part  of  the  revolution  in  this  oblique  pofition  of  the  line  of  the  nodes, 
the  nodes  move  in  confequentia , or  in  the  fame  direction  with  the  moon,  namely,  whilft 
the  difturbing  force  (as  was  {hewn  in  the  laft  Prop.)  draws  the  moon  from  the  plane  of 
the  ecliptic;  whereas,  when  the  line  of  the  nodes  is  in  quadrature,  they  move  in  antecedentia 
during  the  whole  revolution. 

Schol.  i.  The  nodes  perform  one  revolution,  or  pafs  through  every  part  of  the 
ecliptic,  in  about  19  years. 

Schol.  2.  All  the  irregularities  of  the  moon  are  greater  when  the  earth  is  in  its 
perihelion,  than  when  it  is  in  its  aphelion,  becaufe  the  effect  of  the  fun’s  action,  whereby 
they  are  produced,  is  inverfely  as  the  cube  of  its  diftance  from  the  earth.  They  are  alfo 
greater  when  the  moon  is  in  conjundtion  with  the  fun,  than  in  oppofition,  for  the  fame 
reafon  ; for  the  earth  and  moon,  taken  together,  are  nearer  the  fun  in  the  former  fituation 
of  the  moon,  than  they  are  in  the  latter. 
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CHAP.  III. 

Of  the  spheroidical  Form  of  the  Earth. 

PROP.  CLXVII. 

In  the  daily  revolution  of  the  earth  rouncLks  axis,  the  centrifugal 
force  diminifhes  the  weight  of  bodies  more^than  in  any  other  place 
on  the  furface  of  the  earth,  in  the  duplicate  ratio  of  the  femidiameter 
to  the  cofine  of  the  latitude  of  the  place. 

Let  P Epe  be  the  earth,  P p the  axis,  Ye  the  equator.  As  the  earth  revolves  upon  its 
axis,  every  place  on  its  furface,  except  the  two  poles,  defcribes  a circle,  the  plane  of  which 
is  perpendicular  to  the  axis,  and  the  radius  of  which  is  the  diftance  of  that  place  from 
the  axis.  Thus,  a body  placed  at  A will  in  one  revolution  of  the  earth  defcribe  a circle, 
the  femidiameter  of  which  will  be  AB,  which  with  the  plane  in  which  it  lies  will  be 
perpendicular  to  the  axis  P p.  In  like  manner,  CE  is  the  femidiameter  of  a circle  defcribed 
by  the  revolution  of  a place  in  the  equator.  But  CE  is  the  femidameter  of  the  earth, 
and  AB  is  the  cofine  of  latitude  of  the  place  A ; for  AB  is  the  fine  of  AP,  the  complement 
of  AE,  which  is  the  latitude  of  the  place.  And  a body  at  E,  revolving  in  a circle  whofe 
radius  is  CE,  performs  its  revolution  in  the  fame  time  with  a body  at  A,  revolving  in  a 
circle  whofe  radius  is  AB.  But  where  the  periodical  times  are  equal,  the  centrifugal  forces 
are  as  the  radii,  by  Book  II.  Prop.  LXXV.  Whence  the  body  at  E has  its  centrifugal 
force  as  much  greater  than  the  body  at  A,  as  the  radius  CE  is  greater  than  the  radius  AB  ; 
and  univerfally,  the  centrifugal  force  at  the  equator  is  to  the  centrifugal  force  at  any 
other  place  on  the  furface  of  the  earth,  as  the  femidiameter  of  the  earth  to  the  cofine  of 
the  latitude  of  the  place.  And  fince  it  is  manifeft  that  the  gravity  muff  be  diminifhed 
as  much  as  the  centrifugal  force  is  increafed,  the  gravity  of  a body  at  the  equator  is 
as  much  lefs  than  that  of  a body  at  any  other  place  on  the  earth,  as  the  femidiameter  of 
the  earth  is  greater  than  the  cofine  of  the  latitude  of  the  place. 

Moreover,  if  the  centrifugal  forces  at  E and  A were  equal,  they  would  diminifh  the 
weights  of  bodies  unequally,  on  account  of  the  different  diredlions  in  which  thefe  forces 
a£L  The  centrifugal  force  at  A,  adling  obliquely  upon  the  force  of  gravitation  towards  C, 
can  only  diminifh  this  force  by  fuch  a part  of  its  atffion  as  is  oppofite  to  the  direction 
of  gravitation,  that  is,  refolving  A b which  may  exprefs  the  centrifugal  force  at  A into 
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Atf,  ab , the  part  of  the  centrifugal  force  which  will  to  diminifh  the  gravity  of  the 
body  at  A,  will  be  to  the  whole  centrifugal  force  at  A,  as  A a to  Ab.  Whereas  at  E, 
the  whole  centrifugal  force,  adding  in  diredl  oppofition  to  the  force  of  gravitation,  will 
operate  to  diminifh  the  weight  of  a body  at  E.  Hence  the  force  which  a£ts  to  diminifh 
the  weight  of  a body,  that  is,  the  diminution  at  E is  to  the  fame  at  A,  as  the  whole 
centrifugal  force  Ab  to  the  part  A a.  But  Ab  is  to  A a,  as  CE  to  BA  : for,  the  triangles 
A ab  and  ABC  being  fimilar,  Ab  is  to  Aa,  as  AC  or  EC  to  BA.  Therefore,  from  the 
different  diredtions  in  which  the  centrifugal  forces  adf  at  E and  A,  the  weight  at  E is 
as  much  more  diminifhed  than  at  A,  as  EC  the  femidiameter  is  greater  than  AB  the 
cofine  of  the  latitude  of  the  place  A. 

The  centrifugal  force  then  diminifhes  the  force  of  gravitation  in  the  ratio  of  EC  to 
AB,  both  becaufe  the  centripetal  force  at  E is  greater  than  at  A,  and  becaufe  it  adfs 
diredtly  at  E,  but  obliquely  at  A.  Therefore  the  centrifugal  force  diminifhes  the  weight 
of  a body  at  E,  more  than  at  A,  in  the  duplicate  ratio  of  CE  to  BA,  that  is,  as  much 
more  at  E than  at  A,  as  the  fquare  of  CE  is  greater  than  the  fquare  of  BA. 

Schol.  It  is  found  by  calculation  from  this  Prop,  that  gravity  at  the  equator  is 
diminifhed  by  the  centrifugal  force  in  the  ratio  of  288  to  289. 

PROP.  CLXVIII. 

The  earth  is  an  oblate  fpheroid,  elevated  at  the  equator,  and  de- 
preiTed  at  the  poles. 

It  has  been  found  by  obfervation,  that  a Wrnmm  pendulum  is  required  to  vibrate  feconds 
at  the  equator  than  at  the  poles;  but  (from  Book  II.  Prop.  XLIII.  and  XLIV.)  the 
lengths  of  pendulums  vibrating  in  the  fame  time  are  as  the  gravities  at  the  places  where 
they  vibrate  ; therefore  the  gravity  at  the  poles  is  greater  than  at  the  equator.  And  it 
has  been  found  that  this  difference  of  gravity  is  fo  much  greater  than  would  arife  from 
the  centrifugal  force  alone,  that  the  ratio  of  the  equatorial  diameter  of  the  earth  to  the 
polar  diameter,  muff  be  as  212  to  21 1. 

Cor.  1.  The  degrees  of  latitude  upon  the  earth’s  furface  are  longer  at  the  poles  than  at 
the  equator.  For  an  arc  of  a meridian  near  the  poles  is  lefs  curved  than  near  the  equator, 
that  is,  it  is  an  arc  of  a larger  circle;  whence  a degree  meafured  upon  that  arc  mu  ft  be 
greater  than  upon  an  arc  of  the  fame  meridian  at  the  equator. 

Cor.  2.  The  tendency  of  a heavy  body,  on  any  part  of  the  furface  of  the  earth 
between  the  poles  and  the  equator,  is  not  diredtly  towards  the  center,  but  towards  fome 
point  between  the  center  and  the  equator. 

Schol.  The  point  towards  which  a body  in  any  given  place  will  tend  -may  be 
determined. 
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For  (by  Prop.  CLXVII.)  as  radius  EC  is  to  the  cofine  of  latitude  of  the  place  AB, 
fo  is  the  centrifugal  force  at  E to  the  centrifugal  force  at  A in  the  direction  Ab.  Pro- 
duce, therefore,  the  line  BA  to  b,  till  A b has  the  fame  ratio  to  AC,  as  the  quantity  laft 
found  has  to  gravity  upon  the  furface  of  the  earth.  Complete  the  parallelogram  AbQc\ 
the  point  fought  will  be  c,  and  the  tendency  of  the  body  will  be  along  Ac;  thus  fup- 
pofe  the  latitude  of  the  place  51  46'.  The  centrifugal  force  at  the  equator  is  found 

to  be  to  that  of  gravity,  as  1 to  289  : hence,  as  radius  is  to  the  cofine  of  51  °.  46'.  fo  is 
I to  ,618,  which  is  the  centrifugal  force  at  A.  Confequently,  the  centrifugal  force  at 
A is  to  the  force  of  gravity,  as  ,618  to  289:  therefore,  by  the  conftru&ion,  Ab  or  Cc, 
is  to  AC  in  that  ratio.  The  ratio  of  AC  to  C c being  thus  found,  as  AC  is  to  Cr,  or 
as  289  is  to  ,618,  fo  will  the  fine  of  the  angle  of  latitude  AC c,  or  51  46'.  be  to  5°. 

nearly,  which  is  the  angle  required,  meafuring  the  deviation  of  the  line  of  direction  of 
falling  bodies  at  the  given  latitude  from  a line  drawn  to  the  center  of  the  earth. 


T t 


CHA  P, 


* 


Plate 
Fig.  13. 


OF  ASTRONOMY. 


Book  V,  Part  II. 


CHAP.  IV. 

Of  the  Precession  of  the  Eqjjinoxes. 

Def.  LXIV.  A Periodical  Tear , is  the  time  in  which  the  fun 
completes  its  revolution  through  the  ecliptic. 

Def.  LXV.  A Tropical  Tear , is  the  time  in  which  the  fun 
completes  its  revolution  fetting  out  from  any  folftitial  or  equinoctial 
point,  and  returning  to  the  fame. 

PROP.  CLXIX. 

The  equinoctial  points  move  in  antecedents,  or  go  backwards  from 
eaft  to  weft,  contrary  to  the  order  of  the  figns. 

It  is  found  from  obfervation,  that  the  equator  and  ecliptic  do  not  always  interfeft  each 
other  in  the  fame  points,  but  that  the  points  of  interfe&ion  change  their  place,  moving 
from  eaft  to  weft,  whilft  the  inclination  of  the  planes  remains  the  fame.  This  motion  is 
called  the  preceffion  of  the  equinoxes , becaufe  it  carries  the  equinodlial  points  in  precedentia 
figna . 

PROP.  CLXX. 

The  preceffion  of  the  equinoxes  makes  the  tropical  year  fhorter 
than  the  periodical  year. 

* 

If,  while  the  fun  mov-es  in  the  order  of  the  figns,  the  equino&ial  point  moves  in  the 
contrary  direction,  it  is  manifeft,  that  the  fun  muft  arrive  at  the  folftitial  or  equinoctial 
point  from  which  it  fet  out,  before  it  arrives  at  the  fame  place  in  the  zodiac,  or  muft 
complete  the  tropical  year  fooner  than  the  periodical  year. 

7 

The  tropical  year  is  obferved  to  be  365  days  5 hours  49  minutes ; the  periodical  year, 
365  days,  6 hours,  4 minutes,  56  feconds. 
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PROP.  CLXXI. 

The  preceffion  of  the  equinoxes  caufes  the  poles  of  the  equator  to 
defcribe  a circle  from  eaft  to  weft  about  the  poles  of  the  ecliptic. 

In  this  preceffion,  the  plane  of  the  equator  revolves  from  eaft  to  weft,  cutting  the 
ecliptic,  which,  with  its  axis,  is  at  reft,  in  fucceflive  points.  But  while  the  plane  of  the 
equator  is  revolving,  its  axis  muft  revolve  with  it  the  fame  way.  And,  fince  the  plane 
of  the  equator  is  always  equally  inclined  to  that  of  the  ecliptic,  the  axis  of  the  equator 
muft  always  have  the  fame  inclination  to  the  axis  of  the  ecliptic:  confequently,  the  poles 
of  the  equator  will  revolve  round  the  poles  of  the  ecliptic,  always  preferving  the  fame 
diftance  from  each  others  that  is,  the  poles  of  the  equator  will  defcribe  a circle  about 
the  poles  of  the  ecliptic. 

Exp.  The  preceffion  of  the  equinoxes,  and  the  revolution  of  the  pole  of  the  equator 
about  that  of  the  ecliptic,  may  be  thus  reprefented  on  the  celeftial  globe.  Let  the  broad 
wooden  horizon  reprefent  the  ecliptic ; place  the  axis  of  the  globe  perpendicular  to  the 
wooden  circle ; the  ecliptic  on  the  globe  .will  then  make  an  angle  of  23  °.  30'.  with  the 
wooden  horizon  : confequently,  if  the  wooden  horizon  reprefents  the  ecliptic,  the  circle 
which  commonly  reprefents  the  ecliptic  will  now  reprefent  the  equator;  and  the  two 
points  in  which  this  circle  cuts  the  wooden  horizon  will  reprefent  the  equinoctial  points. 

If  the  globe,  in  this  pofition,  be  turned  {lowly  round  from  eaft  to  weft,  thefe  points  of 
interfection  will  move  round  the  fame  way,  while  the  inclination  of  the  circle  which  now 
reprefents  the  equator  to  that  which  reprefents  the  ecliptic  remains  the  fame  : whence 
the  preceffion  of  the  equinoxes  is  properly  reprefented.  Again,  the  axis  and  poles  of  the 
globe  now  reprefenting  thofe  of  the  ecliptic,  the  axis  and  poles  of  the  ecliptic,  marked 
on  the  globe,  will  reprefent  thofe  of  the  equator  ; and  in  turning  the  globe  round  from 
eaft  to  weft,  the  points  which  reprefent  the  poles  of  the  equator,  will  revolve  the  fame 
way  round  the  poles  of  the  globe  which  reprefent  thofe  of  the  ecliptic,  and  the  axis  of  the 
fuppofed  equator  will  always  make  the  fame  angle  with  the  plane  of  the  fuppofed  ecliptic* 

Pf  R O P.  CLXXII. 

The  preceffion  of  the  equinoxes  is  caufed  by  the  adtion  of  the 
fun  and  moon  on  that  excefs  of  matter  about  the  equatorial  parts 
of  the  earth,  by  which  from  a perfedt  fphere  it  becomes  an  oblate 
fpheroid. 

Let  ADCB  be  the  plane  of  the  ecliptic,  S the  fun,  E the  earth,  and  AFBG  a ring  pjate 
encompaffing  the  earth  at  any  diftance,  as  Saturn  is  en  com  palled  by  its  ring.  Let  the  FiS-  ^ 
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half  of  this  ring  AGB  towards  the  fun  be  above  the  plane  of  the  ecliptic,  and  the  other 
half  below  it:  then,  a line  palling  through  A and  B will  be  the  line  of  the  nodes  of  this 
ring.  If  it  be  fuppofed  that  this  ring  moves  round  its  center  E,  the  fame  way  in  which 
the  moon  moves  round  the  earth,  it  is  obvious  that  every  point  of  this  ring  will  be 
a&ed  upon  by  the  difturbing  force  of  the  fun  in  the  fame  manner  as  the  moon  was 
fhewn  to  be  acted  upon  in  Prop.  CLVIII.  Sec.  Particularly,  the  motion  of  the  nodes  of 
this  ring,  and  confequently  of  the  whole  ring  which  moves  with  thefe  nodes,  and  its 
inclination  to  the  plane  in  which  its  center  moves,  will  be  affected  in  the  fame  manner 
with  the  orbit  of  the  moon  : whence,  its  nodes  when  in  fyzygies  will  ftand  ftill,  and  its 
inclination  will  be  greateft  ; but  in  all  other  fituations,  the  nodes  will  go  backwards,  and 
fafteft  of  all  when  in  the  quadratures,  at  which  time  the  inclination  of  the  ring  will  be 
the  leaft.  This  will  be  the  cafe  whatever  be  the  thicknefs  of  the  ring,  or  its  diftance 
from  the  center. 

If  this  ring  be  fuppofed  to  adhere  to  the  earth,  it  is  obvious  that  it  will  ftill  have  the 
motions  deferibed  above,  and  that  in  this  fituation,  the  earth  itfelf  muff  participate  of 
thefe  motions.  Now  the  earth  being  an  oblate  fpheroid,  having  its  equatorial  diameter 
longer  than  that  which  palTes  through  its  poles,  this  redundancy  of  matter,  by  which  the 
form  of  the  earth  departs  from  a perfect  fphere,  may  be  confidered  as  a portion  of  the 
fuppofed  ring,  which  receives  from  the  action  of  the  fun  the  motions  above  mentioned, 
and  communicates  them  to  the  earth.  Hence  the  equinoctial  points,  which  are  the  nodes 
of  the  ring,  when  they  are  in  fyzygy>  that  is,  at  the  equinox,  will  ftand  ftill,  and  the 
inclination  of  the  equator  to  the  plane  of  the  ecliptic  will  be  the  greateft  : in  all  other 
fituations  they  will  go  backwards,  and  fafteft  when  in  quadrature  at  the  folftices;  and 
the  inclination  of  the  plane  of  the  equator  to  that  of  the  ecliptic  is  then  the  leaft. 

Cor.  Hence  the  axis  of  the  earth,  being  perpendicular  to  the  plane  of  the  equator, 
changes  therewith  its  inclination  to  the  plane  of  the  ecliptic  twice  in  every  revolution 
of  the  earth  about  the  fun.  For  inftance,  it  increafes  whilft  the  earth  is  moving  from 
the  folftitial  to  the  equinoctial,  and  diminifhes  as  much  in  its  pafiage  from  the  equinoctial 
to  the  folftitial  points  : which  phenomenon  is  called  the  Nutation  of  the  Poles. 

Schol.  This  preceftion  of  the  equinoxes  is  found  to  be  50  feconds  of  a degree,  every 
year,  weft  ward  or  contrary  to  the  fun’s  annual  motion  : fo  that  with  refpect  to  the  fixed 
ftars,  the  equinoctial  points  fall  backwards  30  degrees  in  2160  years,  whence  the  ftars  will 
appear  to  have  gone  30  degrees  forward,  with  refpect  to  the  figns  of  the  ecliptic,  which 
are  reckoned  from  the  equinoctial  point.  Thus  the  ftars  which  were  formerly  in  Aries 
aje  now  in  Taurus,  h c.  This  period  is  completed  in  25,9-20  yearsv 
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CHAP.  V. 


Of  the  TIDES. 


PROP.  CLXXIII. 

4 

The  tides  are  caufed  by  the  attraction  of  the  moon  and  of  the  fun. 

Let  Apl^n  be  the  earth,  and  C its  center ; let  the  dotted  circle  PN  reprefent  a rnafs  of  Plate  u. 

Fi?  i t 

water  covering  the  furface  of  the  earth  ; let  M,  m , be  the  moon  ; S,  s>  the  fun  in  different 
fituations.  Becaufe  the  power  of  gravity  diminifhes  as  the  fquares  of  the  diflances  increafe, 

(by  Prop.  CXLVIII.)  the  waters  on  the  fide  of  the  earth  A are  more  attracted  by  the 
moon  at  M than  the  central  parts  of  the  earth  C,  and  the  central  parts  are  more  attracted 
than  the  waters  on  the  oppofite  fide  of  the  earth  at  L : confequently  (as  was  fhewn 
concerning  the  moon)  the  waters  on  the  fide  L will  be  as  it  were  attradled  from  the  center 
of  the  earth,  or  will  recede  from  thence.  Therefore,  while  the  moon  is  at  M,  the  waters 
will  rife  towards  a and  / on  the  oppofite  fides  of  the  earth  A,  while,  by  the  oblique 
attraction  of  the  moon,  the  waters  at  P and  N will  be  depreffed. 

Or  thus:  becaufe  (by  Prop.  CLV.)  the  moon  and  earth  are  continually  revolving 
about  their  common  center  of  gravity,  fuppofe  a ; the  points  A,  C,  L,  deferibing  circles 
about  this  common  center  in  the  fame  periodical  times,  the  forces  required  to  retain  them 
in  thefe  circles  (as  may  be  inferred  from  Book  II.  Prop.  LXXV.)  will  be  to  each  other 
as  their  diftances  from  the  center  a A,  tfC,  ah.  Confequently,  the  point  L requires  a 
greater  force  than  C,  and  C than  A,  to  retain  it  in  its  orbit.  Nov/  thefe  points  are  re- 
tained in  their  refpe&ive  circles  by  the  moon  at  M ; and  confequently  the  point  L, 
which  is  moft  remote,  and  therefore  requires  the  greateff  force,  is  attracted  the  lead, 
whilft  A,  the  nearefl:  point,  is  attracted  the  moff.  Thus,  the  water  about  A being  at- 
tracted too  much,  and  that  about  L too  little,  both  will  have  their  gravity  diminifhed  by 
the  adlion  of  the  moon,  and  will  endeavour  to  leave  the  center  C ; while  the  water  at  P 
and  C,  having  their  gravity  increafed  by  the  fame  caufe,  will  fubfide.  Hence  the  form 
of  the  water  on  the  furface  of  the  earth  will  become  an  oblong  fpheroid. 

This  oval  of  waters  keeps  pace  with  the  moon  in  its  monthly  courfe  round  the  earth  ; 
while  the  earth,  by  its  daily  rotation  about  its  axis,  prefents  each  part  of  its  furface  to 
the  direCI  adlion  of  the  moon,  twice  each  day,  and  thus  produces  two  floods  and  two  ebbs. 

But  becaufe  the  moon  is  in  the  mean  time  palling  from  eaff  to  weft  in  its  orbit,  it  comes 
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to  the  meridian  of  any  place  later  than  it  did  the  preceding  day  ; whence  the  two  floods 
and  ebbs  require  nearly  25  hours  to  complete  them.  The  tide  is  at  the  greateft  height, 
not  when  the  moon  is  in  the  meridian,  but  fome  time  afterwards,  becaufe  the  force 
by  which  the  moon  raifes  the  tide  continues  to  a£t  for  fome  time  after  it  has  pafTed  the 
meridian. 

As  the  moon  thus  raifes  the  water  in  one  place,  and  deprefies  it  in  another,  the  fun 
does  the  fame;  but  in  a much  lefs  degree,  on  account  of  the  fmall  ratio  of  the  femidiameter 
of  the  earth  to  the  diftance  of  the  fun  ; for,  as  it  was  fhewn  of  the  moon,  that  the  force 
of  the  fun  by  which  it  difturbs  its  motion  is  as  the  diftance  of  the  moon  from  the  earth 
to  that  of  the  fun  from  the  fame,  fo,  in  this  cafe,  the  force  of  the  fun  to  difturb  the  waters 
is  as  the  femidiameter  of  the  earth  to  the  diftance  of  the  fun,  which  ratio  is  very  fmall. 

PROP.  CLXXIV. 

The  tides  are  greateft  at  the  new  and  full  moons,  and  leaft  at 
the  firft  and  laft  quadratures,  and  the  higheft  tides  are  near  the  time 
of  the  equinoxes. 

When  the  moon  is  in  conjunction  or  oppofition  with  the  fun,  asM,  m,  S,  the  tides  which 
each  endeavours  to  raife  are  in  the  fame  place;  whereas,  when  the  moon  is  in  the  firft  or 
laft  quarter,  the  fun  being  in  the  meridian  when  the  moon  is  in  the  horizon,  as  M,  r, 
deprefies  the  water  where  the  moon  raifes  it ; whence  the  tides  are  then  the  leaft  of  all. 
On  the  full  and  new  moons,  which  happen  about  the  equinoxes,  when  the  luminaries 
are  both  in  the  equator  or  near  it,  the  tides  are  the  greateft  of  all  : for  firft,  the  two 
eminences  of  water  are  at  the  greateft  diftance  from  the  poles,  and  hence  the  difference 
between  ebb  and  flood  is  more  fenfible ; for  if  thofe  eminences  were  at  the  poles,  it  is 
obvious  we  ftiould  not  perceive  any  tide  at  all  : fecondly,  the  equatorial  diameter  of  the 
earth  produced  pafles  through  the  moon,  which  diameter  is  longer  than  any  other,  and 
confequently  there  is  greater  difproportion  between  the  diftances  of  the  zenith,  center  and 
nadir,  from  the  center  of  gravity  of  the  earth  and  moon,  in  this  fituation  than  in  any  other : 
and  thirdly,  the  water  rifing  higher  in  the  open  feas,  ruffles  to  the  ffiores  with  greater  force, 
where  being  flopped,  it  rifes  higher  ftill  ; for  it  not  only  rifes  at  the  ffiores  in  proportion  to 
the  height  it  rifes  to  in  the  open  feas,  but  alfo  according  to  the  velocity  with  which  it 
flows  from  thence  againft  the  fhore.  The  fpring  tides,  which  happen  a little  before  the 
vernal  and  after  the  autumnal  equinox,  are  the  greateft  of  all,  becaufe  the  fun  is  nearer 
the  earth  in  the  winter  than  in  the  fummer. 

P R O P.  CLXXV. 

When  the  moon  is  in  the  northern  hemifphere,  it  produces  a 
greater  tide  while  it  is  in  the  meridian  above  the  horizon,  than  when 

it 
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it  is  in  the  meridian  below  it ; when  in  the  fouthern  hemilphere, 

the  reverfe. 

> 

Let  AFD  reprefent  the  earth,  whofe  center  is  T,  and  axis  PO,  the  point  P the  north 
pole,  and  O the  fouth  pole,  EQ^the  equator,  FH  a parallel  to  it  on  the  fouth  fide,  and 
KD  another  parallel  to  it  on  the  north  fide.  Let  the  fluid  furrounding  the  earth  form 
itfelf  into  an  oblong  fpheroid,  whofe  longer  axis  HK  produced,  pafles  through  the  moon 
at  L.  The  right  lines  TK,  or  TH,  drawn  from  the  center  T,  will  reprefent  the  greatefl: 
height  of  the  water  in  thofe  places.  Then,  fuppofing  NM  perpendicular  to  KH,  TN, 
or  TM,  will  denote  the  leaft  height,  and  will  reprefent  the  height  of  the  water  in  all 
parts  of  the  globe  through  which  the  circle  NM  pafles.  The  right  lines  TE,  TF,  TM, 
TQ_,  TD,  will  fhew  the  height  of  the  water  in  thofe  refpedfive  places  E,  F,  H, 

Q..  D. 

Let  us  now  confider  fome  place  in  particular,  which,  by  the  diurnal  motion  of  the 
earth,  defcribes  the  parallel  KD.  When  that  place  is  at  K,  the  height  of  the  water 
TK  is  the  greatefl:,  that  is,  it  will  be  high  water,  and  the  moon  L will  be  in  the  meridian. 
But  afterwards,  when  that  place  comes  to  X,  the  height  of  the  water  will  be  the  leaft, 
that  is,  it  will  be  low  water;  and  when  the  fame  place  comes  to  D,  it  will  be  high 
water  again.  But  becaufe  TK  is  greater  than  TD,  therefore,  in  the  prefent  cafe, 
when  the  moon  is  on  the  north  fide  the  equator,  or  in  the  northern  figns,  the  height  of 
the  fea,  or  tide,  will  be  greater  when  the  moon  is  in  the  part  of  the  meridian  which  is 
above  the  horizon,  than  when  it  is  in  the  meridian,  and  below  it.  Hence  it  is  that  the 
moon,  when  it  is  in  the  northern  figns,  makes  the  greatefl:  tides  on  our  fide  the  equator 
when  it  is  above  the  earth. 

Again,  TH,  on  the  fouth  fide  the  equator,  is  longer  than  TF  ; and  therefore,  to 
a place  that  defcribes  the  parallel  FH,  the  greatefl:  height  of  the  water,  when  the  moon 
is  in  the  northern  figns,  is  when  it  is  on  that  part  of  the  meridian  that  is  below  the 
horizon  of  that  place,  and  the  leaft  tides  when  it  is  above  the  horizon.  For  the  like 
reafon,  when  the  moon  is  in  the  fouthern  figns,  the  greatefl:  tides  on  the  other  fide  of 
the  equator  will  be  when  it  is  below  our  horizon,  and  the  leaft  tides  when  it  is  above  it. 

Schol.  What  hath  been  faid  of  the  tides,  muft  be  underftood  upon  fuppofition, 
that  the  globe  of  the  earth  is  covered  entirely  with  water  to  a confiderable  depth  : but 
continents  which  flop  the  tide,  {freights  between  them,  iflands,  and  the  fhallownefs  of  the 
fea  in  fome  places,  which  are  all  impediments  to  the  courfe  of  the  water,  caule  many  ex- 
ceptions to  what  hath  been  above  laid  down.  Thefe  exception^  can  only  be  explained 
from  particular  obfervations  on  the  nature  of  tides  at  different  places. 


Plate  ii. 
Fig.  15. 
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Def.  LXVII.  Thole  bodies  which  always  appear  in  the  heavens 
at  the  fame  diftance  from  each  other,  are  called  Fixed  Stars. 

PROP.  CLXXVI. 

The  fixed  ftars  are  luminous  bodies. 

Becaufe  they  appear  as  points  of  fmall  magnitude  when  viewed  through  a teleftope, 
they  muft  be  at  fuch  immenfe  diftances,  as  to  be  invifible  to  the  naked  eye  if  they  borrowed 
their  light;  as  is  the  cafe  with  refpedt  to  the  fatellites  of  Jupiter  and  Saturn,  although 
they  appear  of  very  diftinguifhable  magnitude  through  a telefcope. 

PROP.  CLXXVII. 

The  fixed  ftars  appear  of  different  magnitudes* 

The  difference  in  the  apparent  magnitude  of  the  ftars  is  fuch  as  to  admit  of  their  being 
divided  in  fix  clafies,  the  largeft  being  called  ftars  of  the  firft  magnitude,  and  the  leaft, 
which  are  vifible  to  the  naked  eye,  ftars  of  the  fixth  magnitude.  Stars  only  vifible  by  the 
help  of  glafies  are  called  telefcopic  ftars. 

PROP.  CLXXVIII. 

The  fixed  ftars  are  divided  into  conftellations,  or  fyftems  of  ftars. 

The  antients,  that  they  might  the  better  diftinguifh  the  ftars  with  regard  to  their 
Situation  in  the  heavens,  divided  them  into  feveral  conftellations,  that  is,  fyftems  of 

ftars, 
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ftars,  each  fyftem  confining  of  fuch  as  are  near  each  other.  And  to  diftinguilh  thefe 
fyftems  from  one  ajiother,  they  gave  them  the  names  of  fuch  men  or  things  as  they 
fancied  the  fpace  they  took  up  in  the  heavens  reprefented.  To  thefe  feveral  new  conftel- 
lations  have  been  added  bv  modern  aftronomers. 

4 


Schol.  The  following  table  contains  the  names  of  the  conftellations,  and  the  number 
of  ftars  obferved  in  each  by  different  aftronomers. 


The  antient  Conftellations. 

Ptolemy. 

Tycho. 

Hevelius. 

FlamfieeA, 

Ur  fa  minor 

The  Little  Bear 

8 

7 

12 

24 

Ur  fa  major 

The  Great  Bear 

35 

29 

73 

87 

Draco 

The  Dragon 

31 

32 

40 

80 

Cepheus 

Cepheus 

*3 

4 

51 

35 

Bootes,  Arffophilax 

Bootes 

23 

18 

52 

54 

Corona  Borealis 

The  Northern  Crown 

8 

8 

8 

21 

Hercules,  Engonafm 

Hercules  kneeling 

29 

28 

45 

*13 

Lyra 

The  Harp 

10 

1 1 

*7 

21 

Cygnus,  Gallina 

The  Swan 

*9 

18 

47 

81 

Caftiepea 

Caftiepea  * 

*3 

26 

37 

55 

Per  feus 

Perfeus 

29 

29 

46 

59 

Auriga 

The  Waggoner 

14 

9 

40  . 

66 

Serpentarius,  Ophiuchus 

Serpentarius 

29 

15 

40 

74 

Serpens 

The  Serpent 

18 

13 

22 

64 

Sagitta 

The  Arrow 

5 

5 

5 

18 

Aquila,  Vultur 

The  Eagle  9 

15 

12 

23 

71 

Antinous 

Antinous  3 

3 

1 9 

Delphinus 

The  Dolphin 

10 

10 

14 

18 

Equulus,  Equi  feflio 

The  Horfe’s  Head 

4 

4 

6 

10 

Pegafus,  Equus 

The  Flying  Horfe 

20 

19 

38 

89 

Andromeda 

Andromeda 

23 

23 

47 

66 

Triangulum 

The  Triangle 

4 

4 

12 

16 

Aries 

The  Ram 

18 

21 

27 

66 

Taurus 

The  Bull 

44 

43 

5i 

141 

Gemini 

The  Twins 

25 

25 

38 

85 

Cancer 

The  Crab 

23 

15 

29 

83 

Leo 

The  Lion  ? 

35 

30 

49 

95 

Coma  Berenices 

Berenice’s  Hair  3 

H 

21 

43 

Virgo 

The  Virgin 

32 

33 

50 

no 

Libra,  Chela 

The  Scales 

*7 

10 

20 

5i 

Scorpius 

The  Scorpion 

24 

10 

20 

44 

U u 

The 
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The  antient  Conftellations. 

Ptolemy.  eTycht. 

Hevdius,  Plamjieei, 

Sagittarius 

The  Archer 

31 

22 

69 

Capricornus 

Capricorn 

28 

28 

29 

51 

Aquarius 

The  Water-bearer  45 

4i 

47 

ic8 

Pi  fees 

The  Fifties 

38 

36 

39 

I!3 

Cetus 

The  Whale 

22 

21 

45 

97 

Orion 

Orion 

38 

42 

62 

78 

Eridanus,  Flavius 

Eridanus,  the  River  34 

10 

27 

84 

Lepus 

The  Hare 

12 

13 

16 

19 

Canis  major 

The  Great  D 

og  29 

J3 

21 

3r 

Canis  minor 

The  Little  Dog  2 

2 

14 

Argo  Navis 

The  Ship 

45 

3 

4 

64 

Hydra 

The  Hydra 

27 

19 

31 

60 

Crater 

The  Cup 

7 

3 

10 

31 

Corvus 

The  Crow 

7 

4 

9 

Centaurus 

The  Centaur 

37 

35 

Lupus 

The  Wolf 

19 

24 

Ara 

The  Altar 

•7 

9 

Corona  Auftralis 

The  Southern  Crown-.  13 

12 

Pi  fees  Auftralis 

The  Southern  Fifh  38 

24 

The  New  Southern  Conftellations.. 

Columba  Noachi 

Noah’s  Dove 

10 

Robur  Carolinum 

The  Royal  Oak 

32 

Grus 

The  Crane 

13 

Phoenix 

The  Phenix 

J3 

Indus 

The  Indian 

12 

Pavo 

The  Peacock 

14 

A pus,  Avis  Indica 

The  Bird  of  Paradife 

II 

Apis,  Mufca 

The  Bee  or  Fly 

4 

Chamaeleon 

The  Cameleon 

10 

Triangulum  Auftralis 

The  South  Triangle 

5 

Pifcis  volans,  Pajfer 

The  Flying  Fifh 

8 

Dorado,  Xiphias 

The  Sword  Fifh 

6 

Toucan 

The  American  Goofe 

9 

Hydrus 

The  Water  Snake 

* 

K> 
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Hevelius's  Conftellations  made  out  of  the  unformed  Stars. 


Lynx 

The  Lynx 

H melius. 

19 

Flamfieei. 

44 

Leo  minor 

The  Little  Lion 

53 

Afterion  & Chara 

The  Greyhounds 

23 

25 

Cerberus 

Cerberus 

4 

Vulpecula  & Anfer 

The  Fox  and  Goofe 

27 

35 

Scutum  Sobiefki 

Sobiefki’s  Shield 

7 

Lacerta 

The  Lizard 

10 

16 

Camelopardalus 

The  Camelopard 

32 

58 

Monoceros 

The  Unicorn 

*9 

31 

Sextans 

The  Sextant 

1 1 

4i 

Schol.  i.  Stars  not  included  in 

any  conftellation  are  called 

unformed  ftars, 

. Befides 

the  names  of  the  conftellations,  the  antient  Greeks  gave  particular  names  to  fome  Tingle 
ftaVs,  or  fmall  colleflions  of  ftars  : thus,  the  clufter  of  fmall  ftars  in  the  neck  of  the  bull, 
was  called  the  Pleiades  ; five  ftars  in  the  bull’s  face,  the  Hyades  ; a bright  ftar  in  the 
breaft  of  Leo , the  Lyon  s Heart ; and  a large  ftar  between  the  knees  of  Bootes , Artturus. 

Schol.  2.  The  conftellations  may  be  reprefented  on  two  plane  fpheres  projected  on. 
a great  circle,  or  on  the  convex  furface  of  a folid  fphere,  as  on  the  celeftial  globe,  or  moft 
perfedfly  on  the  concave  furface  of  a hollow  fphere.  If  the  celeftial  globe  be  made  ufe  of, 
after  redlifying  it  to  the  time  of  the  night,  the  ftars  may  be  found,  by  conceiving  a line 
drawn  from  the  center  of  the  globe  through  any  ftar  in  the  heavens,  and  its  reprefentation 
upon  the  globe.  Greek  letters  have  been  added  by  Bayer  to  ftars  in  the  feveral  con- 
ftellations of  his  catalogue  («  being  affixed  to  the  largeft  ftar)  by  means  of  which  any  ftar 
may  be  eafily  found. 

PROP.  CLXXIX. 

That  luminous  part  of  the  heavens,  called  the  Milky  Way,  coniifts 
of  fixed  ftars  too  fmall  to  be  feen  by  the  naked  eye. 

This  is  found  from  obfervations  made  with  telefcopes. 

* 

Schol.  i.  There  are  fpots  in  the  heavens,  called  NebuH,  fome  of  which  confift  of 
clufters  of  telefcopic  ftars,  others  appear  as  luminous  fpots  of  different  forms.  The 
moft  confiderable  is  one  in  the  mid-way  between  the  two  ftars  on  the  blade  of  Orion’s 
fword,  marked  {5  by  Bayer. 

Schol.  2.  New  ftars  fometimes  appear,  while  others  difappear.  Several  ftars, 
mentioned  by  antient  aftronomers,  are  not  now  to  be  found  : feveral  are  now  vifible  to 
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the  naked  eye,  which  are  not  mentioned  in  the  antient  catalogues ; and  fome  ftars  have 
fuddenly  appeared,  and  again,  after  a confiderable  interval,  vanifhed  : alfo,  a change  of 
place  has  been  obferved  in  fome  ftars. 

Schol.  3.  The  number  of  the  ftars  is  unknown.  The  catalogue  publifhed  by  Bayer 
contains  1160;  that  by  Flamfteed,  which,  includes  many  telefcopic  ftars,  contains  3000  ; 
and  farther  improvements  in  telefcopes  are  continually  enabling  aftronomers  to  enlarge 
the  catalogue. 

P R O P.  CLXXX. 

The  longitude  of  the  fixed  ftars  increafes,  while  their  latitude 
remains  the  fame. 

Becaufe  the  vernal  equinoctial  point  (by  Prop.  CLXXI.)  moves  weftward,  the  dif- 
tance  between  any  given  ftar  and  that  point,  that  is,  its  longitude,  will  increafe.  But 
fince  this  change  is  produced  by  the  preceilion  of  the  equinoxes,  which  is  performed 
round  the  axis  of  the  ecliptic,  this  motion  will  make  no  change  in  the  diftance  of  the 
iixed  ftar  from  the  ecliptic,  that  is,  in  its  latitude. 

Cor.  Hence  the  conftellations  of  the  zodiac  are  to  the  eaft  of  thofe  figns  or  arcs  of 
the  zodiac  which  are  called  by  the  fame  names.  The  firft  part  of  the  conftellation  Aries, 
by  the  preceffion  of  the  equinoxes,  has  gone  fo  far  to  the  eaft,  fince  the  names  were 
firft  given  to  the  figns,  that  it  is  now  30°.  from  the  firfl:  degree  of  Aries  in  the  line  of  the 
ecliptic. 

Def.  LXVIII.  The  Annual  Parallax  of  a heavenly  body,  is  the 
change  of  its  apparent  place,  as  it  is  viewed  from  the  earth  in  its 
annual  motion. 

If  ADBC  be  the  orbit  of  the  earth,  S the  fun,  and  A,  B,  the  earth  in  oppofite  parts 
of  its  orbit;  the  change  in  the  apparent  place  of  any  body,  as  viewed  from  A and  from  B, 
is  its  annual  parallax. 


Plate  xi. 
Fig.  16, 


PROP.  CLXXXI. 

i 

The  annual  parallax  of  any  heavenly  body  is  proportional  to  the 
angle  which  a diameter  of  the  earth's  orbit  would  fubtend,  if  it  was 
viewed  from  that  body. 

If 
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If  when  the  earth  is  at  A,  the  fixed  liar  E appears  at  or  near  the  pole,  and  when  the 
earth  has  pafted  to  the  oppofite  point  B,  a different  ftar  F appears  at  or  near  the  fame 
pole,  the  ftar  E will  have  changed  its  place  in  refpecl  of  the  pole;  for  when  the  pole  is 
at  F,  the  ftar  E,  which  was  at  or  near  it  before,  is  at  the  diftance  EF  from  it:  the 
apparent  length  of  this  diftance  EF  (by  Def.  LXVIII.)  is  the  ftar’s  annual  parallax. 
Now  if  AB,  a femidiameter  of  the  earth’s  orbit,  was  to  be  viewed  from  the  ftar  E,  it 
would  fubtend  the  angle  AEB  ; but,  becaufe  the  axis  of  the  earth  is  always  parallel  to 
itfelf,  AE  and  BF,  which  coincide  with  the  axis,  are  likewife  parallel;  whence  (EL  I.  29.) 
the  angle  EBF,  fubtended  by  EF,  is  equal  to  AEB,  fubtended  by  AB  ; and  AEB  is  the 
paralla&ic  angle. 

Cor.  The  annual  parallax  of  any  heavenly  body  is  inverfely  as  its  diftance  from  the 
earth:  for  the  angle  AEB  (by  Book  IV.  Prop.  LXIX.)  is  inverfely  as  the  diftance  of 
AB,  the  axis  of  the  earth’s  orbit. 

PROP.  CLXXXIL 

The  fixed  ftars  have  no  fenfible  annual  parallax. 

When  the  place  of  the  ftar  E is  obferved  by  the  beft  inftruments  from  oppofite  points 
©f  the  earth’s  orbit,  its  apparent  place  in  the  heavens  remains  the  fame,  which  could  not 
be  the  cafe  if  the  angle  of  its  parallax  were  fo  much  as  one  fecond. 

Cor.  Hence  it  appears,  that  the  fixed  ftars  are  fo  remote  that  a diameter  of  the  earth’s 
orbit  bears  no  proportion  to  their  diftance,  or  (by  Prop.  CLXXXI.)  that  a diameter  of  the 
earth’s  orbit,  if  viewed  from  one  of  the  fixed  ftars,  would  appear  as  a point. 

PROP.  CLXXXIIL 

The  motion  of  the  earth,  and  the  progreflive  motion  of  light, 
will  make  a fixed  ftar,  which  has  no  fenfible  parallax,  deviate  from 
its  true  place  in  the  direction  in  which  the  earth  moves. 

If  a ftar  S pafles  through  the  zenith  of  any  place  when  the  earth  is  at  A,  it  will  (by 
laft  Prop.)  pafs  through  the  zenith  of  the  fame  place  when  the  earth  is  at  B,  the 
oppofite  extremity  of  the  earth’s  orbit.  Confequently,  fuch  a ftar  might  be  feen  through 
a vertical  telefeope  in  the  fame  perpendicular  at  any  point  of  the  earth’s  orbit,  if  the 
motion  of  light  from  the  ftar  were  inftantaneous.  But  the  progreflive  motion  of  light 
will  caufe  the  ftar  to  deviate  from  the  perpendicular;  for,  let  the  earth  be  moving  from 
B to  A,  and  let  the  velocity  of  light  be  to  the  velocity  of  the  earth,  as  CA  to  BA,  and 
let  CB  be  the  diagonal  of  the  parallelogram  formed  from  CA,  BA.  Then  the  direction 
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of  a telefcope,  in  order  to  fee  the  ftar  S when  the  earth  is  arrived  at  A,  mull  be  AH, 
parallel  to  BC.  For,  fupnofe  BC  to  be  a very  long  {lender  telefcope,  through  which  only 
one  ray  of  light  could  pafs  at  a time,  or  to  be  the  axis  of  a larger  telefcope.  The  ftar  S can- 
not be  feen  through  this  telefcope,  but  through  a telefcope  perpendicular  to  B,  if  the 
earth  be  ftationary  at  B,  and  the  progrefs  of  light  inftantaneous.  But  if  the  telefcope 
in  the  polition  BC  were  to  continue  in  this  pofition,  and  to  move  along  with  the  earth 
to  A,  fo  as  to  come  into  the  fituation  AH,  when  the  earth  arrives  at  A,  the  ftar  S might 
then  be  feen  through  it.  For,  fince  the  ftraight  courfe  of  the  ray  is  the  line  CA,  in 
which  it  muft  always  be  if  it  comes  to  the  eye  without  interruption  ; and  fince  the  ray 
cannot  come  diredlly  along  CB  the  axis  of  the  telefcope,  and  arrive  at  the  eye  in  this 
axis,  unlefs  it  is  always  in  the  axis  ; that  is,  fince  the  ray,  in  order  to  come  to  the  eye 
muft  be  always  in  the  line  CA,  and  alfo  in  the  line  CB,  it  muft  be  always  in  the 
common  interfe&ion  of  thefe  two  lines.  Now  C is  the  common  interfe&ion  when  the 
earth  is  at  B ; e is  the  common  interfe&ion  when  the  earth  is  at  E ; when  it  is  at  F ; 
gy  when  it  is  at  G ; and  A,  when  at  A;  the  telefcope,  at  each  ftation,  being  fuccef- 
fively  in  the  fituations  CB,  EE,  FF,  GG,  HA.  Thus  the  common  interfection  defcends 
down  the  line  CA,  while  the  earth  moves  from  B to  A;  and,  fince  the  velocity  of  light 
is  to  that  of  the  earth,  as  CA  to  BA,  a ray  of  light  will  likewife  have  defcended  down  CA, 
while  the  earth  was  moving  from  B to  A.  Therefore,  in  the  whole  motion  of  the 
telefcope,  the  ray  will  have  been  in  the  common  interfedlion  of  the  line  CA,  and  the 
axis  of  the  telefcope,  and  confequently  will  have  pafled  along  the  axis  of  the  telefcope, 
and  will  come  without  interruption  to  the  eye  at  A. 

Thus  it  appears,  that  by  the  progreftive  motion  of  light,  a ray  which,  coming  from  S, 
enters,  at  C,  a telefcope  in  the  fituation  CB,  will  arrive  at  the  eye,  when  the  telefcope, 
carried  along  BA  with  a velocity  which  is  to  that  of  the  ray  of  light,  as  BA  to  CA,  is 
come  into  the  fituation  HA;  and  confequently  (Book  IV.  Prop.  II.)  the  eye  will  fee 
the  ftar  through  the  telefcope  in  the  direction  AH  the  axis  of  the  telefcope;  that  is, 
fome  point  in  the  line  AH  produced  will  be  the  apparent  place  of  the  ftar.  Thus  the 
ftar’s  apparent  place  has  deviated  from  its  true  place  S in  the  dire£tion  BA,  in  which  the 
earth  was  moving,  fo  that  if  the  motion  of  the  earth  is  from  north  to  fouth,  the  ftar 
which  appeared  in  the  zenith  of  the  place  when  the  earth  was  at  B,  will  appear  to  the 
fouthward  of  the  zenith  when  the  earth  is  arrived  at  A,  and  the  reverfe  when  the  earth 
is  moving  from  fouth  to  north. 

According  to  Bradley’s  obfervations,  made  on  the  ftar  y in  the  conftellation  Dra- 
gon, this  ftar  deviated  fouthward  from  the  zenith  from  December  till  March,  when 
it  had  departed  from  the  zenith  20".  From  that  time  till  June  its  fouthern  deviation 
decreafed,  after  which  it  deviated  northward,  and  in  September  appeared  about  20". 
towards  the  north  of  its  ftation  in  June,  from  which  time  till  December,  it  con- 
tinued returning  to  its  firft  fituation.  Thus  the  deviation  of  the  ftar  was  always  in 
the  direction  of  the  earth’s  motion,  and  contrary  to  that  of  any  deviation  which  mio-ht 
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be  fuppofed  to  arife  from  the  annual  parallax  of  the  ftar.  But  fuch  a deviation  could 
not  happen  unlefs  the  earth  moved,  and  the  motion  of  light  was  progreflive ; for  if 
the  earth  did  not  move,  fince  the  fiar  is  fixed,  no  alteration  could  be  made  in  the 
apparent  place  of  the  ftar  by  the  progreflive  motion  of  its  rays  in  a vertical  direction  : 
and  if  the  earth  moves,  and  the  propagation  of  light  were  inftantaneous,  the  earth’s 
velocity  would  be  nothing  in  refpe£b  of  the  velocity  of  light,  or  BA  with  refpe£t  to 
CA  would  be  nothing ; whence  the  angle  ACB,  and  its  alternate  angle  CAH,  would 
vanifh,  and  AH  would  become  coincident  with  AC,  and  confequently,  the  ftar  would 
have  no  deviation  from  its  true  place.  Hence  we  may  conclude  from  the  deviation  of 
the  ftar  above  defcribed,  both  that  the  earth  moves,  and  that  the  motion  of  light  is 
progreflive. 

Schol.  From  thefe  obfervations  it  is  found,  that  the  velocity  of  flar-light  is  fuch  as 
carries  it  through  a fpace  equal  to  the  fun’s  diftance  from  the  earth  in  8'.  13"* 
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PROPOSITION  I. 

That  mineral  fubftance  which  is  called  the  Loadftone,  or  Magnet* 
has  the  property  of  attracting  iron*  and  no  other  body  whatever 
unlefs  it  has  a mixture  of  iron. 

Exp.  i.  Shew  the  adlion  of  the  magnet  on  needles,  and  on  fteel  filings  ftrewed  lightly 
over  any  fmooth  furface. 

2.  Let  a needle  be  fufpended  from  a loadftone,  and  a firing  palling  'through  its  eye 
be  fattened  to  the  beam  of  a balance  placed  under  it;  the  degree  of  force  with  which, 
it  is  attracted  may  be  meafured. 

* 

PROP.  II. 

The  magnetic  power  may  be  communicated  from  the  loadftone 
to  iron,  by  the  touch  or  gentle  friction,  and  from  one  piece  of  iron 
to  another,  which  then  becomes  an  artificial  magnet ; and  this 
communication  of  power  is  without  apparent  lofs  of  power  in  the 
loadftone. 

Exp.  Let  the  power  be  communicated  to  a needle  from  the  loadftone. 

PROP.  III. 

The  action  and  re-action  of  the  magnetic  power  are  mutual  and 
equal. 

Exp.  Two  equal  needles,  fufpended  freely,  will  be  attradled  with  equal  force. 
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PROP.  IV. 

If  a magnet  has  free  motion,  one  of  its  extremities  will  be  directed 
towards  the  north,  the  other  towards  the  fouth  ; thefe  are  called 
Its  poles. 

Exp.  In  the  mariner’s  compafs  the  needle  points  nearly  north  and  fouth. 

PROP.  V. 

If  the  north  pole  of  a magnet  be  drawn  along  from  the  middle 
of  a needle  towards  either  extremity,  that  part  of  the  needle  which 
is  touched  by  the  magnet  will  be  directed  to  the  fouth  : if  the  fouth 
pole  of  a magnet  be  applied  in  the  fame  manner,  the  part  which  is 
touched  will  be  directed  to  the  north. 

Exp.  1.  Touch  two  needles  according  to  the  Proportion,  and  obferve  their  direction 
when  fufpended  freely. 

2.  Exhibit  the  method  of  making  artificial  magnets. 

PROP.  VI. 

There  Is  a fmall  variation  in  the  direction  of  the  magnetic  needle, 
called  its  declination,  which  differs  in  degree  at  different  places  and 
times. 

This  is  known  by  obferving  the  different  points  of  the  compafs  at  which  the  fun  rifes 
or  fets,  and  comparing  them  with  the  true  points  of  the  fun’s  rifing  or  fetting,  according 
to  aftronomical  tables. 

Schol.  The  following  table  fhews  the  mean  declination  of  the  needle  at  different 
times  in  Paris  and  London. 


Year. 

Paris. 

Year., 

London. 

1580 

iV.  30'.  E. 

1576 

ii  °.  15'.  E. 

l6lO 

8°.  E. 

1634 

40.  5'.  E. 

1640 

3°*  E- 

1657 

o°.  o'. 

1666 

o°.  o'. 

1665 

i°.  22'.  W. 

1670 

i°.  30'.  W. 

1692 

6°.  W. 

17OO 

8°.  12'.  W. 

1730 

id°.  15'.  W. 

1728 

140.  o'.  W. 

1756 

i5°-  J5'-  W. 

*77r 

190.  45'.  W. 

*774 

21°.  16'.  W. 

1776 

21  °.  47'.  W, 

Near 
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Near  the  equator,  in  iong.  40 °.  Eaft,  the  higheft  variation  from  the  year  1700  to  17565 
was  170.  15'.  Weft;  and  the  leaft  160.  30'.  W.  In  lat.  150,  N.  and  long.  6o°.  W.  the 
variation  was  conftantly  50.  E.  In  lat.  io°.  South,  and  long.  6o°.  E.  the  variation  de- 
creafed  from  170.  W.  to  y°.  15'.  W.  In  lat.  io°.  S.  and  long.  50.  W.  it  increafed  from 
2q.  15'.  to  120.  45'.  W.  In  lat.  150.  N.  and  long.  20°.  W.  it  increafed  from  i°.  W. 
to  90.  W.  In  the  Indian  feas  the  irregularities  were  greater,  for  in  1700,  the  weft  varia- 
tions feem  to  have  decreafed  regularly  from  long.  50°.  E.  to  long.  ioo°.  E.  but  in  1756, 
the  variation  decreafed  fo  faft,  that  there  was  eaft  variation  in  long.  8o°.  85°.  and  90°.  E. 
and  yet,  in  long.  950.  and  ioo°.  E.  there  was  weft  variation. 

In  the  year  1775,  in  lat.  58°.  17'.  S.  and  long.  348°.  16'.  E.  it  was  0°.  16'.  W.  In 
lat  20.  24'.  N.  and  long.  320.  12'.  W.  it  was  o°.  14'.  45".  W.  In  lat.  50°.  6'.  30".  N. 
and  long.  40.  oh  W.  it  was  190.  28'.  W. 


PROF.  VII. 

A needle  which,  before  it  receives  the  magnetic  power,  refts  on 
its  center  parallel  to  the  horizon,  on  becoming  magnetical  will  incline 
towards  the  earth  : this  is  called  its  inclination,  or  dipping. 


Exp.  A needle  turning  in  equilibrio  on  a pointed  wire,  after  being  touched  by  the 
magnet,  will  dip. 

Schol.  The  inclination  or  dip  of  the  magnetic  needle  at  London  in  1576,  was 
710.  50'.  In  1653,  72°*  45'*  i6765  73°-3°h  In  1720,  750.  10'.  In  1723,  about 

750.  Sec.  The  mean  dip  of  the  needle  at  London  in  1775  and  1776,  was  72°.  30'. 

A daily  variation  is  obferved  both  in  the  declination  and  inclination  of  the  needle. 


PROP.  VIII. 

Two  magnets,  having  a free  motion,  will  attradl  when  different 
poles  are  directed  towards  each  other,  and  repel  when  the  adjacent 
poles  are  of  the  fame  kind. 

Exp.  A needle  turning  on  its  center  will  be  attra&ed  or  repelled  by  another,  as 
different  or  the  fame  poles  are  brought  near  to  each  other. 


Schol.  If  the  magnetic  powers  are  very  unequal,  or  the  two  bodies  are  forcibly 
brought  together,  they  will  attradl  with  the  fame  poles* 


Exp.  1.  Sufpend  a magnet  by  a thread,  and  let  a fmall  needle  be  brought  near  it,  at 
the  fame  poles. 

2.  Bring  two^  needles  into  contaft  at  the  fame  poles,  fufpended  in  the  fame  manner, 
they  will  cohere. 
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PROP.  IX. 

The  action  of  the  magnetic  power  is . not  retarded  or  increafed  by 
the  interpolition  of  any  body  whatfoever  which  is  not  magnetic,  or 
capable  of  magnetifm. 

Exp.  i.  Move  fteel  filings,  placed  on  a brafs  plate,  in  water,  &c.  by  holding  a magnet 
under  the  vefTel. 

2.  Sprinkle  fteel  duft  on  a fheet  of  paper,  under  which  is  placed  a magnet,  or  two 
magnets  having  their  poles  oppofite  to  each  other  and  at  the  diftance  of  about  an  inch. 

3.  A needle  under  an  cxhaufted  receiver  will  be  attracted  at  the  fame  diffance  as  in 
the  open  air. 


PROP.  X. 

If  a magnet  be  cut  through  the  middle,  each  piece  will  become 
a complete  magnet,  and  the  parts  which  were  contiguous  will  become 
oppolite  poles. 

Exp.  Cut  a magnetic  needle  into  two  parts,  and  prefent  the  north  pole  of  a magnet 
to  each  end  of  the  parts. 


PROP.  XI. 

A bar  of  iron  acquires  a magnetic  power,  by  remaining  long  in 
a lituation  perpendicular  to  the  furface  of  the  earth,  or  by  being 
hammered  in  the  magnetic  line.  The  power  of  a magnet  will  be 
diminifhed  if  it  be  not  kept  in  the  magnetic  line ; if  it  commu- 
nicates virtue  to  a piece  of  iron  much  larger  than  itfelf -y  or  if 
a piece  of  iron  be  not  kept  in  contadt  with,  or  near  to  one  of  its 
poles.  This  power  may  be  wholly  deftroyed  by  fire. 


This  Propofition  is  confirmed  by  experience. 
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Of  ELECTRICITY. 


PROPOSITION  l. 

There  is  in  nature  a fubftance,  called  the  Electric  Fluid, 
which,  being  excited,  becomes  perceptible  to  the  fenfes. 

Exp.  i.  Let  a long  glafs  tube  be  rubbed  with  the  hand,  or  with  a leathern  cufhion ; 
the  electric  fluid,  being  thus  excited,  will  attract  light  fubftances,  and  give  a lucid  fpark 
to  the  finger,  or  any  metallic  fubftance,  brought  near  it. 

2.  Let  a large  glafs  cylinder,  turned  on  an  axis  by  means  of  a wheel  connected  with  it 
by  a cord,  and  rubbing  againft  a cufhion,  be  put  into  motion ; this  inftrument,  called 
an  Electrical  Machine,  increafing  the  excitation,  will  exhibit  the  phenomena  of  the 
electric  fluid  more  perfectly  than  a glafs  tube. 

PROP.  IL 

The  electric  fluid  pafles  eafily  along  the  furfaces  of  fome  bodies  j 
whilft  other  bodies  do  not  convey  it  : the  former  are  called  Con- 
ductors, the  latter,  Non- conductors,  or  EleCtrics. 

Exp.  A metallic  cylinder,  being  fixed  upon  glafs  fupporters,  and  placed  near  the 
electric  machine,  will,  by  means  of  pointed  wires,  receive  the  electric  fluid  from  the  glafs 
cylinder,  and  the  fluid  will  be  diffufed  over  the  whole  furface  of  the  metallic  cylinder, 
from  whence  it  cannot  pafs  through  the  glafs  fupporters  which  are  electric,  but  may 
be  conveyed  away  by  any  metallic  or  other  conducting  fubftances,  brought  near,  or  into 
contact  with  it.  This  metallic  cylinder  is  called  the  Prime  Conductor , or  the  Conductor . 
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PROP.  III. 

Some  conduilors  are  more  perfedt  than  others  j and  the  eleftric 
fluid  paffes  through  that  which  is  moft  perfedt. 

Exp.  The  fluid  will  pafs  through  a wire  held  in  the  hand. 

Schol.  The  following  bodies  are  conductors  and  electrics,  difpofed  in  the  order  of 
their  degrees  of  perfection  : Conductors  ; gold,  filver,  copper,  brafs,  iron,  tin,  quick- 
filver,  lead,  the  femi-metals,  ores,  charcoals,  water,  ice,  fnow,  falts,  foft  tones,  fmoke, 
fteam  : Non-conductors,  or  Electrics  ; glafs,  precious  tones,  refins,  gums,  amber, 
fulphur,  baked  wood,  bituminous  fubftances,  wax,  filk.  cotton,  feathers,  wool,  hair,  paper, 
air,  oil,  hard  tones.  Many  electrics  become  condutors  when  heated,  and  all  when 
moitened. 

PRO  P.  IV. 

Non-conductors  retain  the  fluid  on  a fmall  part  of  their  furface 
where  the  friction  has  acted ; conductors  diffufe  it  over  all  their 
furface,  and  therefore  cannot  confine  it,  unlefs  they  be  furrounded 
entirely  by  non-condudtors,  or  be  infulated . 

Exp.  Obferve  the  partial  ditribution  of  the  fluid  on  the  excited  glafs  cylinder,  and  its 
univerfal  diffufion  over  the  metallic  conductor. 

PROP.  V. 

The  eledtric  fluid  may  be  excited  by  rubbing,  by  pouring  a melted 
eledtric  into  another  fubftance,  and  by  heating  and  cooling. 

Exp.  i.  In  working  the  electrical  machine,  the  fluid  is  excited  by  friction. 

2.  Let  fulphur  be  melted  in  an  earthen  vefltd,  and  left  to  cool  upon  a conductor ; 
when  cold,  it  will  be  electrified,  and  attract  light  bodies. 

3*  The  tourmalin  ftone  will  be  electrified  by  increafing  or  diminifhing  its  heat. 

PROP.  VI. 

The  eledtric  fluid  may  be  lodged  in  eledtrics,  or  in  infulated  con- 
ductors, in  a greater  quantity  than  naturally  belongs  to  them,  or  they 
•may  be  pojitively  electrified. 


Exp. 
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Exp.  In  working  the  machine,  the  cylinder  acquires  more  than  its  natural  quantity  of 
fluid  by  excitation,  the  condu&or,  by  communication  : for,  while  there  is  a free  con- 
veyance of  fluid  from  the  earth  to  the  rubber,  by  means  of  a conducing  fupporter,  the 
conductor  will  be  highly  electrified  ; but  if  an  eleCtric  fupporter  be  placed  under  the 
rubber,  the  conductor  will  be  electrified  only  in  a fmali  degree. 


PROP.  VII. 

The  eledtric  fluid  being  accumulated  on  any  body,  will  pafs  to 
any  conductor  brought  near  to  the  body  : if  it  pafs  from,  or  be  re- 
ceived by,  pointed  wires,  it  will  be  conveyed  in  a continued  ftream ; 
if  it  pafs  from,  or  be  received  by,  a furface  which  has  no  iharp 
points,  it  will  be  difcharged  with  an  instantaneous  explofion  or 
fpark. 

Exp.  i.  Receive  the  fluid  from  the  conductor  upon  a pointed  wire,  and  upon  a 
brafs  ball. 

2.  The  fluid  will  be  difFufed  through  the  furrounding  atmofphere,  by  wires  placed 
upon  the  conductor. 

» 

Cor.  Hence  arifes  the  neceflity  of  keeping  the  whole  furface  of  the  conductor  free 
from  points. 

Schol.  When  a conductor  is  eleCtrifled  by  communication,  its  whole  eleCtric  power 
is  difcharged  at  once,  on  the  near  approach  of  a conductor  communicating  with  the  earth  $ 
whereas  an  excited  eleCtric,  in  the  fame  circumftances,  lofes  its  eleCtric  power  only  in  the 
parts  near  to  the  conductor. 

PROP.  VIII. 


If  condudtors  be  infulated,  they  will  retain  a greater  or  lefs 
quantity  of  the  eledtric  fluid  (the  power  of  the  machine  being  given) 
proportional  to  the  extent  of  furface  in  the  conductor. 

Exp.  Obferve  the  difference  in  the  magnitude  and  difiance  of  fparks  taken  from  a 
fmali  conductor,  and  of  thofe  taken  from  a large  one. 


PROP.  IX. 


A body  may  be  deprived  of  part  of 
fluid,  or  be  negatively  eledtrified. 


its  natural  portion  of  eledtric 
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Exp.  If  the  rubber  which  communicates  the  fluid  to  the  glafs  cylinder,  and  from  thence 
to  the  conductor  be  infulated,  becaufe  by  working  the  machine  a quantity  of  its  fluid  is 
conveyed  away,  and  it  cannot  receive  a frefli  fupply  through  its  fupporter,  it  will  be  in 
an  exhaufted  or  negative  ffate. 

PROP.  X. 

When  bodies  are  negatively  electrified  they  receive  the  fluid  from 
other  bodies  brought  near  them. 

Exp.  i.  Let  two  infulated  conductors,  one  of  which  is  connected  with  the  glafs 
cylinder,  the  other  with  the  rubber,  be  electrified  ; whilft  they  are  in  this  ffate  Jet  them  be 
brought  near  each  other;  a fpark  will  pafs  from  that  which  (by  Prop.  VI.)  is  pofitively, 
to  that  which  (by  Prop.  IX.)  is  negatively,  electrified. 

2.  Let  two  perfons  ftanding  on  glafs  feet  be  eleCtrified,  firft  both  pofitively,  or  both 
negatively,  they  will  not,  on  contaCt,  communicate  the  fluid  to  each  other ; but  let  them 
be  eleCtrified,  the  one  pofitively  and  the  other  negatively  by  making  a communication 
from  one  to  the  conductor,  and  from  the  other  to  the  rubber,  on  contaCt,  the  former  will 
give,  and  the  latter  receive  a fpark. 


PROP,  XL 

From  a pointed  body  pofitively  electrified  the  fluid  will  be  feen  to 
itream  out,  towards  any  electrified  body  brought  near  it,  in  a conical 
pencil  of  rays ; whereas  in  pafling  from  the  uneleCtrified  body  to  a 
pointed  body  negatively  electrified,  it  will  form  a globular  flame,  or 
(tar,  about  its  point, 

Exp.  i.  Obferve,  in  a dark  room,  the  different  appearances  of  the  eleCtric  fluid  at  the 
extremity  of  a pointed  wire,  when  the  point  is  prefented  to  an  infulated  conductor 
pofitively,  and  when  it  is  prefented  to  one  negatively,  eleCtrified;  or  when  fuch  a wire  is. 
fixed  upon  a conductor  pofitively  or  negatively  eleCtrified, 

2.  Within  a luminous  conductor  eleCtrified  pofitively,  (viewed  in  a darkroom)  the  fluid 
will  be  feen  pafling  in  the  form  of  a pencil  from  one  wire,  and  received  in  the  form  of  a 
ffar  upon  the  other  ; and  the  reverfe  if  it  be  eleCtrified  negatively, 
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PROP.  XII. 

If  two  bodies  be  eleCtrified,  both  pofitively,  or  both  negatively, 
they  repel  each  other ; but  if  one  be  eleCtrified  pofitively,  and  the 
other  be  negatively  or  not  at  all  eleCtrified,  they  attract  each  other. 

Exp.  i.  Light  feathers,  cr  hair,  connected  with  the  conductor,  appear  repellent,  but 
are  attracted  by  bringing  any  non-eleCtrified  body  near  them. 

2.  The  hair  of  a perfon  eleCtrified  becomes  repellent. 

3.  In  the  graduated  electrometer  the  ball  is  repelled  according  to  the  degree  in  which 
the  conductor  is  electrified. 

4.  Downy  feathers,  paper  figures,  threads  cf  fax,  thiftle  down,  gold  leaf,  brafs  duft, 
or  other  light  bodies,  brought  near  to  the  conductor,  are  alternately  attracted  and  repelled. 
This  will  not  take  place  if  the  bodies  be  laid  on  a plate  of  glafs. 

5.  Two  bells  being  fufpended  by  wires  from  a brafs  rod  connected  with  the  Con- 
ductor, and  a third  by  a filk  cord,  and  two  fmall  balls  of  brafs  fufpended  by  a flken 
thread  between  the  bells,  the  fluid  will  be  communicated  from  the  conductor  to  the  outer 
bells,  and  by  the  balls  to  the  middle  bell,  and  from  thence  conveyed  by  a chain  to  the 
earth  : the  balls  in  receiving  and  communicating  the  fluid  are  attracted  and  repelled 
fucceflively,  and  produce  ringing. 

6.  Let  water  flow  from  a capillary  tube,  from  which,  before  it  is  eleCtrified,  it  pafles  in 
drops;  upon  being  eleCtrified,  the  particles  of  fluid  will  be  feparated,  and  their  motion 
accelerated. 

Thefe  appearances  will  be  prefented,  whether  the  conductor  be  pofitively  or  negatively 
eleCtrified. 

Cor.  Since  it  is  found  that  rubbed  glafs  eleCtrifies  any  infulated  conductor  pofitively, 
it  may  be  determined  whether  any  body  is  eleCtrified  pofitively  or  negatively,  by  bringing 
it  near  to  a pith  ball,  or  down- feather,  pofitively  eleCtrified,  and  obferving  whether  the 
ball  or  feather  be  attracted  or  repelled  by  the  body. 

Exp.  Bring  a pith-ball  or  down-feather,  fufpended  by  a filken  thread  and  pofitively 
eleCtrified  by  any  rubbed  glafs  furface,  near  to  another  pith- ball  or  feather  fufpended  by 
a flaxen  thread  from  a conductor  connected  with  the  cylinder  ; then  bring  the  fame  near 
to  a conductor  connected  with  the  rubber. 

PROP.-  XIII. 

The  eleCtric  power  will  be  conveyed  through  an  infulated  con- 
ductor of  any  length. 

Exp.  At  the  remote  end  of  a long  circuit  of  wire,  fufpended  by  filk  cords,  hang 
a brafs  plate  : light  bodies,  brought  near  it,  will  be  attracted, 
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PROP.  XIV. 

From  the  fharp  points  of  eledtrified  bodies  there  proceeds  a current 
of  air. 

Exp.  i.  A wire,  with  fharp  points  bended  in  oppofite  diredtions,  and  fufpended  on 
the  point  of  a perpendicular  wire  inferted  in  the  conductor,  will  be  carried  round  by  the 
current  proceeding  from  the  points. 

2.  Let  feveral  pieces  of  gilt  paper  be  {luck  like  vanes  into  the  fide  of  a cork,  through 
the  center  of  which  a needle  paffes  ; fufpend  the  whole  by  a magnet,  and  prefent  one  of 
the  vanes  to  the  point  of  a wire  inferted  in  the  condudtor ; they  will  be  put  into  motion. 


PROP.  XV. 

Some  bodies  upon  being  rubbed,  are  electrified  politively,  and 
others  negatively  : and  the  fame  bodies  are  capable  of  being  eledtrified 
pofitively,  or  negatively,  as  they  are  rubbed  with  different  fubftances. 

Exp.  r.  Smooth  glafs  becomes  pofitively  electrified  by  being  rubbed  with  any  fubflance 
hitherto  tried,  except  the  back  of  a living  cat ; rough  glafs  becomes  pofitively  eledtrified 
by  being  rubbed  with  dry  oiled  filk,  fulphur  and  metals ; negatively,  with  woollen  cloth, 
fealing-wax,  paper,  the  human  hand.  White  filk  becomes  pofitively  eledtrified  by  being 
rubbed  with  black  filk,  metals,  black  cloth;  negatively,  with  paper,  hairs,  the  hand. 
Black  filk  will  be  pofitively  eledtrified  with  red  fealing-wax  ; negatively,  with  hare’s  fkin, 
metals,  the  hand.  Sealing-wax  will  be  pofitively  eledtrified  with  the  hand,  leather, 
woollen  cloth,  paper,  hare’s  fkin.  Baked  wood  will  be  pofitively  eledtrified  with  filk, 
negatively,  with  flannel.  If  thefe  and  other  fubftances,  being  eledtrified,  be  brought 
near  to  a pith  ball  or  down-feather,  as  defcribed  Prop.  XII.  Cor.  Exp.  it  will  appear 
whether  they  are  eledtrified  pofitively  or  negatively. 

2.  The  tourmalin,  while  it  is  heating  or  cooling,  is  eledtrified  pofitively  on  one  fide 
and  negatively  on  the  other  ; it  is  eledtrified  only  on  two  oppofite  fides,  which  may  be 
called  its  poles,  which  lie  in  a right  line  with  the  center  of  the  flone,  and  in  the  diredtion 
of  its  ftrata  ; and  either  fide  will  be  eledtrified  pofitively  or  negatively,  as  it  is  applied 
to  different  fubftances.  Other  hard  precious  ftones  have  been  found  to  poffefs  fimilar 
properties. 
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PROP.  XVI. 

Bodies  infulated,  if  placed  within  the  influence  of  an  electrified 
body,  will  be  electrified,  at  the  part  adjacent  to  that  body,  in  the 
manner  contrary  to  that  of  the  electrified  body. 

Exp.  i.  Bring  a conductor  (without  pointed  wires)  near  to  the  glafs  cylinder,  whilfl  the 
machine  is  working  ; if  the  conductor  be  not  infulated,  it  will  be  negatively  electrified 
till  it  is  brought  fo  near  as  to  receive  fparks  from  the  cylinder  : if  the  conductor  be  in- 
fulated, it  will,  in  the  fame  fituation,  be  eleCtrified  negatively,  in  the  parts  neareft  the 
cylinder,  and  pofitively  in  the  parts  more  remote  ; as  may  be  feen  by  bringing  an  excited 
glafs  tube  (which  is  pofitively  eleCtrified)  near  to  a ball  fufpended  from  the  conductor. 
Compare  Prop.  XII.  Cor. 

2.  Let  two  pith-balls  be  fo  fufpended  by  flaxen  threads  as  to  be  in  contaCt  when 
uneleCtrified  ; on  being  brought  near  to  a body  eleCtrified  pofitively,  they  will  repel  each 
other,  being  eleCtrified  negatively  : if  the  balls  be  fufpended  in  the  fame  manner  by  filken 
threads,  they  will,  in  the  fame  fituation,  be  pofitively  eleCtrified. 

3.  Let  a circular  plate  compofed  of  rofin  and  fulphur,  or  of  fealing  wax,  be  negatively 
eleCtrified  by  rubbing  it  with  flannel ; whilfl  it  is  in  this  flate,  let  a metallic  plate,  of 
the  fame  form  and  fize,  having  a glafs  handle  fattened  to  its  center,  be  placed,  by  means 
of  the  handle,  on  the  eleCtrified  plate  ; then  receive  a fpark  from  the  metallic  plate  with 
the  finger  : after  which  the  metallic  plate,  being  removed  by  the  glafs  handle,  will  be 
found  to  be  pofitively  eleCtrified.  This  inflrument  is  called  an  eleCtrophorus. 

4.  Let  one  fide  of  a plate  of  glafs  be  eleCtrified  pofitively,  the  other  fide  will  attraCt 
light  bodies,  being  negatively  eleCtrified. 

5.  Let  a plate  of  glafs  be  placed  between  two  metallic  plates  about  two  inches  in 
diameter  fmaller  than  the  plate  of  glafs,  and  let  the  plates  be  fupported  by  a conductor  ; 
upon  pofitively  electrifying  the  upper  metallic  plate,  by  means  of  a wire  connected  with 
the  conductor,  the  fluid  not  being  able  to  pafs  along  the  glafs,  will  be  accumulated 
upon  the  part  contiguous  to  the  upper  metallic  plate;  whilfl  the  lower  metallic  plate, 
being  within  the  eleCtric  influence  of  the  upper,  will  be  negatively  eleCtrified. 


PROP.  XVI 1 0 

When  any  eledtric  fubftance  is  eleCtrified,  it  will  continue  in  that 
ftate  till  fome  conductor  conveys  away  the  accumulated  or  reftores 
the  deficient  fluid  5 which  will  be  done  more  or  lefs  rapidly,  ac- 
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cording  to  the  degree  of  conducting  power  in  the  conductor,  and  the 
number  of  points  in  which  it  touches  the  eleCtric. 

Exp.  I.  When  the  metallic  plate  in  the  eledtrophorus  is  eledtrified  (as  defcribed 
Prop.  XVI.  Exp.  3.)  by  fetting  it  upon  the  eledtric  plate,  touching  it  with  the  finger, 
and  feparating  it  fucceffively,  many  fparks  may  be  obtained,  without  again  exciting  the 
eledtric  plate;  for  this  plate  being  negatively  eledtrified,  the  metallic  plate,  on  being 
touched  with  the  hand,  becomes  pofitively  eledtrified  (by  Prop.  XVI.)  and  the  eledtric 
plate  remains  long  in  its  negative  flate,  becaufe,  not  being  a conductor,  its  deficiency 
will  be  flowly  fupplied  from  the  air  where  its  furface  is  not  covered. 

2.  If  a glafs  veflel,  held  in  the  hand,  receive  the  eledtric  fluid  on  the  infide  from  a wire 
fixed  on  the  conductor,  pith  balls,  placed  under  the  veflel  upon  a condudting  fupporter, 
will  continue  long  in  motion. 

3.  Let  a plate  of  glafs  be  eledlrifi-ed  in  the  manner  defcribed  in  Prop,  XVI.  Exp.  5, 
Becaufe  one  fide  of  the  plate  is  pofitively  eledtrified,  and  the  other  negatively,  if  a com- 
munication is  made  from  one  metallic  plate  to  the  other  by  means  of  fome  conductor, 
part  of  the  accumulated  fluid  will  fuddenly  pafs  to  the  fide  which  is  deficient;  upon 
a fecond  application  of  the  plates  of  metal  to  the  glafs,  there  will  be  a fecond  explofion. 

PROP.  XVIII. 

If  a glafs  plane,  or  cylindrical  veflel,  coated  on  both  fides  with 
tinfoil  or  any  other  conducting  fubflance,  be  charged , that  is, 
pofitively  eledtrified  on  one  fide,  and  confequently  negatively  electri- 
fied on  the  other ; a communication  being  made  from  one  fide  to  the 
other  by  fome  conductor,  the  plane,  or  veflel,  will  be  fuddenly 
difchargedy  with  an  explofion. 

There  is  a flrrong  attraction  (compare  Prop.  XII.  and  XVI.)  between  the  fluids  on  oppofite 
fides  of  the  glafs,  or  the  fluid  which  is  accumulated  on  one  fide  makes  a powerful  effort 
towards  the  other  fide  where  the  fluid  is  deficient ; but,  the  fubflance  of  the  glafs  itfelf 
being  impervious  to  the  eledtric  fluid,  the  accumulated  fluid  cannot  pafs  to  the  deficient 
fide  till  a communication  is  made  between  them  by  fome  conducting  fubflance.  When 
fuch  a communication  is  made,  becaufe  the  metallic  coating  touches  the  whole  furface 
of  the  eledtrified  glafs,  the  whole  quantity  of  redundant  fluid  eafily  paflfes  from  the  fide 
which  was  pofitively  eledtrified  to  the  other. 

Exp.  1.  Let  a plate  of  glafs,  coated  with  tinfoil  (except  about  inch  from  the  edge) 
be  charged,  as  defcribed  Prop.  XVI.  Exp.  5.  Upon  making  a communication  from  one 
fide  to  the  other  by  a metallic  rod,  terminated  with  balls,  there  will  be  a fudden  difcharge. 

2.  Let 
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2.  Let  the  fame  be  done  with  a coated  phial,  or  jar.  — Such  a phial  is  called  the 
Leyden  Phial. 

' 1 

3.  Charge  a jar  coated  on  the  infide  with  water,  ihot,  or  brafs  duft,  and  held  on  the 

outfide  by  the  hand,  then  difcharge  it  in  a dark  room. 

4.  If  two  equal  circular  brafs  plates,  one  of  which  is  fufpended  by  a long  metallic  rod 
from  the  conductor  parallel  to  the  horizon,  and  the  other,  fupported  by  a conductor, 
is  placed  parallel  and  oppofite  to  the  firft,  be  eleClrified ; the  plate  of  air  between  them 
will  be  charged  by  the  brafs  plates. 

5.  Let  one  coated  jar  be  fufpended  by  a wire  under  another  ; let  the  upper  jar  be 
charged  by  taking  fparks  from  the  conductor ; the  lower  uninfulated  jar  will  be  charged 
with  the  fluid  which  pafles  from  the  fide  negatively  eleCtrified  of  the  upper  jar. 

6.  Difcharge,  in  a dark  room,  a jar  imperfectly  coated. 

PROP.  XIX. 

A coated  jar  cannot  be  charged  unlefs  its  outer  furface  be  connected 
with  fome  conductor. 

For  without  fuch  a conductor  the  fluid  cannot  pafs  from  or  to  the  outer  furface,  which 
is  neceflary  in  order  to  charge  the  jar. 

Exp.  An  infuiated  jar  cannot  be  charged. 

PROP.  XX. 

When  a coated  glafs  veflel  is  charged,  the  charge  of  eledtric  fluid 
is  in  the  glafs,  and  not  in  the  coating. 

Exp.  Lay  a plate  of  glafs  between  two  metallic  plates,  as  defcribed  Prop.  XVI.  Exp.  5. 
Having  charged  the  plate  of  glafs,  remove  the  upper  plate  of  metal  by  a glafs  handle  $ 
with  fome  non-conduCting  fubftance,  as  filk,  remove  the  eleCtrified  glafs  plate,  and  place 
it  between  two  other  plates  of  metal  uneleCtrified  and  infuiated  $ the  plate  of  glafs,  thus 
coated  afrefh,  will  ftill  be  charged. 

PROP.  XXL 

► * 

► 

If  the  conductor  be  eledtrified  politively,  that  fide  of  the  jar  with 
which  it  has  -a  communication  will  be  eledtrified  pofitively,  the 
other,  negatively, 

, • ’ ■ ; * 
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Exp.  i.  Charge  one  jar  on  the  infide  pofitively,  and  another  negatively,  and  obferve,  in 
a dark  room,  the  different  appearances  of  the  fluid,  upon  the  point  of  a wire  brought  near 
to  the  ball  which  is  connected  with  the  inner  fide  of  each  jar:  when  the  point  is  prefented 
to  the  jar  pofitively  electrified  on  the  inner  fide,  it  will  exhibit  the  appearance  of  a ftar; 
when  prefented  to  the  other,  that  of  a pencil. 

2.  Obferve  the  different  appearances,  in  a dark  room,  when  with  the  fame  charged  jar 
the  point  is  prefented  towards  the  fide  pofitively,  and  towards  the  fide  negatively,  electrified. 

3.  Eetween  two  jars,  charged  one  negatively  and  the  other  pofitively,  fufpend  by  a 
filken  firing  a cork  ball,  from  which  fhort  threads  hang  freely ; the  ball  will  pafs  with 
a rapid  motion  from  one  to  the  other,  and,  being  firft  attracted  towards  the  jar  pofitively 
eledtrified,  then  towards  the  other,  it  will  receive  the  fluid  from  the  former,  and  com- 
municate it  to  the  latter,  till  both  are  difcharged.  If  both  be  charged  in  the  fame  manner, 
the  cork  will  remain  at  reft. 

4.  If  after  a jar  is  charged,  the  uncoated  part  of  the  jar  be  moiftened  by  the  breath, 
or  by  fteam,  the  jar  placed  upon  a conductor  will  be  gradually  difcharged,  and  the  fluid 
will  be  feen,  in  a dark  room,  to  flafh  ftrongly  from  one  fide  to  the  other  : if  the  jar  be 
infulated,  the  flafhes  will  be  greateft  on  the  fide  pofitively  electrified. 

5.  Let  a difcharging  rod  be  applied  without  its  balls  to  a charged  jar,  in  fuch  manner 
as  to  difcharge  the  jar  gradually:  the  point  which  approaches  towards  the  fide  pofitively 
eledlrified,  will,  in  a dark  room,  exhibit  a fiarv*  the  other  point,  a pencil. 

6.  Within  the  receiver  of  an  air-pump  IBS  two  well  polifhed  brafs  balls,  the  lower 
fupported  on  a brafs  ftem  by  the  plate  of  the  pump,  the  other  fixed  on  a ftem  which  is 
moveable  in  the  neck  of  the  receiver  : let  the  balls  be  brought  within  the  diftance  of 
four  or  five  inches  from  one. another;  then  let  the  upper  ball  be  connected  with  the  con- 
ductor, and  eledtrified  pofitively  : a lucid  atmofphere  will,  in  a dark  room,  appear  on  the 
lower  furface  of  the  upper  ball : whereas  if  the  upper  ball  be  negatively  eledtrified,  the 
lucid  atmofphere  will  be  feen  on  the  lower  ball. 

Schol.  The  laft  experiment  efiablifhes  the  theory  of  a fingle  eledtric  fluid  : for  if 
there  were  two  contrary  fluids,  there  muft  in  this  experiment  be  an  atmofphere  about 
each  ball,  attracting  each  other. 

PRO  P.  XXI L 

The  paffing  of  the  eledtric  fluid  from  one  fide  of  a charged  jar 
to  the  other,  is  apparently  inftantaneous,  through  whatever  length  of 
a metallic,  or  other  good  conductor,  it  is  conveyed. 

Exp.  1.  Let  a long  wire,  palling  round  a room,  fufpended  by  filk  cords,,  he  a part  of 
the  circuit  of  communication  from  one  fide  of  a charged  jar  to  the  other,  the  difcharge 
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will  be  apparently  at  the  fame  inftant  in  which  the  communication  from  one  fide  to  the 
other  is  completed. 

2.  Let  any  number  of  perfons  make  a part  of  the  circuit  of  communication  $ the  fluid 
will  pafs  inftantaneoufly  through  the  whole  circuit. 


PROP.  XXIII. 

The  fudden  difcharge  of  a charged  jar  gives  a painful  fenfation 
to  any  animal  placed  in  the  circuit  of  communication,  called  the 
eleffric  Jhock. 

Exp.  Let  fome  one  receive  the  ele&ric  fhoek* 

PROP.  XXIV. 

If  the  circuit  be  interrupted,  the  fluid  will  become  vifible,  and 
where  it  pafles,  it  will  leave  an  impreflion  upon  any  intermediate 
body. 

Exp.  i.  Let  the  fluid  pafs>  through  a chain,  or  through  any  metallic  bodies  placed  at 
fmall  diftances  from  each  other  ; the  fluid,  in  a dark  room,  will  be  vifible  between  the 
links  of  the  chain,  or  between  the  metallic  bodies. 

2.  If  the  circuit  be  interrupted  by  feveral  folds  of  paper,  a perforation  will  be  made 
through  it,  and  each  of  the  leaves  will  be  protruded  by  the  ftroke  from  the  middle  towards 
the  outward  leaves. 

3.  Let  a card  be  placed  under  wires  which  form  the  circuit,  where  the  circuit  is  inter- 
rupted for  the  fpace  of  an  inch  ; the  card  will  be  difcoloured.  If  one  of  the  wires  be 
placed  under  the  card,  and  the  other  above  it,  the  direction  of  the  fluid  may  be  feen. 

4.  If  fpirits  of  wine,  or  gun-powder,  be  made  part  of  the  circuit,  it  will  be  fired. 

5.  Inflammable  air  may  be  fired  by  an  eledtric  gun. 

PROP.  XXV. 

The  force  of  the  eledtric  fhock  may  be  increafed,  by  increafing 
the  furface  of  coated  glafs. 

If  feveral  coated  jars,  in  which  wires,  terminated  at  the  top  by  brafs  balls,,  are  inferted, 
be  placed  in  a wooden  box  lined  with  lead  or  tin,  with  which  a metallic  rod  is  con- 
nefted  ; an  eleftrical  battery  is  conftru&ed. 
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Exp.  i.  A battery  being  charged,  a fine  metallic  wire  brought  into  the  circuit  will 

be  melted. 

2.  If  a plain  piece  of  metal  be  placed  upon  one  of  the  rods  of  the  difcharger,  and  upon 
the  other  a needle  with  the  point  oppofite  to  the  furface  of  the  metal,  upon  difcharging  the 
battery,  the  furface  of  the  piece  of  metal  will  be  marked  with  coloured  circles,  occafioned 
by  thin  lamiruz  of  the  metal  raifed  in  the  explofion. 

3.  If  a piece  of  leaf  gold  be  put  between  two  pieces  of  glafs,  and  the  whole  fall  bound 
together,  the  metal  will  be  melted,  and  a metallic  llain  will  be  feen  in  both  the  glaffes. 

4.  If  a fhock  be  fent  through  a needle,  it  will  give  it  magnetic  polarity. 

5.  An  animal  may  be  killed  by  being  placed  in  the  circuit  of  a battery. 

- ' 1 v.  . 

PROP.  XXVI. 

The  atmofphere  is  ele&rified,  fometimes  pofitively,  and  fome- 
times  negatively. 

Exp.  Let  a kite  be  fent  up  into  the  air  with  cord  (confifling  of  copper  thread  twilled 
with  twine) ; let  the  lower  end  of  the  cord  be  infulated  by  a filk  line  : a metallic  con- 
ductor fufpended  from  the  lower  end  of  the  cord  will  be  pofitively  or  negatively  eleCtrified'. 

PROP.  XXVII. 

The  eledlric  fluid  and  lightning  are  the  fame  fubftance. 

Their  properties  and  effeCts  are  the  fame.  Flalhes  of  lightning  are  generally  feen  to 
form  irregular  lines  in  the  air;  the  eleCtric  fpark  when  ftrong  has  the  fame  appearance. 
Lightning  ftrikes  the  higheft  and  moll  pointed  objeCts  ; takes  in  its  courfe  the  bell  con- 
ductor; fets  fire  to  bodies;  fometimes  difiolves  metals;  rends  to  pieces  fome  bodies; 
deltroys  animal  life;  in  all  which  it  agrees  (as  has  been  fhewn)  with  the  phenomena  of 
'eleCtric  fluid.  Lallly,  the  lightning  being  brought  from  the  clouds  to  an  eleCtrical  appa- 
ratus, by  a kite  or  wire,  will  exhibit  all  the  appearances  of  the  eleCtric  fluid. 

■ 

PROP.  XXVIII. 

Buildings  may  be  fecured  from  the  effects  of  lightning,  by  fixing 
a pointed  iron  rod  higher  than  any  part  of  the  building,  and  con- 
tinuing it,  without  interruption,  to  the  ground,  or  the  nearefl:  water. 

« 

The  eleCtric  fluid  will,  by  means  of  the  pointed  rod,  be  gradually  conveyed  from  the 
cloud  to.  the  earth  by  a continued  llream,  and  thus  prevent  the  effects  of  a fudden  and 
violent  explofion. 

Exp. 
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Exp.  Let  a board,  fhaped  like  the  gable  end  of  a houfe,  be  fixed  perpendicularly  upon 
an  horizontal  board  : in  the  perpendicular  board  let  a hole  be  made,  about  an  inch  fquare 
and  -J  inch  deep  ; in  this  hole  let  a piece  of  wood  nearly  of  the  fame  dimenfions  be  fo 
inferted  as  to  fall  eafily  out  of  its  place,  and  let  a wire  be  faftened  diagonally  to  this  fquare 
piece  of  wood ; let  another  wire,  terminated  by  a t^afs  ball,  be  faftened  to  the  perpen- 
dicular board,  with  its  ball  above  the  board,  and  its  lower  end  in  contact:  with  the  diagonal 
wire  in  the  fquare  piece  of  wood  ; let  the  communication  be  continued  by  a wire  to  the 
bottom  of  the  perpendicular  board.  If  the  wires  in  this  ftate  be  made  part  of  a circuit 
of  communication,  on  difcharging  the  jar  the  fquare  piece  of  wood  will  not  be  difplaced ; 
but  if  the  communication  be  interrupted  by  changing  the  direction  of  the  diagonal  wire, 
the  fquare  piece  of  wood  will,  upon  the  difcharge,  be  driven  out  of  its  place. 

If  inftead  of  the  upper  brafs  ball,  a pointed  wire  be  placed  above  the  perpendicular 

board,  the  difcharge  may  be  drawn  off  without  an  explofion. 

£ • , * , * ' 

PROP.  XXIX. 

The  ele£tric  fluid  pafles  eafily  through  a ’vacuum. 

The  air  being  a non-conduCtor,  in  proportion  as  it  is  removed,  the  effort  of  the  eleCtric 
fluid  on  the  furface  of  the  body  pofitively  eleCtrified  to  pafs  to  the  next  conductor* 
meets  with  lefs  refiftance,  and  therefore  is  diffufed  over  a greater  fpace. 

Exp.  i.  Let  a jar  be  charged  in  vacuo . 

2.  Let  a luminous  conductor  be  placed  in  the  circuit,  and  obferve  the  fluid  palling 
through  it. 

3.  Let  a vacuum  be  made  a part  of  the  circuit  in  difcharging  a phial. 

4.  Make  a vacuum  in  a double  barometer,  and  let  the  fluid  pafs  from  one  leg  to  the 
other  by  connecting  one  of  the  veftels  of  mercury  with  the  conductor. 

5.  The  eleCtric  fluid  may  be  made  to  pafs  through  a large  tube  three  feet  in  length, 
and  four  or  five  inches  in  diameter,  if,  being  well  exhaufted,  one  end  of  it  be  connected 
with  a large  conductor. — The  preceding  experiments  are  to  be  performed  in  a dark  room. 

Schol.  From  the  refemblance  between  thefe  eleCtrical  appearances,  and  the  atmofphe- 
rical  phenomena  of  the  Aurora  Borealis , meteors,  &c.  it  is  inferred,  that  thefe  phenomena 
are  produced  by  the  eleCtric  fluid. 
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